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PREFACE': 


The original object of this collection of n.allicmul.cal fonimhic wa-i to I-uom 
together cLipactly, some of the more useful results of i..alltein..lu nl anulv... 
for the benefit of those who vegan! mathematics as a tool, un-l not m- an <•>.. in 

itself. There arc many such results that are (hnicull to n-membci . or «bo 

is not constantly using them, ami to liml them oue is ol.ligc.l to look tluougl. a 
number of books which may not immetlialely be accessible. 

A collection of formulae, to meet the object of the lucs.-nl one. nnist be 
largely a matter of imlividual seleclioir, fitr tins reason Hits volume »s •v>nc*l 
I., nn inir.ileavc(l edition, so that additions, meeting tndividnal nccl-., may be 


made, and be readily availaltle (or reference, 

It was not originally intended to include any lidilcs of fitmliou-. m tins 
volume, but merely to give veteremes to .such tables, An c\ce|itioii was maile. 
however, in favor of the tables of elliptic tnnclicms, calcidatcd, on Sir (Icoige 
Grcenhiirs new plan, by Colonel llippisley, which were foilmiatcly Mimed (m 
this volume, inasmuch as these, tables are not othciwhe available. 

In order to keep the volume within reasoimble bounds, no lablr>> of imlcbnite 
and definite integrals have been included. For a brief collci tion, that of the 
late Professor B. 0. Peirce cim hardly he imjudved uimn; and the rlabotale 
collection of definite integrals by HiereiiH de llaiin show Imvv Inadciiualc iiny 
brief tal)lcs of definite integrals wnuld be. A slmrl list of useful tuldrs of tliis 
kind, as well as of other volumes, Iniving uu (ihjeci similar to this one. i . ai.pcmlctl, 
Should the plan of this collccllim meet with favor, it is Imped lltal Miggcslioioi 
for improving it and making it mure geuerally tiseful may be lecrivcd, 

To Professor Moulton, for ronlribullng itie thapicr on the Nmneriial 


Integration of DilTcrcntial Kf|ualitms, ami to Sir (ienige (Irccnhilt, (or bU Imro 
duction to the Tallies of Ivlliptic I'unctioiis, I wish to evpiess iny gialitmlc. 
And I wish also to record my obligations to the Secretary of the SmilbMUiian lie 
stitution, and to Dr. C. G. Abbot, Assisliint Secretary of the Institution, for tfie 
way in which they have met all my suggeslioim with regard to this volume. 

K, 1*. An-iMiS 


PitiNCBToN, New Jersey 
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log logarithm. Whenever used the Niiiieiiiiii lugiirillmi i'l utidt i 
To find the common logaritlim to liiise lo: 

logiflif r> o. 4 ,MJ 0 . . . lo)! > 1 . 
log II ' ' 2.,103,'il) . . . logi.i il. 

I Factorial. «l where n is an integer denoii-;i i , j . j . 4 « 

Equivalent notation 111 
dp Does not ci|ual. 

> Greater tlinn. 

< Less than. 

^ Greater than, or equal lo. 

^ Less than, or equal lo. 

Binomial cocITicient. .See l.DL 


-» Approaches. 

I atk I Determinant where «,* is the elemeni in the ilh row iuel /ih 

ftn, • . . .) 1. . I , , . 

j I'unctional determinant. See 1.37. 

|al Absolute value of ». If a is a real <nmniiiy il‘< v.dio. 

without regard to sign. If « is a complex .iimutiiv, .1 -- it t ^ 
I ft I “ modulus of ft « P /il‘. j 

i The imaginary «» q.\/ i' | 

2 , Sign of summation, i.e., «, -f. «, 4. p . . . . | 


TT i 

II i.o., J][(i (i 4 .s;)(, 4 , . (J , wtH 

/f«t 


A-t 



I. AIXJUHRA. 


1.00 Alr.iiltniir IiUmliticK, 

1. ((“ • . I>» . . (w ■ /!)(.(“ ' I- n" ■’// I- d" • 7 /^ I- I- (il>" " I- ')* 

a. <(.“ ;l: ll" ' ' 0 / I' / 0 ('l" ' <f" I' ll" — *■ <>l>" ')• 

n mill: uppci- siuu. 
n even: lowttr 

3 . (.V I .(,)(•« !■ ria) (-V I' ««) ' I' ’ I' *' 

I- I.V I i',.. 

J\ ‘ it\ I I * ♦ • * ■ ' ■ I ' n* 

}'u " ' of nil llu! pri»lurl.ji ol lltc- luknu h nt n 

V\» » * * - . <ht* 

4 . (.(’ I I IP) - ■ (iia I' Mi)- I (<l/■^ I; />a)\ 

5. Oj'' • » ■ /i-') - Oia ;t: (>»/i 1 /'ttP. 

(I. («<'j t I I IP I' T") (''ft ‘i- ■> 't)’' 1' (^'T * p 

I {((/i -■ a/O*' 

7. Oi’’* 1 I I I IP I' 7 '' I I 

I (,){■} . /»a I- . (5 ./7P I (n • ' a I' '/PP ' "■ 

H. ((/f- - /«/)'•' I (iitl I /(( )'■' (iif I /'(/)'” I (<»</ •'■ 

1). (d I />)(/> i ' )(' I <'* > '' * ' H'l/' I /"■ I- <«) •<»/"■• 

10. (ll t /•){/' I <)(' i «) '<*{/' I • ) I ^'H'' I «) 1 ' I ' 

IS. (ll I /l)(/> I ' )(' I '») i' ') I *' 

13 . 3(11 1 /<)(/' I < )0 I' ") (•' 1 • ' )* ('•*' P' 

13. (h - <»)0- ' I*) “ «’('■ " '*) 1 

14 . (ti >•" «) 0 .’ - <»)(*■ - f‘) 0(1'^ - I ■“ ' 

15. (b - «)(<-• - -* b) “■ biic - /*) t ai(ii ~ »') I «/»(/' •"• <»)• 

ifi. (<i - bp 'i (h - t:)» !• (t: - «)* - .<(<» “■ - <*) I' (/' <')<* 

„|, (t; .™ fl)(4; /»)'], 

17. <:'■*) I P) ”■ ”* '' 

18 . (rt /; H- < ){«* -I" -I- ■*' *' ^ '■ 

ig, (a *1' b -\~ e)(bc ca + (tli) •» P{b ’I- I' bHc I' fi) -h cK<i I" b) I ,\ttbr, 

ao. (ft + c ~ «)(c *1- a - b)(a + ft f) « ttHft I' c) P He P ‘0 + £®(« I* l>) 



2 MATiriarA'a'iCAf. KoiiMin..!-: anh i;i.i.ii'rir 1 1 ni iimm; 

21. {« + 6 -I- c)( - fl -I' A -(■(:)(«•-/' i <)('' I t ' i ‘’'/'I 

-I- i' 'I- c'). 

22. (a -1- 6 -I- c -i- </)■ I- (rt h /) - i: - (/)' i (i» i < >< >'•)' I fw i ,/ A . 

= 4{(i^ -I- b- -I- -I- 

If A ~ iia •(• by |- ffi 
B ((j8 4- -I' ey 

C o (17 ■(■ hji -I- (•« 

23. (a -I- b -I- I' •!’ 7) - J I' I < '• 

24. [a*-|-A**-|-(;'^- ((jf> l-/(C | I i 7 ' i ('7 > 7 <» » I 

==A^-\-B^-\-C^ --iAn i lie 1 (VI). 

23. (a^ -!- lA -I- (;^ - 3(//«')(a'' 4- ji' I 7^ ■ ■ 3<i/i7' -I ' i /*' i < ' i 1 /•( , 

AUICIIHAIC 

1.200 Tiic expression 

/(.v) « ((#,»•" I- (l|.V" ' I ((•.•V'* "I ( .1,, ,v 5 

is nn integral rational tnnclion, or a iiulvnonnal, »i' ttn’ oilt 1 io f 

1.201 The e(|iialion f{x) “ 0 lias 11 imK-i wliii li inav l>r h .il «.» 
tinct or repealed. 

1.202 If the roots of (lie wiualion /(.v) "O nn- ii, r.-. . , ,, 

f(x) >’ (l||(.l' ■ • cOf.V ‘ (•,.) ( i' . „t 

1.203 .Symniclric fimelioiw of (lie roots arc t\|nv..i..ii-, (Mviu;.; i.ii oi., 

binations of the roots in terms (tf the eoelTirii iii i, A do imxh- 

arc : 

Cj 4" cfl 4'“ 4’ (*« ■ 

Il rl 

Cifa 4 - C 1 C 3 4' . . . (•* I (V’r I i . „ ' 

itf 

Afsfa 4- (VaCi 4- . . . !■ !■ , .... ( < „ ., 1 ., 


( 

it fi 

1.204 Newton’s Theorem, If xt denotes the snni of the /ilt (...iv, » = of i 
roots of /(x) « 0, 

k k h 

•«*»*’ n PCs 4. 

'h S\nn o 

SUh f S^ifn o 

^(l[ + S\(h f I 0 
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or: 


,Vi * > 

All i ! 

... 

iitt 


•*4 

ao 

nir 

\'rl 1 \ 


1 jWy/y 


r/ii 

a ir 

s,i • - 



■ *’ ^ ; ■ 1 



</« 







:l.20D If .sv tlruofts Ihi^ sum of ihr nTipnuabi of iho kWx pownvi of all tho 
routa of llui i*<iu;Uiiin /(.v) o: 


!//« I I ' O 

u V! I I r ‘ O 

*( I *♦! I' O 


* t « I » 


t* 

rAj [ 


Ol 



Aa 


1 1 

="*'* >• • ■ • • ’ • 1 

I' '' 


itj 

*Sfl 

1 « » 


A*fh tj 


a I,'** 

« 


j 


1»220 lf/(.v) is iliviilt^tl liy ,v -- // \\\v ivsull is 

fix) - (x h)t^i -I A!. 

is ilio ((uotit^iU and A* thir miiaiiiilrr. M Iih opmiiitm may In* rriuHly pc^r*! 
forntrrl as follows: 

WriU’ in liin* I In* valurs of nn, fii» . * » </«, If aity i^nver of ,v is missing : 

wriu* o in ihi' iorrrfi|Kmding plmv. Mulliply ♦/« l»y h and jdare iha jirtsluei in 
Urn smmd linr niuliT rn; arid in ii| and \Htm* tlu- snm in iht* lldrrl line under m. 
Muliiply this sum liy li and phur ihe prnduel in the m'ond line under tt%\ mid 
lo and place the sum in the ihitil line under <i^. Conlinue lids series nf 
|:0peraUons until the third Hue is full. The lust term in the lliirtl line h the I 
jvfcnminder, A* Ihe iirsi term in the third line, which h nr), h the cnefTicient olt 
in the quulknii Qi the m^mul term h the coefficient of a:*' and m on* I 
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MATHEMATICAL EOKMUM ANl) ELLll’TlC IHINCTIONS 


1.221 It follows from 1.220 that JQi) - R, This ^ivos a ctnivciiii'iil way nI 
evaluating /(.v) for ;t: = h, 

1.222 To express J{x) in the form: 

/(.v) = Ao{x - h)" + /li(.v - A)"-' + I- ■ //) | 

By 1.220 form J{h) - Aa. Repeat this process with eucli (|ii(Hient, ami ihe 
last term of each line of sums will l»e a .siuxeetling value <tf (he scries of lU’ 
efficients /In, /In-i, /In. 

Example : 


fix) = 3.V' -1- 

2.y‘ - <S.V" • 

I- 2,r 

-4 

h > a 

3 2 

0 


2 

■1 

6 

t 6 



Klit 

3 »■ 

16 


50 

()0 . 

6 


,s« 



14 

H 

112 

374 


6 

_40 

jfsS 



20 

84 

280 

A;\ 


6 

52 




26 

136 '=■ /la 





6 

32 “ Ai 

3° Ao 

Thus: 

Q = -I- 8 .r^ + i6;»4 -I- i^x -|- 50 

R «= /(a) 96 

M = 3 ( 2 ! - 2 )"’ H- 32 (« ~ 2 )‘ T I 3 f)(.v - 3)» .|. a.'loCr ™ a)’ 1 a'/.,(,c . j) | „f, 


TKANSFOUMATION OF EQtLVnONH 


1230 To transform the equation /(a-) q into one wlutse roots till have llirk 
signs changed: Substitute -a- for .r. 


1.231 To transform the equation /(.r) o into one wliose rmils are all irrulii- 
plied by a constant, m ; Substitute x/m for .r. 

1232 To transform the equation /(.v) ». o into one wlmse roots are the 
reaprocals of the roots of the given equation : Substitute i/.r for .r and multiply 


1233 To transform the equation /(.'ll) 0 into one whose roots are all inrrMwd 

or.dimmished by a constant, /,.• Substitute . /, for . In the dve" ZS 





S 

(lui «ij»|u’r fiif'ii nwtl if ilu> mois iiit; lo he iliiniiiiKlu'il and (hi* lower aif'ii 

if llit'y are (o he increased. 'I'lu; resnllia^; (Minalion will he: 

.A I /O I .V/'( I //) 1 //) i I A) 1 . . . . O 

wliere ,/^(,.v) is llie lirsi deiivaliv<‘ of /(.v), /"(x), the .second derivalivo, etc. 
The resullini; ei|nalion may also he wrillen: 

-ImV" I .1,..-' ' I .l,,c-' I I .1,. ,.v l .l.. ..o 

where ihe coellicienls may he found hy llie method of 1.222 if the roots are to 
he iliminishcd. To increarie the roots hy A chant'e Ihe si)?!! of A. 


Mm.Tli'i-i; taioi!! 

1.240 It c is a nmliiple root i»f A') • ■ o, of order iii, i.e.. repealed m limes, 
then 

/(.c) (.e A' M o 

c is also a multiple root of order in ■ t of the liisl derived etiualion, /'(-v) o; 
of order in a of ilie second derived ei|nulion, /"(.r) - ci, and so on. 

1.241 'rile ei|nalioii /(.e) - o will have no muliipte tools if /(,r) and /(.v) have 
no ((iminon divisor. If l•{x) is llie t;realesi common divisor of J'(x) and J\x), 
/(x)/l’\x) "'/ihv), and/»(.t’) will have, no multiple roots. 


1.260 An ef|Uiiiion of odd decree, n, has at least one real root whose sii'it is 
opposite to that of 

1.281 An ei|iiaii>in of even rle^ree, m, lias tme jatsilive and one nenalive real 
riHit if iii„ is iieKUlive. 

1.262 The etiualion /( x) o has us many real rmrls between x .V| ami .t' « 
n« tliere tkn» changes of sign in J(x) between .v, and 

1.263 Desaarles' llule of .Signs; Nr* er|iiAtit*n ran have more (sisiiive rrmls 
than il has changes of sign from 1- It* - arnl form •" to -| , in tlie lerms of /(,r). 
No ec|unlion enii have nit»re negalive rmiis than lliere are changes of sign in /(•"•.v). 

1.264 If fix) o is 1*111 in the form 

/(b(v “ A)*’ I .4i(.v A)"'** T » o 

hy 1.222, and 4 s, 4|, 4 b are nil imsliive, A is an upper limit of the 

fKmilive rttala. 



0 MATHEMATICAL EOEMULiE AND ELLIPTIC FUNCTIONS 

_ If f{i/x) = o is put in a similar form, and the coenidents are all posilivo, 
h is a lower limit of the positive roots. And with /(- i/.v) =. o, h is an inipor 
limit of the negative roots, 

1 » 26 I 3 Sturm^s Theorem. Form tlic functions : 

J{x) = -h *!-*.«. -h «« 

Mx) ^f'(x) = + (« - i)(r,a:''' !i . . . . 

Mx) = -Ri in fix) = Qjfix) -1- Ki 
/six) = ~Iii in /i(;r) « 


The number of real roots of /(.v) = o between ;v - xt and ;r - is cfjual lo (he 

Snedfl .when a-, is sul,..' 

stitu ed fo • .r miiuus the number of changes of sign in the same series when v, 

substituted for ;u. In forming the functions/,, /, .... numeiical factors 

may be introduced or suppressed in order to remove fractional eoeOleieiUs. 

Example : 

fix) = .'irl - 2;,;S _ ^^.,.2 ,0,. _ ^ 

Mx) =■ 2.V“ ~ .pc'* - ■^;i; .|. 

Mx) ■= y.v- ~ 27.V -I- II 
Mx) ■■= -8.r - 
Mx) =■ -143,3 


/ / 


^ 00 
a' = 0 


/» 

■b 

-I- 


/. /. 


'h 00 


ihangcH 
- < hiingprt 
I change 


Therefore there is one positive and one negative retd root, 

If It can be seen that all the roots of any one of .Sturm’s fn,,,..! 
imaginary it is unnecessary to calculate any more of them after (hut Zl 

are successively substituted in them, ’ I'a 

positive. (Rigid Dyntmks" Pm n, ArL'aJy.f 
Arrange the coefficients in two rows: 




^0 

Oi 


^3 


Oi 


« I 1 
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Form a IhinI row by oross imillipliciilitm : 

I (ivf \ 

tn (U 

.)rm ;i fourlli riav by optMitdii^ on lliosc Iasi two rows by a similar tross- 
ullii^liailioiL Cnitlinno (his operation until ihore are no Irrinii left. Mho 
imbor of varialions t)f si^^ii in I ho lirst oolninn I'ives the luiinlHS* of nHits 
loso real iiai ls arc ptrsiiivc. 

It there arc any c([ual roiUs siunc (it (In^ subsidiary funriions will vanish, 
1 plarc of one whii li vanish(‘s write the ditterential tiiellirieiil of the la’ii imo 
lieh does not vanish and procetsl in ihe same way. Al ihe left of eat h row 
written the power of a: idirespumlha^ to the lirst, snbsidiaiy fum liim in (hat 
w, 'This power diminiidusi by h»r (steh sueeeedin)^ rtieHh ieni in ilu* row. 
Any row may hv< mnlli|)lied or divided by any [msitivt? (|naniiiy in order 
remove trad ions, 


PKTKUMtNATlON OF TMF, lUiOTS Ol’ AN I'OOATloN 

JOO NewtoiiVi Mclimd. If a rool of ihe (‘([uaiion l{.\) r-, c> is known tn He 
tween .Vi and .Vu its vahui can lie found to any ilesir(*d dej^tree nf a)>pi<i\inuoton 
’ Newtoids inelhod. 'Hhis inelhod niii be apjilied to transeeiidental etpiatimm 
well as to ah^ebraii- er [nut ions, 

K b is an approsimate value of a rool, 


j /oo * I . , 

b - r IS a stsiiiid approMinaOon, 

fir) , . ... . . 

r j li’***i aiipioMmalion. 


ns process may lie re|iealed indelinitely. 

561 Horner’s Method for upproxiiimlinK lo ilic real roots of /(,v) - o. 

Let p[ he the lirst approximatinn. smli tliul /a p t > e > pi, where * the 
)L soni'hl. 'rhe (siniilion can always be transformed into ime in whiih l\m 
lulition Itolda by nnilli|i]yinK or dividing the roots l»y *+MHie i^nver of w 
lt 231 , l)iininish tin* roots by pi by 1 . 233 , In the Irateditriited (S|natiou 

An(x p,)** .p .liCv ^ />,)« * 4‘ . . . , P i(x pt) p A. - o 

t 

th A H 
It) -U I 

tl dinuiiiHh (he roots Ity yietiliit^ it seeuiid Intiofornu'il 

Bo(.r ^ pi - 4 - Pi ~ I . . . , ^ 
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MATHEMATICAL FORMULA': AND ELLIPTIC Ii'UNCTIONS 


If JSrt and are of tlie same sign [h was taken Loo large and must be dimin- 
ished. Then take 

pz _ -Bn 
100 


and continue the operation. The required root will be : 

■ c = -h — + + 

* 10 100 


1.262 Graefle^s Method. This method determines aj)proxiniate values of all 
the roots of a numerical equation, complex as well as real. Write llie e(iuation 
of the ^dh degree 

f{x) = ^0^'* - - . . * . zL (In - O. 

The product 

‘/(““‘'V) «= d- ‘ An O 

contains only even powers of iv. It is an e(|uation of the ;/th degree in .V-. The 
coefficients arc determined by. 

710=^ 

Ai « a-i^ - 2ao(h 

An ^ O'? - 2aiaii d- 2aQ(!\ 

An = - 2a>iai d^ 2ay(it, - 

A.\ ~ a.? - 2«a^?6 H- ^(i\(h d' 20^03 




The roots of the equation 

A oy” ~ + Aiy»-^ - . . . . ± /I „ « o 

are the sc^uarcs of the roots of the given equation, Continuing llus process we 
get an equation 

Ron” ~ /iiM-'-i -I- - .... i A‘„ n. 0 


whose roots arc the a^th powers of tiic roots of the given equation. Pul X .« a'. 
Let the roots of the given equation be c, fa, , c„. Suppose fust that 

Cl > Ci > a > > c„ 

Tlien for large values of X, 




' Ro’ 


fa" 


Ri 

Ri’ 


Ch" 


Rii-i 


If the roots are real they may be determined by e.vtracting the Xth roots of 
these quantities. Whether they are di is determined by taking llie sign wliicli 
appro,ximatcly satisfies the equation /(x) = o. 

_ Sipose next that complex roots enter so that tlicrc arc cqualilic.s among 
the absolute values of the roots. Suppose tliat 


I fi I ^ i fa I > I ca 


I ^^1-1 1^1 fjH-a 


Hfr 


^ * a f ^ 


I 1 > I I 


Cn 







AL(JKni^A 


0 


Then if X IK (Kionuli so tl«U c/ is ItuKt’ (s»iui)ar(sl lo c,,, i^, ' i''. 'a^ • • • • 
,;,X miproxinuiliily satisfy thu (aiualioii : 

A‘««" • A’i«" ‘ I Au«'' " • . • • • < A',, o 

ami <-vi^ ai.|.n.ximatr!y satisfy dm r.iiiulion: 

*> -- A„i i«" " ‘ I- ” " • ' X’,. o. 

'rhcicfon! wlu'ii X is larno mioiii'ii tin; I'ivni witialion li!(‘ak!i tluwii ialo a iimnliri' 
of simptiH- miuatioiis. 'I'liis siaj'o is slum-ii ia llm process of .Icrivio}' die sue 
cesiiivo wiiialions when eerlaiii of the coenicieiils are oldaineil from llmse of 
the iireeiMliiif; e.iinalion simply hy sciiiariii);. 

Kkckui'.nckk : I'ineyklopailie tier Math. Wiss. I, i, .ta (Uutif'e). 

JIatustow: Applieil Aeroilyiiainics, pp. .s.S.i the sohilioii of a minieiical 

cilualiou of the. Klh tle|>ree is ^iven liy CraellVn Method. 


1.270 Quadrat io .l'’-(inationH. 


I- 1 A o. 


The roots are; 


•ji 


.V| ■ (I I * A 

.Vj ■■ (j - " • A 

,Y| I .r-j ■ Ml 
.vi.va - ■ A. 

a'' :> A roots are real, 
a** < A roots are coni|ilex, 

a'-* w A roots are eipial. 


1,271 Ciuhif. wiuatioiis. 


(i) .v’ I' ii.v'^ I A.V I <: 0. 


Suhslilutc 


(i) .v- y 


.>i 


U) .v" .{py • 2'/ *“ 0 


where 


3 /--^ -A 


37 


«A 


3 37 


«" - C, 


Roots of (;t) : 

If p > 0, 7 > o, 7® > />* 


cosh 0 - 
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MATHEMATICAL EOKMIILA-; AND KLl,ll*'i’U; .l-'l!N(;:iTUNS 


<l> 


yi ~ 2-\/p cosli^ 


^2 =. _ .j. Hiiih — 

^ 3 


«/> 


3-3 = siiih-, 

^ 3 


li p > o, q < o, > p\ 
cosll 


yi « - 2^/Jt C(w]i ^ 

ya « - 'h iVJp sink 
ya^ 


“ 7 ■“ >ViJ> sinli 
2 0 


If /> < o 


sinli <j) 


V~~ /'“ 


3'i » 2V^ ~ ^ sinli ^ 

Jtj = „ 2 i . |.. l y/ .... 

* 3 


J'a = - ^ “ W - Ap cohIi "• 
^ 3 


If ^ > 0 , < /»», 


cos (p 


■s/jp 

/>• (h 

yi 2 vA COJi 

Vl y—H « 

3-2 = _ t~ .j. 


2 

yi 


3-3 = _^_ 

2 3 


1272 Biquadratic equations, 

+ ®i-y’ -h Oix'^ -I- aj.v -\- Oi ® 0, 

Substitute 

ffi 


iV? »a y * 


flo 


y* + ^^2 Ilf + Gy + F « 0 


AUJKJIRA 


U 

G (fo'V/i) - 'l‘ 2{/i’* 

/ ^ : (hiti.\ - i\(h^h ‘I* 

F - Uii l a//*' 

*A • ’ r *’" *■'"' 

A l'^ ‘■■' y/J'^ llm ilisi riiniiiuiU 
(/•' .\1P . ^ iii^iJli iij). 

NiUuic ()[ I ho I'ouh; t»f I ho l)h|n{ulnilio : 

A ' = o VA\\m\ runis aro prosoiil 

T\Vi» ninls m\y otjual: / aiul J aro iujI linHi /.oru 
Threat inotM ;uv VA\m \ : / V o 

'I’wo tlislinol |»airs (»r o<|ual runis: il o; Om ^7 i« 7 /^ u 
^^^Ul' ront:^ 0 (|uali // ■ / ^7 o. 

A < o 'hvii roal and (wt) rumplox rnulH 
A > o RoiHs aro oilhor all mil or all inrn|itoN: 

II < o and - I .»/y" ’ :.; n Rnnls all ri al 

// > o an<l - li//" > o Runis all minplov. 


nivlOaM INANTS 

1.300 A dotornunaul of iho «lh ordor, with olnnohl'i, wiinon: 


A 

uu 

ar4 

ihx 




^hx 

ihi 



('31 

« 1 1 

(hx 

i 1 t 

thi 

, . . 1 , * U.ih 


% < 1 

um 

» 1 I 

1 » 4 

(Ua 

l/w^l 




1,801 A ilelenninant in nol cliangod in vuhio hy wriiinf^ rown fur tolmmoi and 
columns for rows. 

1802 If Iwo columns or (wo rows nf n dclcrmiiumt arc inirrrhanued die 
suiting cblcrminiml is unchanged in value Inn U of ihe oiijmsiu* sign. 

1808 A doierminnnt vanishes if it has two equal columns or (wo equal row^. 

1,804 If ench element nf n mw nr st rnhimn ta mitll lltlllti'l r.«# iNlri 
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MATHEMATICAI, FORlTOLAi AND ETJJl'TrC FUNC:’l‘rf)NS 


1.306 A detcrmiimiU is not cliangcd in valuo if to cacli (thsncnt of a row or 
column is added the corresponding element of anolher row or colnnm mul- 
tiplied by a common factor. 

1.306 If each element of the /th row or column consists of Ihe sum of (wo 
or more terms the determinant splits up into the sum i)f two itr more de- 
terminants having for elements of the /lii row or column the separale terms of 
the kh row or column 'of the given determinant. 

1.307 If corresponding elements of two rows or columns of a (hUermiiiant 
have a constant ratio the determinant vanishes. 

1.308 If the ratio of the differences of corresiionding elemenis in tin; /ah and 
5 th rows or columns to the dilTcrencos of corresptniding elements in Ihe rth 
and jth rows or columns he constant the deltirminaat vanishes. 

1.309 If p rows or columns of a <lelern)inant whose elemenis are ralional 
integral functions of x l)ccome equal or proporlional when x " li, (he <leterminan( 
is divisible by (iS - It) 


MUI.Tll’I.TCATION OF Dl'Vn’aJMINAN’I'.S 

1.320 Two determinants of cciual order may be mulliplietMogellier by the 
scheme : 

I «ii I X I l)ii I 1. I di I 

where 

Cij => Oubji -I- (liibfi •]' I- lli„bjn‘ 

1.321 If the two determinants to lie nniltiplied are of uue<nml order the ime 
of lower order can be raised to one of eriual ordei* by bortlei'iug itj i.e. i 


(til 

(tiz . » * 

♦ * * (tin 

tn 

I 

0 

0 * 

4 t « 

• 11** 

* • * t) 

(tiil 

♦ * . 

* • * (tUn 


0 

r 

0 . 

4 1 4 

♦ * 1 1 1 

* i 1 

* • 





0 

0 

r * 

4 4* 

• till 

• • » 0 

(tnl 

(tn2 * * ♦ 

* » « 


, 


• 1 t 

4 1 « 

4 4 4 



• • « * * 





0 

0 

0 . . 

• 

«ia • 1 

• • (tin 




0 

o 

1 1 < 

0 , , 

■ « 1 < 

* rtjii 

' « * 1 

1 » 

■ * 




0 

0 

1*11 

p ♦ , 

' t i 1 

■ * t • • 

• * 

* ttnn 


1.822 The product of two determinants may be written : 



Ar.(!F,HUA 


I/; 



.... (III. 

o . . , . 


» t * 1 

♦ « » * rj ri 

0 

o 

o .... 

* ... 0 

hn . . . 


o . ♦ « . 

4 » . • 0 

/Sii 1 . ♦ » 

• 4 « • hnu 


Kll'l r,Hl;N I'IA I't<lN (tf* IHVn.KMINANTS 

1.330 If lli(! dcnu'ius of u (li'IcmiiiiaiK, A, uio fiiiu liotiH of a vaiiatilo, /; 




4 . . 

, . </h. 

1 

f/|l 


. . . l/|n 


4 

• # « 

• - 


fh\ 


* ■ ■ 

p » » 

7 

n\ 

n '4 « 

• " * 

1 1 « D 

* ' ^^iir» 


nl 

hV • » 

* . . « f/fui 


till 

1 4 . 

. . . f/jn 

*h\ 

• 1 . 


</r»l 

* • * 

* 4 . 


wlim! llu! iicccms dciioto <lilfincnliiilioit hy i. 


KXI'ANSroN OK JWTKKMINAS'rrt 

1.340 'i'liK conii.kMK Kximiisioii of n tU-toniUMJinl of ilia hiIi or.lar nmluiiw n\ 
Iciins. ImuIi of iIh'sc U'i'ium (‘oiiluinsi oua alritii'iil from Ciiih row iiiul oiia ak'- 
menl, from t‘)u,k (olunm. Any Ifiiu may ka oliiainail from Ika laatliiiK larin: 

«o</*i'/m ........ rt.,., 

by kctpinj^ ilic liriil siilllsas unalimiKad ami parmulinK ika mtoiuI siinixa** amonj? 

. ■ .. H. 'l’l'K.*»iK<''‘f«ny lariiiifi«k!larmina<lltyiliaiiuml«Tttf invariiioiirt 

from lIu! sacomi nuflixas of ika lamlinK larm, liaioK jBt.Hiiiva if ihara is mi avail 
niimlier of inversions and neKiiiive if ihare is an odd mimiHT of inversions. 

1.341 The cocfTickiu of (Ut when Ike delerminarii A is fully eximndwl is: 



WATIfKMATICAr, VOKMri .,1 AM. I I MM l. , . 

A ' is Ihc first minor of Hm "" '-n. at.-l i, a 

iciminant of order n - i. H "wy **' ' Ho- ,ow 

and column which intersect in o.,. and .nnluidvnu- l-v ^ 


1.342 



llll A)1 I' 1 

(fit Ai/ 'l‘ 1 ‘ 


. . t -•...A,. 


ii f ! i 

A i» r ; 
- j 
,\ »i ; f 


I'i'A *^\.j 


is the cocOidcnt of naihi in the C"io|.l< le i .■! sic s. UMiiiAtii A. U 

may he oliUiined from A, I'Mcpi f." di;n, hr nc o.;' *m5 ilc .lud udiMtith 

wlsich intersect in u./ mnl .ii). 


1.344 


I Am I Klo.J: .. A” 

{ A., ^ ■■ A" 


The dclcrminiinl |AmI is the irtiio.-.d i. sHiin.,us r.. A. 

1.346 


A";; 


d’A 




Am A.t j *»A -^rA ^ 

A ^ f *\ \ **• ' 4 i * ^ f •;• * ' 4 i * • M 


t 34 e 










Am Ac, a., 

A i f A y \ •/. 

A ^ A .... ;• y\ ^ 


1.347 

1.848 It A Oj 


tVA^ A 


1.360 If ihcj In nviuuisr? shrift ^ 'Ivy^lf^mffif^lfi^l 

determinant 


1.861 If flfy 
'^'^tcrmiimnL 


A V ^ 


^!ii > I 


ihc ikitTmimuifi i '>> a :! J8VaAit>S!5?( . 
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1.3B2 It itml an Ot iho (k^l.rrniiiKinl is a skew synnni‘liu;al 

lUitcniiinaiiL 

A skew syininctrkul delermiiuinl of even order is a perfect square^ 

A skew syininetricul ilelerminant of odd <n'der vanishes. 


1»360 A system of linear e(|U{ilions: 

auX\ 1* |- I iiifiXu h 

ih\Xi d’ I’ . . . ♦ . ^ /;y 


has a soluiion: 
Ijrovhleil lluit 


au\X\ *1' I' . * . t . I’ a,itiXt\ ■ • /mi 

A';V|' ' : /n Ah i* A‘'j Aui I ♦ * * * « d' /*SiA^h 
A . > I </o’ I : O. 


1301 If A > ' 0, tail all the lirsi niintas are not o, 


A,,\V/ 


u 





t)''A ^ 

1^1/ n ftd</ ^ f 


u 


u 


«) 


wluTu ,v timy lu! any one of tin? inlff'frs i, a, . . . ., v. 

1.302 If A'l " h I'll - o, llu* liiu'iir I'niiuiiitn’i an* hiiiiut>i(«'U('ous, 

and it A o, 


Aj.y Aim 


(,/■ * ■ I, 


H). 


1.303 The CDiidilani lluil ii liiu*ui' lionnij<riU'imrt in ii varialiU*> sliall 

III! ('nnsiHltM)l is tlial Ilia di'li'iininanl, A, sliali vaniMli. 

1.301 It Him! ai'i! H i' t linear i'i|ualions in ii variaMes! 


/hiV| 

1 an X '4 1* » 

» . ■ » d 

1*. 

» 1 1 

t 1 - 

« » i « 1 

I'J 

4 « 4 

(InlXi 

'!• Hns.v'a t . 

t 1 « * 1' 


*‘\Xl 1 

I ' I's-Vj 1' . 

t t « « 1 < R'V»| 



llic condilion tluil this system slndl be cnnsislenl is ilml llu* »l<*ierntiitimi: 


ail 

i/iti » • . . 

» • * 1 lOn 

1'. 

an 

a^n . » « » 

1 0 • 4 4 t i 

* . 4 « 

I'j 

am 

fe 0 t 9 i 1 « 

a t • t ■ 

apin 



l?4| .... 

I . . . . 

Z... 


0 



MA'XHKMATICAI. F()RMUI-/>; AND IvI-MVITC I'DNCriON'j; 


i6 


1.370 Functioiml Dcterminnnla. 

1 yu yi, . . . yn arc « fiiiicliniis of .ri, .V;: ,v„ ; 

ov’ ' yk-'fkU’hXi, »•..) 

. the determinant: 


(Tvi d.Vi 

(T.vi 

Ovi 

0(Vl, V.; . , 

. .. V..) 

dxi 0x2 ’ 

’ * ' 0x„ 

Ox, 

<t(.Vh .r.i, . . 


Oj^ Oj'a 

Oxi 




(7,Vi a.Vsi (lx,t 




(Tv„ (Tv,, 

0y„ 




d.ri ().r3 

' ' 0.v„ 





is the Jacobian. 

1.371 If yi, 3 ' 2 , an: (lu: partial tlerivaliv*- . of a fiiiu lion 

I* (^'n .Xz) A’n) : 

yt ■=' (» ‘ ' I, a, . . . tt) 

the symmetrical determinant: 

./or or or\ 
jT I Uv.'’ 'iv;i — ox j 

is the Hessian, 

1.372 If yi, yi, arc given as impliiil fuiit littns of ,v„ .v,), 

Wn by tl>e n equations : 

7q(yii y^t •..,»] y*,,) a:ij .y^j .Vh) o 


7''„{yi, j'a, . , , , y„, .T|, ;Vn) >« 0 

then 

0{Xi, Yn) 0(a:i, .vj, , . . y*) 0(y(, vv, , . . , v«) 


1,873 If tlie M functions yi, j*}, , , . , yn arc not imlependeiu of eat li oiln-r 

the Jacobian, J, vanishes; and if /wo the n functions vt, art* not 

uidopcndent of each other but arc connected by a relation 

7''(yi, yt, y„) w 0 
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1.374 Covariaiit inopcily. If llic variables a:i, ;vs, . . . iV„ arc; traiisfarmecl 
by a linear aubstitulion : 

;V; ail If! “I* C/'i'l^y “h ' 1 - aii.lln I) 2 ^ ■ • « II) 

and the timc.lions yi, ya, y,. t»f ;vi, Xi, ;v,, become; Uu; fimclums 

fji, tjif • > • > -i fl» 4‘ii 

T/ . d(T?i, Vn) I 1 

'■ i<) d(.vi, .v„) 

or J' ‘ 1 <b/ 1 

where; | (Uj \ is ihe; (lelerininaul. or moiliiliis of (he; (raiistornialion. 

I’or ihe Hessian, 

n' ... If- \tUi \ », 


1.380 'I'o change: the variables in a nuillipU; inlee^piil ; 

/ «' y J'l'iyh yj y«)tiyi>lys ..... <A'„ 

III now variables, .vi, .vj, .v,, when yi, are' ^iven fimclions 

of ;Vi, S'a, . . . . Xn ! 


where /'‘(-v) is the; resull of substilutin^ .v,, .Vu .r,, for yi, yj, . . ,, y„ 

in /'’(yi, ya, ...... y..). 



/'eKvi. yi ;v..) ^ , . , . , . 

J ».,*«) .v„) 


PKUMtlTA'riONK AND TOM HINATIDNH 

1.400 (liven « (lilTi'ienl eleimaitH, Retpresetut eaeh by amimber, », a, , . . , 

It, The: number of permulalionH of the; if ttllTerenl elumenis is, 

.,l*n III 

c-B-i » •*' 3 ' 

(133). (bP). ( 3 «.l)i (331), (313). ( 33 i)*'b’« 3 ! 

1.401 Given n (llITcrciK, eiemcnlse. The number of [lennutaiionA in groiiiw of 
r (r<if), or Lins numlicr of r*i»ornuilaliona, is, 

III 
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MATHEMATICAL EOIUHTLAO ANJ) ELLTI’TK: EdNC I'lONS 


1.402 Given n different elements. The minil)er of ways iIh'V can lie 

divided into m specificti groujis, with ;ri, Xi, , ;V«) in each I'lnup I'espec- 

tively, (.Vi + .V2 + + .Vm) = n is 

»! 

iVlfv-il ;Vml 


e.g., n = 6, m = 3, at = a, »i = 3, iVs =■ i : 


(12) ( 34 S) (6) 

(23) (14s) (6) 
(34) (125) (6) 
(4S) (123) (0) 
(14) (23s) (<>) 


(13) (245) (0) 

(24) (i.iS) ( 0 ) 

(.35) (124) (0) 

(25) (234) (<>) 
(15) (234) (h) 


X h ■ Oo 


1.403 Given n elements of which ;Vi are of one kind, .va of a .second kind, 

.v„i of an will kind. The lunnlier of pernuilations is 

«1 

iViLval . . ."T , . .vj 
.Vi -1* iCa -I- ■[• .v„, = ' n. 

1.404 Given n different elements. The luimber of ways they can he pennnied 
among m specified groups, when blank groups are allowed, i.s 

(m 4' n " t) ! 

e.g., u = 3 , m = 2 : 

(I23,o)(i32,o)(2i3,o)(23i,o)(3r2,o)(33r,o)(t3,3)(3i,3)((3,a)(3i,2)(33,i) 
(32.i)(i,23)(i,32)(2,3i)(2,i3)(3,i2)(3,2i)(o,i23)(o,2i3)(o,i3a){o,i-3i) 
(o>3I2)(o,32i) = 24 

1.406 Given n different elements. The number of ways they am be perimileil 
among m specified groups, when lil'unk groups are not allowed, so Ihul each group 
contains at least one element, is 

hI(»- " i) I 
(« - wJK w - ,t)! 

®'g') « = 3) w “ 2 : 

(i2,3)(2i,3)(i3,2)(3i,2)(23,i)(32,i)(i,23)(r,32)(2,3r)(2,r3)(3,i2)(3,a,) « ^ 

1.406 Given n different olomeiUs. The numlicr of ways they can lie combined 
into m specified groups when blank groups arc allowed is 

w" 

e.g., » = 3 , ■= 2 : 

(i23,o)(r2,3)(i3,2)(23,i)(i,23)(2,3t)(3,„)(o,rj^) „ g 

1.407 Given n similar elements. The number of ways they can lie combinctl 
into m different groups when blank groups arc allowed is 
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MATIIEMATICAI, FORMULAC AND ICLIJl’TIC .l!'lJN(:'l'II)N.S 


1.62 Table of Binomial Coclllcicnts. 



•I 

2 I 


3 3 1 

4 <5 4 I 


5 

10 

10 

5 

I 






6 

IS 

20 

IS 

6 

I 





7 

21 

35 

35 

21 

7 

I 




8 

23 

S<> 

70 

56 

28 

« 

I 



9 

36 

84 

126 

126 

«4 


9 

I 


10 

45 

120 

210 

252 

210 

120 

‘IS 

10 I 


II 

55 

i 6 S 

330 

462 

462 


if'S 

55 

X 

12 

66 

220 

495 

792 

924 

793 

-195 

220 <\(\ 

\2 


1.621 Glaisher, Mess, of Math. 47, p. 97, ipiiH, has >'iveii a coniiiloki lubh; 
of binomial coeflicients, from « « 2 Lo n 50, and k «■ 0 lo k • ■ 11 . 


1.61 Resolution into Partial Fractions. 

If F(x) and /(x) are two polynomials in x and /(,r) is of higher dcuift! than 
P{x), 

M y M _i_ . y L ™ ‘ r ' 1 

f{x) Ld (l){a) ;¥ - a ■' ^ (/, J)! F-'l 

where 



Tlic first summation is to be extended for all tlio simple roots, «, of f(x) and ibo 
second summation for all the multiple roots, c, of order p, of /(.r). 


FINm DIl'FURUNCKS AND SUMS. 

1.811 Definitions. 

1. Af(x) ^f(x + h)~/(x). 

2. Ay(*) « Af(x + It) ~ A/(iv). 

”f{x + zli) - 2fix -I- h) +/(#). 





a I 

3. Ay(.v) . • Ay(.v 1 //) ■ Ay(.v). 

“/(■»• I ,</') .V'U' I- 2/0 I- 3/(-v I- i'/) -/(.v). 


A''jXx) "J(.x I' /(//I ’VU' I « ' *A) I-——- I- » '•'///) - , . . . 

I' ( • i)"fix). 

1.812 

1. A|'</(.v) I > l A/ix) («: II i niiMlanl). 

2. Al /i(.v) \ Mx) 1 . . . .;| - A/,(.|) I A/j(.v) 1 . . . . 

3. AI:/.(a-)-/4(.v):| -Mx)>i\Mx) I /,(.v I /;)-A/,(.v) 

■:^J\ix)-AM-y) I /!(■'•)• A/, (.V) I A/,(.v)>A/:,(.v). 

, A(a') k(x)’Ah(x) • fiU^-Afiix) 

*■ M.v»-/.i:rn,r 

1,813 '1 ‘Ih* Hill ilirtVivui'ii of a ptilyiioiiiiiil of llitf /illi tlvKi'w w niimtiiiil. If 
/(» "i.V„ I (l|.V'' ' I- I <<„ |.V I (Im 

A'‘/(.v) " 


1.82 


/>Ha- a j//) (v -fi H i^AI 

”” «(h iIIh 4 I (,H m i i)//”* 


‘(.V - /t){.v /< /Of '' li 4/0 .... f.v “• h - II m ill). 


fl. A«> 




(.V I I f* l /'Ha' I /' I -'/'I • ■ ■ • fA' t f* I " ‘//I 

. . 11(11 i 1) (h I 4) (« I III i)/'” 

^ (,v 1 /<) (x i /' 1 /O ( V 1 /' I ill) .... (a- -I /' I' II I III 

3. A"!!* « (h* l)**'!' 

4, A 1 ok/(a‘) “■ li'K f 

j. A" sin (« f </) •» ^4 Hin RiH ^1 A“ 'l> it !■ m . 

3 ain j cos (I'-c *1“ d + m — j • 


i/O 


a 
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1.83 Newton’s Interpolation Norimila. 


/Ov) =/(«)-!- ^A/(<,.) + 


(:r -• a) (x - a 
2 ! /r 



-(- 


(■r -- <0 (:r ~ a - h) (.y 
3 1 /r‘ 



(■i: - a) (x ~ ti - It) (.r . 

nl //" 


II • It • ifi) 




(■V - (/) (a; - a -- h) . . 

n l”i 


(.V 


uh) 




where (- has a value iiUcnncdiatc hclween llu! f'reulcsl and h'as(. of a, (,/ 1 . „/,) 


1.831 

f(a + nh) »/(«.) -I- “ A/((r.) -I- Ay{(/) -i- ^y(„) 

'I- -I* «A«“yo;.) A'y((/). 

1.832 Symbolicallj 
T , A = C — T 


2. J{a-\- nh) = (i + ^y%(i) 

1.833 If ifo -/(«), •«, -/(u -I- A). «a -/(,/, h 2 //), ,, 

If* = (l d- A) *11(1 »=. «o. 


1.840 The operator inverse to the dilTerena!, A, is (he .Hiim, S. 

1.841 li AF{x) ^ /(x), 


S A"'* i»i — I 

. 0 


2 )/(.t) - + c, 

where C is an arbitrary constant. 

1.842 

1. Sc/(.t) = c2/(.t). 

2. +/2(.t) + ...]- S/,(s:) -P S/a(.r) -p . . . 

3 . 2)C/i(.i;)>A/a(.T)] »/iGv)-/a(a‘) - SC/a^v -p /0-A/,(.v)J 



AI.CICIIKA 
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1.843 

liiiletinilc Siiiiivi. 


I. 

( v /i)(,v h li}(x li .'ll) . . 

. (.V . 


■ ' {X l>) ix h h) . . . . 

(,H 1 l)/l 

, . (.»• ■ h 

2 

\ 1 

f (.V 1 ll){X \ l> i ll) ... . ( t 1 /) 1 

1 M \lt) 


I • 

0/ I )/< (,r 1 /tU f i /» I /;) . , . . (a 


X'' » 


(\ 

. / ih 

( 1 r 


2/"^ a' 

' 1 

1 

i -/) 


it) - 

\ 

. ih 

\\n\ - 

I 1 ( 



ruiliV 


5 . /i!iin (i .v 1 

il) 

\ 

^ MM 

./( 


I /' 


anil 


wliinit 


1.844 If /( >•) a iMilyinmiiiil nf i!i>!;ivc ti, 

2 -/U) MV, Art,,, (,, 

1.840 If /( ») in a |tt*lyiii>n)ial nf «, 

/(.v) - (j.a" I ui.v" ' I , . . . I </,. ! 

a ) - Hr) I ( \ 

/■(.< ) r »V‘" I . |.V I / U-.V’ ' 1 . . . 

(h t |)/h « (fii 

(11 \ l l« , . 

, fn n 1 ft In \ n 

(11 I iIhOj if , »(n I) ffi . 
<1 il ' 


The cnefricieni tHfi may he taken nrhiimrily. 


II • ilt) \ 

• nil) AC. 

1 It • .!//) 


iV I 

♦ I * n-'* i » Ip 


(« - i)lnji r- ih 
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1.850 Definite Sums. From the indefinite sum, 

= F(.r) + C, 

a definite sum is obtained by sulitraction, 

= l''{a -h nit) - l‘\a 4- mh). 


1,861 






’ 2^^*^ “ -I- . . . . -!-/(« 4- n ~7h) 

a 

= F(a -)- nh) - F{rt). 

By means of this formula many finite sums may he evaluated. 

1.862 

a-\-nh 

~b - It) {x-b- 2/0 . . . . (;v~ b - F--'i//) 

a 

= (ff - i + nil) (a ~ b 4- j/. ~ r It) , ( g /) j- w --f F/) 

(/' f i)// 

- - />-/;) ■ ■ ■ ■ A-/0 

(As 4- i)lt 


1.863 




2(;e - rt)(.v (a- - a - k ~7h) 

a 

_ nin ~i)(n ~ i) ... . (u-k).. 

. (f+T) • 

1.864 lf/(.v) is a ixilynomial of (legi'cc nt it ean be cxiircsscd : 

fix) = /lo 4* /li(a‘ - a) 4- /IgOv - rt.)(ii! - a ^ },) 4 , . . . , 

~ ” "• "• w “'1/0, 

5/W - /I .«. + /I , iifcili ;h- /1, 2^^ 

+ a .’ A ‘-'1 ■ 

(i»4-i) 

166 If/(aO is a polynomial of degree (w - t) or lower, it can be cxjiressed! 
/(;v) = yl 0 4 ’ .d 1 {x + mh) -\- /l2(.a! 4- mh) (.v 4 - ttiT^h) 

+ < ••• (■''' + Wf A) . . . (;v4'2/0 


ili! / 


(« 4- mh) mh \ o(» + h) ... {a A- lipTih) 







AI.CKIIKA 


(d itli) (ii I « I m ill) I 

' 

(lit ■ • i)/i \ "O' I /')<•• («' I- »i •!>) O' I «/') . • . O' 1 » I • 

I I ■*’" ! i . . ' . . \ . 

h ^.1 " \ nil f 

,060 If fU) “ |)"lyit'tinml «i{ ilcffm- m U run In* I'xprcssctl : 

/(r) • • . 1)1 1 .IiOv I mil) I .Ijf.v 1 «f/;)(.v | iii ili) !■ . , , , 

I .l,„(v 1 mil) . . . I //) 
ltd, 

/(»•) , •I"/ ‘ . 

^•^.v(.v I li) . . . ( v 1 '«/') I I . 0' ! 

\ 

(i» 1 iih) (ij I »i I « if'f I 

« I 

. ' . ' \ , I y 

****** h \ a n I h/; I 


y 

.V 0 " ! I 


i r t 

I - - ■, \ ... . ■] ■ 

i h II t ill II I )i ' ill 


1.80 Kiilrr's SnmniiUinn I'nrmiilsu 


" \ ... . i .!« ,/r « I/*” ’'00 ’' 0 »)l, 




x*' *Mix I h 


^ •I" ,.^1 1 -I ,'lfl 4 . , , , I' wl 

I j, JJ 1 , 1 , 

«f!<|S!w(s), with A >» j, in ihc licrrinutHiin polynomial, 

Af «» “”i, An I 1 « o; llic (rwrlTu Icnls /In are lomictlcd with ncrnoulU’s 
numbers (0.002), //», by iltc rclaiion, 

/In 1 ’ mCT! 
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MATHEMATICAL li*OMlULA!: AND JOLLIUTIC FUNC'riONS 


2/(«) - 1 //»* - ; { m - JM } + { m - /(«) } 


Jt 

J20 


1.862 


-/''O/)/'-.. 


T T f I ^ 

^Hj! = C-hy UxUX - ” y,>0 (Av'' .?«;!, jO (/.»■'* 


si’ECiAi, I'lNiTi; s)';uii';s 

1.871 Arithmetical progrcssi(nw. If s is llie s»im, n the fust term, llu- conmum 
difference, I the last term, ami n tlic mimlier of terms, 

s ^ a + (a -I- S) -I' (a •!- ■!• .... |,ii !• («■ " i) 6 J 

I = a -I- (a - i) S 

5 = ^[aa -I- («. - i)$3 
<=» ^(a -t- 1)> 


1.872 Geometrical i)ro{*rc.ssi(mH. 

s = a -I- ap -|- a p'^ -1- . 

i =■ 

p ~ I 

If p<i, # => 00, i = 


ap 


n~l 


l~p 


1.873 Harmonical iM'op!rc.S8ions. a, b, e,<l form im hiirmoiiieal prt)Kressu>ij 

if the reciprocals, :/a, i/A, i/c, t/d , .... form an arillimeliea! pntgression. 


1.874. 


x^n 

t, 2«. 

{C w I 


2i 2)^* 


n(n -\- 1) (in + i) 
6 




a; «• « 



JL 


flf « I 


AT.C.KllKA 
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1.87B In 

' - 


jl,^ /{ iin- Itiriiimlli'ii iitimlifin (0.002), imr llir iMiioiiiiiil 

tiH'lliiii'UlM (1.01); ilic tit'iics « iub with (hr trim in »i if k h rvrii, aiul with llu; 
U;nu in /r it k* h niM. 

. 

*• I ; 1 ^ • ,i ' ' ■ ’ ‘ ' H " 1 i) 

ii(n t 1 ) (« I '*) 

Y M Kiilrr'stmmtiiiil - • • • 

r 


fh ' • 

i J 





\ 4 


ru 

tti - 

»Si| 




ih 


- * jf^ x( i ,v) '■ '■) ...<•(/•"< ' ' 


1.877 


20 


JIT l • " 

j'i I ji I ‘ ■" t. ‘ II i I (11 I 1) (M 1 »•) 

/'I 

(« ) jM” I I" ' *1 

a- j)! 

/< 


I 


/'I 


h, 


hi. 


1.878 


-i I V' ? ‘ 




t/i i 1 ) ill [ i) 




(h I I) (« I J) (« I .T) 


c »» 2)l* I.aoJOS^irKi.VJ 
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1,879 Stirling’s Formula. 

log («l) log V-iir I I lug II • ■ II 


I „ I > • < < I -'it J 


-I- 0 A-: 


(;!/• • . j)! 


o<fl<r. The counidcnls /U are given in 1.80. 


1.88 

1. H - il - l - 2'2 M -. v.d !■ I n n ! - (« | i )! 

2 . I' 2'3 -I' I- , , . , I />(/; ) J|(,J I J) . j l) (» I |, 

3 . i- 2'3 . , . ,r .|. 2 .;^., I . . . (r I 1 ) |. , ,) I V 

(«-|-r-i) ' 

. In t ri 

’ V i‘ I 

4- I'p -!• iip '!• i) T 3 (/) !■ 2 ) | j „{r, j „ , ) 

' 11(11 I I )(,</> I 2 ). 

S. ,, 2 )(v 2 ) I ( 7 - nHv . «) 

1 ) ( 3 M :u/ 2 « I i) |. 


6. 


«■ 1 ) 


Hh - hx ) 


(I) -I- 1 -• «)«(« '1- i)T 


WH I ) . 
a(<M 1 ) . 

I m ) 

(« 1 II 


• • 1*^' I « I) 

. . (./ i II » ) ’ 

M « 

U Ail o' 


i 1 



It, (IlCOMin'RY 


2i00 MVansfi)nnalmn nf iu ix plmu!. 

2.001 tjf ori^^iih Lvl y Iuj w syMUan i»f mlttny^ular nr ohlit^ur tuflr-* 

(limUi^a wilh uriipn iii (), (n a', y llir n»nnlinalo>i of iho ninv ori^fin n' 

lire </> h. M'hrii ivfoinnl (u a |mi'alK‘l syrtlrm of ioiinliniUijii witli ori|*in ixi O' 

iha t:o(irtliuu(t*^» uro .v', y'* 

* .V - .v' \ a 

y y' I /i* 

2.002 Origin un( hanged. l)iree(ioiis of axe^i Omitged, OI)li<|\n‘ rodrdinaleH, 
J.eL CO ho Iho angU* Ih'Iwctu thr x y n\os nioasiiivd i ounlrr tliakwiiio fnan 
the X- U) iho y-axi^. hot, iho .v'-axis inaki^ an anglr (x with (ho .v axis and thn 
/-axis an angle /</ wiih llioA'-axis. All angloii are nioas((ml i onnlor I’lcukwiHc 
from Ilia .v-uxia, Hum 

X ain CO A'/ ain (<o - a) | y' sin (co -- ji) 

y sin CO - ,v' sin n i / sin (i 

to' ji -- rv. 

2.003 Heetangulur axes, lad hroh new urul uld axes In* rn langnlar» the new 

axes being turned throngh an angle 0 with respeet In the ohl axes. M‘hen 

w - a « 0, /i - J I 0, 

X x' <ds 0 = ' v' sin 0 

y .v' .sill 0 t- y ins 0. 


2.010 Poliir (■(idrtlirmle.s. Ld (he v-nsis make nn anglf w with die .v^axis niiit 
let the .%‘'a,xiH he the iiihiiil line fur a .system «»f jit>liir nitirdiiuiteH r, 0. All iint'les 
tire |■nct^HUrcll in a comUer-clnckwiKC direiiioii fntm the .v-axis. 

r sill (w >- 0 ) 

;V m y— • 

sin <0 
sin 0 

y vex ^ * 

Bin 0) 


2.011 It the .t!, y fixes arc rectmiKular, w »< 

X m r cos 0 
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2.020 Trunsforniation of cotirdiiuUoH in llimi (liinctisioiis. 

2.021 Chan|Tc of orifrin. Lot. .r, .v, s l)o a syslrin of or i „iir.. 

clinates with origin at 0. KcfoiTOl lo .r, y, (hr i iiiii.linalr'i of ih,- tirw origin 
0 are a, b, c, iheu referred to a piirallrl syslrin of roorilinairs wiih oiii'in 'ii 
O' tlie coordinates arc x', /, s'. 

X x' |- il 
y ^ y' I- b 

S ■ S I r' 

2.022 Transformalion from one lo imoihrr m laiii'idar m arin. Oiiidn iio 

changed. Tlie two systems are .v, y, s and .r' y' r/. 

Referred to x, y, s the direclion rosinrs of ,v' air /|. «, 

Refcircd to ,t, y, s (he direclion rosinrs of v' air /;., nr., Hj 

Referred to .v, y, s the direclion rosinrs of utr /,. /i, 

The two systems arc connected liy tlie sclieiiir; 


X «=■ f|.r!' -|. /jv' .|. /js' 

y “ wiiai' -I- «i.jy' nhs> 

n •= ihx' Wiiv' -I- iw* 

“i* wii® “h 1 
Dii' -h Ms*' I 
4® + wia’’’ -I- m r 

4lWl "I" -|' /jIHj o 

MiHi -|- "I* O 

Vlll *‘j- vj, 0 



x' 

y' 

.J 

X 

h 

h 

Ia 

y 

m 


w/l 

z 

n\ 

ih 

W.S 


X 

V* 


* /ix 1 ff/iy 1 
\ myx j 
* Ia^ I mxV I 

I ly I ix I 

I nt f I tuy ^ i 

i I - r 

l\h I mi}fh I o 

hh I j fi.ttx Q 

fj\ I ' o 


I II vh O 

miMy, ““ ”"*• A 7 will. », )■, s rt- 

^ CO^ 0 ^ ll >f f)u X ^ J 



UKUMKTUY 
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I'"!’’ ft ('0!v' ni;i" y 

llti I II \ t\ i ll.l I /l ■ lll'j I /(I- m,! ■ - /(;i • 1 

2.02d. ‘I'raiisfuniialiKii IVoiii ii li'i liinj'iilar In an nhluiaa !'.y»fctn. ,v, y, r, nx- 


lanf^nliu' 

syi. 

t<‘ni : 

x\ y\ (ililiqu(‘ 

.'iyii 





(OS 

.I'.v' 

/i 

roa 


' i 


<‘os x// 

h 

cos 

y> 

nil 

('n.'i 

‘ yv' 

iih 


(‘(Js y// ‘ 

niA 

(OS 


//i 

('O'. 

;;y' 

ih 


cos V/:/ 

' fin 




,v /,v' 

1 

ly' 1 







V WiX 

' i 

tlljV' 1 

nix.' 






ihx' 

' 1 

ihv' 1 







(Its y's' 

hi 

1 i>iji>t.\ 

1 )hli.\ 






CO't - 

1.1 

1 iiiiiiii 

1 ll.\1l\ 







11 

1 WhW/,! 

1 ll\ll.\ 




ti* I «;r' I nr 1 

I «//' I li-^ ' I 

/r i lil.<^ I ll:C - I 


2.02s ‘IVniisfniiDalinii fintii In aiinllicr nlitii|iia sysU’iii, 



/. 

I MS xy* - Ia 

(its 

- 1 

(OS v,v' 

Ill, 

(SIS vv* ^ m.i 

(OS 

y.',' iih 







fns zx' ■ 

- 11, 

Cos 

yl .... 

(*os 

>• 11, 



A - 

/. 1 /,. 






ill,llhlll., 






* >h Ih 





.V - l,.v' 

My' 

1 45 ' 




y ' 

1 iihy' 1 

i «).v5' 




s - Hj.v' 

1 thy' 1 

«j.s' 


A-x' 

- (ilhlti - 

- 1 

Mu iiJj)y 1 (hill) 

“ lnij)Zf 

Ay' 

- (»W.,M| 

W)iMS» i 

(nJi tiiDy 1 

l\nh)z, 

A-%' 


■ } 

(ml iij,)y 1 (hih 



<r I I I i'uN vh | nH j:;r \ JiUmi tm xy < * 

I I ttv? I i t ns ^;.r j aUith :vv t, 

, jr»i- , (..■-■♦L. 

V I /«j* I h/ I awjMj tits ys ■( aiij/* tats zx i cns .yv « 1 . 
;v >1- y rtis .vv •)• s em .vs «* hx' -i lyv* |- /»3', 

y »f- X CtW .TV f S CttS EV l- IHjV' I t»»sS', 
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2.026 Transformation from ono to unolluir ol ilium* system. 

If Hx, ny, Hz arc the normals to tin: nianes y;;, c.r, .vv ainl iiy, n,' du 
normals to the planes y'z', z'x', x'y\ 

.■r cos xHx - ;v' cos x'hx -i- y' cos y'n * I- cos „ 
y cos ytiy - x' cos x'n y |- y' cos y'ti „ | ■ a' cus z'li 


zamme 

cos iv'w.a 1 

■ y' imy'iiz 1 

ctis 





i i 

ar COS Xllx - 

;V COS z\'n/ 

I- y cos yiix' 1 

z i'os v,n 




.... 

y' cos y^n ,/ 

:V COS AV/ ,/ ‘ 

I- y cos yii,/ 1 

' Z ( OS Zft 

Z cos z'fh* 

.V (‘OS AVf fl' > 

I* y cos y/;/ | 

Z ((H ZH, 


2.030 Transformation from rcclanKular to splua ical polar < oilnlinales. 

r, the radius vector to a |M)int makes an uokIo 0 with the a axis, l he pntjeclioii 
of r on the .v-y plane makes an an/'le </» with the .v axis. 


r sin 0 cos 0 

r’’ iv’ 1 

y** 1 * 

r sin 0 sin 0 

0 cos 

1 

r COS 0 

<l> Ian 

vA" 1 y’ ) ? 

t >: 


2.031 Transformation from rectaiiKiilar to cylindrical e.Mh.linates. 

p, the perpendicular from the c-axm to a (loint makes an aimie 0 with the 
!V-2 plane. 

P «w 0 p v'.Vr , "3 

0 , V 

X 

z z 

2.032 Curvilinear coOrdiimtes in general. 

See 4.0 


2.040 Eulcrian Angles. 

roctnngulnr axes with Ihc same origin 0. 

nmi tZ S ^ ''f vertical, 

to the east. ^ '» directed to the south, then OK is 


anti the 
is tlircc’tetl 



o . i'inuviKV 


'f'lir llilv•li>>n iii.iiir. ..I ihr iwii of ii\ra Ufo j'ivcn liy lli(v fiilliiwiii); 

M ' lii ' im ' : 




■ 






u 

1 * 

1 ii i i/f 1 11 . 1 .1 , i/ in </< .ill [J 

’ill i/i I ti l // t il l 1 rn 1 ij] ;.|n \p 

l ilt il rn:i 

v' 

1 II I i/» . n . ni .111 </» *01 

'ill! f/p M ^lill }]j 1 » n:» </i UK 

fiin 0 iiiti \L‘ 


III. i/i .in If 

: ill i/> ^il| a 

i il t // 


j 

\ ... . 




2 , 0()0 riiliiii iii < 


A jiiiinl in a plain' i . lintal i| ip* tliaijUMt ii 
fhini iwn iiiiri n I Ilia llhii ilia pivrM. lai TJ, 
i 71 ( !' is^ I 1 la- 1 hi '.r linr'i : 

ri< f\ /'A I/. /'/* . r, 

Tai.iiiK ^ ' » y iiu liiiliiif^ 

m UIIKlr ( , 

.■ /* .. 

HI ( 

V - ■ , 

Ill ( 


0 



Auy i Mi vi' /(i .v) • It lit'iiiiiM %: 


If .1 i'l ihi' ill 1 M i>l dll’ iii.itiiili* t , 1/4 1 1 ) iiiti^^li* Ilf tii'ftTi'iu'i;*), 

i)/< I hf ) If, 

.» /«( 

I - . l / f , 

mill dir r(|M:Uiii|i itf il I 111 Vi’ lliiiy lt|’ WllllvM III lllC llliMItlKrlll’lUls furill ! 

-"<4 \ 

V.M/‘ i l<‘} i <rj‘rjii(.‘ tif^ I in^ I ffi niit iiy ** 


2.000 

rill- . I- ill.’ I hr ,iiiitii)j;iir ill { •litiidiAioits «f trillnmr co!5rtlinnl»s» In n plane 
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' ;Vi /i,v 

•1 III,}' -1 

! 

'A 

X> • ■ /:!.v 

-I' llhV ‘1 

!• 

>h 

X‘\ - /;{.r 

■I IlhV 1 

//.v; 

<1:, 

. x .\ ' ” /i.r 

1- W/ i.V 1 

' //r‘; 

lit. 


•''-’i, A2, Xj, .r., denote the distances of it jxiiiit /’ iVoin ilie four siiles of n 
rahedron {the tetraliedfon of reference); /«,. /,, „h, iiy, /,, «•,; ;ii„t 

h, m.,, #4 the direction cosines of the normals to (lie planes .v, o, .e., o, '»•, o 
a.i = o with respect to a rectaiif'iilar S3'slein of coiiniinalcs .v, v, ami il, i/., ,[■ ' 
(k the distances of these 4 planes from the on’t'in of coiirdinati's ; ' ** 


(r) 


3K :r|,Yi <!• ,\\,Su |. X;\S:t j 

JJy means of the first einialions of {,) :r, r, r; are delermined : 

/li:ri I- /{,,r..i p | I),, 
y -wl.i.vi .f /{...i-o .] ('...i-j I />,, 

S " vfirVl I- I- ( ',,Vj I /)■,. 

Tlic equation of any- surface, 

/'(.v, 3 ',s) - o, 

may he written in the honiO|'encous form : 

J'' [ [/fi.v, ■)• Art-. -I- f Vi-i -1 ^1, (avv, I .v,A^ I 1- ,v,,r,:)”j, 

[/la.fi -I- IhVi -I- f k, .|. (.v,v, .|. |_ 

[^a.vi -I- /te (,„C 4 |. .v,,v, I .v,,,e, | ,v,,r,) | j o. 


2.100 The equation of a liner"'" 

- -..nl „m 

p “• -v him <x h y cos a 

2.102 It a' a,„l ^ ^ ^ 

P" y cos a' - .V cos (r. 

2.103 The equation of a line may he written 

y ax ‘I- A, 

r “lll« 1I.C make, „|||, ,1,0 «,i,, 



r.i:(i.\ii; ( liv 


2.104 riir iwu liiu:,; 

y 

I'l'' 1 1't, 


ify.V 1 /l.. 

inlrnu' 1‘1 al iliv |nnnl : 

/'* /'I. 

•h *h 


2,100 ir 0 i * Uu* Ijiawri'M (hr 

IWH lihi 2.104 : 

Ian </i 

1 at an 

2.100 la |iiii 1 iuH t nl iwn parallel linr 

• i ata,j 

( . 1 V t f[y 1 i \ 

/ V a.v ( A|, 

\ la j /fv j ( f. 

nr { ‘ " 

♦* V f/,v 1 


2.107 {'.i|nuliiMi i III ivvti |tn |ii'iii|iriihii liiii'^i ; 

i I '■ i /"‘v 1 ( I ,,, I /, 

\ .. . Ill’ I 'I 


2.108 I'.iill!) I III!) Ill liiir llitiiii)i|i I'l, 1*1 iiikil |).iialli'l III llir liiu'; 

-I < I /fv jin III y i/r I /», 

•M<' III I IHy V,l ii III’ y. V| • |((> Xi), 

2.100 Iviiiiiiiiiiit III' liiii> i]ii,iiiii|| I-,, y, iiiti) |n i|i,-ii,|i,ii).,i lu lilt- liiiit 

.1 1 1 Hv ! ( ' ■ o III' y ,;r j 


/.‘ii 


» 1 1 I ( V Vi / I I 


nr 


2,110 Isiitiiilinii III' liiii- iliiiitiyli V, liMliii|>.itii.ni)«|i‘t/i vvilli ilti- linv 

•t ) l.iii i/i 

y Vi - ■ 1 ,’ 1,1. 

I *? lilll ifi 

2 < 11 X i^tu mI lihi^ t\V‘< vj, 

v ' ’ y, j V r,». 

‘ J ’ A> 

2.112 IVuM intuiiI.ir ili’.laitiv rtniii llir |>iii)ii v,. vi In ||u‘ liilt? 

•••I.v i /fv c * p 

2.113 VtiliiT ivju.uiiiit <if itir tiJir v f /»: 


u\ 




y - in i /i, 

Vi iM'i /j 


Vi 


/i it 

jiiin iff a-j* 


3 .S 


' i/.i’ I fi\ 


where 
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2.114 If P, the pcrpcudiailiir l.<> (lie lim^ fnuii tin- (i)i)>iii, niiikivi :iii an);lc /J 
with the axis: 

p t.> r ctis (0 — (1). 

2.130 Area of polygon whose verliees are a I vi'; .v^., V;.; 

A'n. y» = A. 

lA =■ - A'a) -I- ya(.»’i - .I'l) 1- y;i(.v-. .v,) | I 


2.200 The equiition of a plane curve in m l;nij;nlai coiinliiiale:. may lie j'iveii 
in the forms: 

(a) y«/Cv). 

(b) y < ‘I'lie piiiametric form. 

(c) , i''ix,y) > ' 0 , 

2.201 If r is the angle lielwcen llie tangeiil lo ihe c in ve mnl tlie i a\ia: 

/ \ , tlx , 

(a) tan t — ■=• y'. 


(IMD 

(I.) 

(U 

<y<{x, y ) 

(c) 

(iy 

In the following fornuila.H, 
y' =• =’ tan T (2.201). 


2.202 OM ■=> X, AfP y, angle XTP t. 



a 


TPmycscr 


yv/r'i'v'' 


laiigeilt, 


7'M ■» y cot r m .miltiimgeni, 

iW « y see T «. jVi ' i y'» nnrmiil, 

MiV «> y tan T «. yy' « miltiinniial. 

2.203 O’l iiuei'cept of (migeiti on .r nxis, 

OP « y ~ A-y' ™ intercept of (ungenr on y axis, 
ON » .V 4 - yy> « intciccpl of normal on ,v avis, 

ON' my intercept of normal on y-nxis. 


.'I' 





(U'OMKTUY 


2,2(H ' V distai\i'i‘ tif laiif^rnl finin ^ j l\S |m)jo('lii)ii nf 

^ y i;nlin!i vrrlnr uii nnrnail. 


< ail’mliimltv* i»f (J: 


y'(.v v' • y) y ■ • -vy' 
1 1 v'-^ ’ i i y'“ 


2,205 i^S ' ' ^ iliriliuiit* of nnnual fnan ■ ia’ojia:li(>n ttf 

y y ^ railius vn iur nil 


( nniilinalr'i »>! 


.1* I vv' (x I vv')v' 
. I /•' - , 


2.200 on -• — - ^ ' '' ’ , 


y.A. * v': 


lUll^t'lll, 


. , ,, Vtvv ,v) .i(v xy ) 

( iilinlnial,'! of A; " , 

.V (• vv .»■ I ;vv 

2.207 (M' • ^ [titlur iiitlinoiiiiul, 




palar tinriiial, 


. f vf V I vv') .v),v i vv') 

( oAnlinalvii Mf I : ' y , y'rxy'^' 


2.210 Thi; i*t|iuuiuitH of l\w laiifsciil lU .v,. v. lo tin* vurvv in lliv (lirvc? foriiis 
of 2.200 on”. 

(ti) .V ■' yi “' /'(.vi) (.V ■" -Vi). 

(b) (y (V. • .V, »/,'(/,). 


(0 

2.211 'I'lic fquttiloiw of ihv normal aJ v,. y, lo ilic turvt* in ilm iltrec forniH 
of 2.200 arc: 

(a) I'M (y "* Vi) *!* f '* ‘*' 

(b) (y ~ y, )/,'(/,) I- (.r - v, )/,'(#,) * o. 

(c) (x - xi) « (y “ y<) (|0*-« ' 


MATIIEMATK'AI, EnnMlII./K AND I'li.Nr TK INS 


2.212 The pcrpcndicuhir from ihe oiijpii U]i(tii llir lu ih,. 

IHx, y) = o at the point .v, y i.s: 

iir , (»/•• 

;V -r* -I- y ‘ ., -- 
_ d.r (iv 

■ 

2.213 Concavity .and Conve.'cily. If in (ho lU'ij'hliorlMiiiii of n puini /' o i iirvc 
Jies entirely on one side of the lani'cnt, it is cotnave nr i diivt s niiwiinl'i aicuidini' 

f/*V 

as y" « — is positive or negiitive. 'i'hi! positive direi iion of ilie ases are sliown 
in figure 2 . 


2.220 Convention as to .signs. 'I'he positive diivrtion of the normal is related 
to the positive direction of (he (aiigeiK ns the jiosiiive y asi'. i . related to the 
positive ;v-axis. The tingle t is nieasnretl positively in the eoimtei t loekwise 
direction from the positive .r-axis (o the positive tangent. 

2.221 Radius of curvature • p; curvature i//». 

1 ilr^ 
p ih 

where s is the arc drawn from a lixed point of the curve in the diret lion of the 
positive tangent. 

2.222 formulas for llui radius of eiirvalure of turves given in the three forms 
of 2.200. 


A/yV" 1 * 


fi I v'')* 


tlx ipy (iy ti-x 

(If lit ■■ tli dP 


O’ 

ifW ©T 


If s is taken as the parameter t\ 

(b') .L « <!l <ly <Px j ArrAa Ap’v.Nti ) i 

(»VipV)* 

(c) p ^ 

0.r-\3y/ ci.vtDy Ox Oy ' fly^Vilv/ 



(lI'dMKTUY 


:v.) 


2.223 'I'lir tfiilfi' Ilf tiirvidinf in u pniiit <’ (lij', ;i) tm llic lunnial :i( /’ niitli 
lluil f ^ I'*"' '!"■ |''»ni(ivi: niiniiiil ( 2 . 213 ); if iiq'iUivr, 

on llu! 

2 . 22 '! fin lf nf mi valuir i . a rin Ir wiili ( ' an rmk r ami lailiur. /». 

2.226 rill' ilimil I'f mivaliuf in llio tlmul of the tinlo of mrvalnra iiasniii}' 
llivoni'Ji till' I'lij’.i" *‘"'1 

2.226 'I'ln- t niiriliiialrn of llir u nit I of rui'vaUiif a 1 I lit' imiiil .v, y an> i;: 


/» ill r 


tail r 


</v 


ilx. 


1 / y I /I i o:i T 

Tf I', in' III'* lli'i 'til' ' li"" ' " 'iiavi of llu* po ilivi* iiniiiial, 

!; X i /'ll 

ij V I in'll. 


2.227 If /, III an* llu* iliin limi ro.iiu* . of llu* poi ilivo laiij't'Ul ami in' lluist; 
of llm piwilivf iioiiiiiil. 


,n /' ilni nt' 

tis /I i/t II 

/' - III, in' ■■■ /, 

ill' 1^ it in' 
il'i ;» '/*■ 


III 

P 


2.228 If lla* taiiKi ul aiul iioimal al 1* nn* lakt ii a*' llu* a - ami y- um's, llu*ti 

P 


X H h V 


2.229 I’tuiilu of litlloNiou. I'tM a mivi* y.ivm in llu* form fa) of 2.200 a point 

of iiiilt'sioit in a point al wliii li oiu* al Irani of ami ^ x i*\i-.|*> ami in <on< 

liiuiotiH amt al wlii« li oiu* al Irani of ami vaiiinltrA ami i liauur'i hi(|ii. 

If llu* riti'vr it* ^ivni in llu* (oiin llrl a |Biinl of inUrNioii, 0. if a poini al wliiili 
ilia ilrlrrmiiiiinl : 

1 ( 7 .) .fa' <P) I 

viitiislifS timl iliniiiirf fiifii. 

2.230 Kliniil’tiiliHU V ami y iM'lwri'ii llto foiirtlinalrs of llu* rrulrr of mrvaliirr 

(2.220) nntl llm rom*siH»mliiiK t-i|iiiUHtnA of ilu* mrvr 12.200) «ivrH llu* ftiiialion 
of llu’, evoUile of llip curve '■ llu* Imaw "f iIh* wiiur of mrvntim*. mrvi* 
wliicli has It nivcn curve for cvolule is cnitcil an iiivolule of ihe Ki'cn curve. 
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2.231 Tile eiweloiio to a raniily of curves, 

I. F{x, y, a) ■ r>, 

where a is a parunieler, is ohltiiued Ity eliiuiiui(in)' a lielweeii (i) mul 


2 . 


ni< 

da 


o. 


2.232 It the curve is I'iveii in tiu; form, 

1. X“J\{l,a) 

2. a). 


the cnvelojxi is ohlained Iiy eliminiilinj; I and a lielwei'ii 
tional delerminaul, 


3- 


Hfu ./ii) 

<■>(/, ft) 


o (see 1.370) 


(i), (.t) and the fuiu: 


2.233 Pedal (hirvcs. The locus of (he fool of ilic iier|iendindar from a ruiei 
point ujHm the lanKent to a niven curve is (lie pedal of the piveii mrve will 
reference to the fixed point. 


2.240 Asymptotes. Tlie line 

y •»' (i.v -p h 

is an asymptote to the curve y « /(.v) if 

« - .if"! f'M 

2.241 If the curve is 

a: «. /;(/), y «. /,(/), ^ 

and if for a value of l, ti,/i or /a hecomes iiithiile, (lien* will lie lui iisynipiole if 
for that value of / the iliredion of (he (aiptenl to the curve appro, u lies u limit 
and the distance of the laiiKcnt from it fixed point approttilies u limit. 

2.242 An asymptote may someiinu's he determined hy expandiitK lift’ ftpiation 
of the curve in a serfc.s, 

H m 

k *** 0 k ** i 


If 

the equation of the 


m 

limit Ilk , 
"• Of 

H j 

asymptote is 
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If (if ihf I'liHl (Icjiirc in ,v, lhi!i iipifscui;! u i'(,M:liliiic;ir tisymplnU!; it ()f a hiiiluir 
(lt'}'r*'<’i ‘I « ui viliiictir asyniplnli:. 


2.2C0 Sinj'iilar r<iini’.. If llic nuialinn of i!ui ciii'vt! is />' (.v, y) -- 0 , sini'iiliiv 
piiiiit'i UK' llmsc lot wliidi 

c(.C ()y 

J'nt, 

. in- ;n- / av-- y 

<'i« ' ii.v' Vav (‘i.v/ 


It 


iS- I) iltr sii4'.itlii^i point is a iliiiililn pninl wilti two ilistinci taiij^aiils. 

XI tin- '.inj'.nliir pninl is un iMilnlcil point with tut mil lirandi ot llin nirvft 
llniin);li it. 

A • i» tin* • in)f.nliii' point is iin oiu nliitiiiK point, or u cusp. 'I’lu* cuivc hits two 
liiiini lii'i, will) ji liiininoii liiincctil, wliicli inccl ul the siiifpilur pninl. 


,, ill- ill-’ t’i7- in- 

If ' • .1 ,• 

it.V itv *t«’ lie' 


.. .. siimiltiinconsly viini!ili ill ti pninl (he slnuulur 

tie tly 


pninl is one itf llip.liei' older. 


1*1 ANf. ri'KVi n, roi.Att r(ii'miiiN.vii:s 
2,270 ‘I'he eniiiilion of the cnivii is fiiveii in the. form, 


r - /(»). 

In li).*mt* OV - r, mmh* -Vd/’ (K uiilllt' XTP » r, miMle jilH -« 

2,271 0 h meiisnicd in the cotitilero loi kwisf ilim linii from the iniliiil line, 
OX, itnd % the iuc, is so iho’n n its to increitse wilh 0. 'Hie iiuKle </) is ineasureti 
in ihe conniei i ImUwise diret lion from the isisilivc riidiuH vector in Ihii pnsilive 
liUtKciil, ‘I'hcn, 

T - w I* 4>- 
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CORMUl 

„K AND lA.i.iiTir l■^'^< rm.N 

2.273 


tan T ■ i 

Oi^O'lh * ••ill 0 



ils > 


2.274 

PR - 


" ^ polar laiijo'JU 


1>V ^/r! 


polar tun mat 


OK . . 


polar ‘Uiinaojv’nl 


ov jh 


t ’ pillar uulinonoal. 

2.276 

‘"v-t 

/MMlislamv of laiif^t’iir Ihmii Htit-io. 


tir 

os - 

(listaiue 

of normal fimii nnidu. 


2.276 If » y, (he curve r ' ■ f(0) h roinuvc ur c-«nvc\ {n dir nn<»iM i Mii-line n 


is positive or negative, At a point of inilt \inn ilih tpumiil v vaoi ht . aiol t hangr 
sign. 


2,280 The radius of curvature is, 



2.281 If tlie radiim of curviifnre U 



tllnMIlKY 
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2.2B'<i il il''" i'( (lie Hirvi- is iriviit in ihr fmiu, 

' /I') 


will'll' •> i ' ll“' '*•* nil ! iiH 'l lioiii 11 lisnl piiiiil nf llic i iirvi;, 

,h 


'V- V.A 

if t 


il {* » ' il*' |m|M hili* iilu (mill ihr nrij»jn tipuM llir lo llu* rilivT, 


ih 

M * , 
.//I 


n I* \ 


f/'/> 

ilf* 


2/281 11 u 


I ’ /jf/» 


«“» ,w '” 

2.2(l(l I'l'ldi I liiMit III ilir iinin i4 iniviiiiiii', ii, 0,: 

, ' i / '•' V r 1 ' I I I r^l '' 


t.ni \ 


■I- i 
i 

fl, If i 

Jf 
fif 


/.ii v ^ i ■ 

Im/ 


( ^ ' iUf 


2287 H ihr Ml Muv.iimv ^2,225); 



2.380 Kn lilipirnf If ^ ni»pnai ^ uh (I appn‘:uln*H uu an^lo 

an*! ill fUi Wl a liinil, llirii llu* sn»iij.^lU lilU. 

r Ut - f/| t* 

i... ... « . ,1... ......... ... ify/h 
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MATHEMATICAL I'ORMUI.A’; AND JiLl.U’ I’K; TlINt TIOiNS 


2>296 Intrinsic Kqiiatkm of a plane curve. An inlrinsie ninalion <4 a plane 
curve is one giving the ra<lius of curviUine, /), us a funclioa of ilic aic, 

P ■/(.'•) 


If r is llic angle between the ainf llie positive langmi (2.271): 



T To 



/■' 

Vn I ^ sii 


:V ' J A'o I' / fiis Tm/\ 

y Vn i / silt Tm/.v, 


2.300 The general equation of the m'mi\ tiegree; 


anhixy -p (/iriv'-* >\ .n/mr \ jur^.y I o 


A 


<n:t i 

ih\ (fn <t;ii 


UAA * ’ <Ua 


A hh Minoi* of Ohk* 

Criterion giving the nntnre of the curve: 


/■Im :|: 0 


An<() 




or 


/I :|:0 

Hyperbola 

<f) 

>f> 



Ellipse 

Imagiimry 

Curve 


/In3<0 

/Im>0 

/I 

Pair of 
Real 
Strniglit 
Lines 

Pair of ImagiiHiry 
Lines 


Intersection Pinilc 


- (I 


I'iirulMila 


♦lit 

or An 

.1,, ^ .1: 

<0 

>ti 

~ ft 

Heal 

Iniugiimry 

Itrnilile 



Line 


Pair of I'nrnllel I.ines 




(Pascal: RcMrloriuni clcr hohcrcii Maihcinuiiit. ii 


r»i iiMKTKy 
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2.400 I’iualiMtii :0* 

2.401 tKVviii'W /‘. l iMHs 
uniitKili^ ihhiUKli /^ IHirt * 

I'rllliirinU Mf 
* .\^n 

V ur, 

Of ^ O/) -- 

/* /, - ' v4 fhi l.tiuH 

li t iiim, 

A7^ - /r/». 

2.402 ir-li I/O 

v \ it. 

XI- - ?V iSi>t f ii, / U 


Y 



I'lU, 

i t, ,1/,Y - ^»ii, r^-Y ^ X t ;ju» 


(K\' - V/- 0 i- ^r^i. ^ 1 

T M ' ■ T M i: .1 


u/.j:... 

I il I .V 




/-/< iH't]*^ ii'tit itiar !•» liutgi'iil /7’. 
f /i - V .)*«. j til, /'/' - ,.*/7{ “ 4\ viiii ! vt, 

Tfs'^ - I t ■-. hi - tt H /'■«<. 

Tlir' JtUtjJrMiti I I* i«n>l f//’’ iH llir I'vlrrmilics nf it fmal flinnl VI‘P' nit'i't 
tirt lltci lUii’iItU ai li* at tiMtii 

t - AT/'. 


lait r 



Till? uiiijgrftt ai /* tiKriin itir ttli' ami l‘Vll\ 


2.403 Umliwai t«l «t»fva!u»c: 

P 


4., i 


Cotirtliiialw* *4 mtlcr «>f rurvaturf: 


^ •» ix t sa. ij 
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2.404 Length of arc of [Kiraljola nieasurcd fiittn viricx, 

.V t--: \/.v(.v -I- aj I- a log (\/ 1 I I \/''J • 

Area OPMO ~ -A 7 . 

3 

2.406 Polar equation of paraliola: 

r hT, 

0 angle AT/’, 
r • ■ I'os II 

2.406 Equation of Paraliola in lerins of /i, llie |n•r|ll•luii^'lllar fioin./- upon il 
tangent, and r, the radius vcelor /'T: 

/ :! 

'/>> "v 

I ‘ ‘ semi laliis reeliini. 


2,410 Ellipse (Eig. 4 ). 


Y 




OKOMM'RY 

4 / 

2.412 I’iiraiiM'liic I'aiiialiuii:; »if KIlipst', 

.V i( (/), y , /| ,;i„ 

(/» aiij'lc \()/ , wliiat' /•' Hi Hi,. ^^ 1 ,,,,,,. n^, ^ p j 

'■'"'"I'"' .Irawii will. 0 as ami m.liiis </. 

2.412 r,i 

rn'riilriril V , 


.i/ f' 

' ‘ II ^ ''*'*'*' liil'ii* ri'cluni, 

/'■'/’ (1 I r.f, /«•/' ,/ ,M’, /.■/• |. /.■'/' . , 

r aiif'lf 
nil r 

It \ (1 ' .V" 

AM/ - ,.v,,„/-, '/'^nr 


.1 f’V 


/^7‘ . 


\/,,y 


, <M’' . 7'vv :,v^ /-V . 

^ V^</“ - f -’V- 


2.414 /f/) |),iiall('l Id / /,- /}/)' till, I /!/•' ,„|,jnjrji|,. tlianiHici's; 

O/P ,p . , V /•■/’ K 

I M/r-i....,/! I 

rs K (t)/> .. 

l•.«lllaliDll Ilf j, f,.it,.,| ti, ,itiiju)'aiH iliaint liTs as axes; 

) '■* , “■ iiiiKln 

' /I “t lull'll. AVl/^ 


«' ^ M/)' 


(>' <»/' //.i ... "'fr 

iP siiH* fj 1 /»■' ,Ds^ 0 

2.415 Riiiiius of t'urv'ulnri* uf RHipst*: 

„ ItPy- f (tP - I'V)^ 

ft ^ , 

11 VI* i»/i 

nn«lt? /‘l\Y « tuiKlf /•‘7'iV » w, 




ll’’ sin* 11' I P IDS* (V 

iPP 


lan tt tun 0 
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Coordinates of center of curvature; 

«'■ 




T. V 


trry^ 


Equation of Evolutc of Ellii)se, 



><••••> r. 


2.416 Area of Ellipse, ttiiIk 
Length of arc of Hlhpse, 

s <i 



2.417 Polar Equation of I'llliiise, 

r « l>'% 0 . . aiiKle Xi'T, 


<t(i ■ 

l • <• KtS II 


2.418 r « or, 0 iuiftle XOV, 

h 

V t c* id.s'' 11 

2.419 Equation of Ellipse in (emis of />, (lie iH'i'pfiidkular from /•' iijtoii ilut 
tangent at P, and r, the radius vector /•'/'! 

/ a I 
/>'•' r (I. 

I w semi liiliis rt!( limi. 


2.420 Hyperlrola (Fig. s). 

2.421 0, Center; P, Foci. 
Equation of liypcrbola, origin at 0, 

.1:3 v» 


X B OM, y ». 4//', a «. OA m 0. | 


2.422 Parametric Equations of hyperbola, 


or 


A' >» a cosh «, y »» b sinli «. 
X » a sec 0, y !» b (tin </». 


I'hifo “f‘l>naie af T mceln ilie 

uicle of radius a, center 0, 





so 


MATIIKMA'I'ir. 


•At, roiaiiM..K AM> ci i.ii'Hi: ri'Nt ritix:i 


2.426 Radius ol curviilun; of liyiH-rlmla, 


Ic'.r- !<'(• 




aitjrle ' nil);!*' I'l'f. 


iiii)'lu /'R>v w ■ i rr. 

nn(.(lt! w' • ! I 'ri', 

Itiv 


(nil Cl) 


i nti (0 


Ir 


h 


\ < .1 )i 


l> Ills W /•/' /• ’/• 

Co6r(linal.cs of cc'iiUt of niivaiiiif. 

^ • ,,= ■ •' !.• ■ 

Kfjliatioii of Kvohilc of liy|iriliolii, 


//n 


1, 


2.426 In a rcclanijjiilar hyiHa'lMila i> - ,i; ihc a .vi!i|iii.ii . oto jo ii'i iolo iil.if in 
each other, Kttuulion of rt'Ctaiiniihir Iivih iIh.I i »iili a iMiijii..ir , is . . aiut 

origin at 0: 


.rv 


2.427 I.eiiKili of arc of liy|iiTlnil,t, 

/fl f‘1' SCC"* <l> ,},{> 


S Ka 


I SCC"* (A # , , 

• / r . , k-‘*. i.imiA 

>‘Ji\ V I ‘ . t Slip 0 r 


V I ‘ !iiip 0 

2.428 Polar Equation of hyiJcriHilii; 


r i-ii-j U 


r ^ 0I\ 0 » X(U\ ^ ^ 

0 I ’ 

2.428 Equation of righUiamI Imuirli .»f hy|H-.lii.bi in irf,,,., s.f 
(hcular.from F upon the utnpiii at P ntul r. il.r rii.lio. / /•. 


/ a . I 



2.4G0 ('vi'luids iiiul TnK hnids. 

It a ( lifh' i)f I iu litis ti rolls oa a s(rai|(hl. llaa as haso iho oxiraiiiily of any 
riitlias, < 1 , (h'st i‘il)os a rycloid. Tlia racliui^^iilur lUjualion of a cytitiid is; 

X ’ • sill (/)), 

y ■ i/(i - ros (/O, 

wUvw iho .V axis Is iho hast? whli iht' tiri|!(in al llu? iniliul [loint of oonlacL </) is 
lilt? aiif^lo tuinad lliron)di hy (Iu* laovinf^ rircli*, 6.) 



A ^ >Yri<*x Ilf ryi lniil, 

C - iriiti r Ilf ariitSdlhiK rlh lr, ilrawn 1 ;uik«'ii( at d. 

'riir Innai nl hi (la* r>» luid al /' is |i;oallr) Mi lla* i huMt A{>. 

All .1/^ -H 4 X t hiuil ,!(>. 

dill? railiiii Ilf I urvahtn* al J* h jiiiMilld (n tin* t IuimI {U) uinl I'auul In i x i houl {>!), 

f\> - 1 in iiliir arr d(i, 
l.raadt Ilf l yi tiiiil: a ►" Sn; a -> (M, 

An a of l yi lul«|; S - aTTti -, 

2.461 A poiol on llu? ratlins. A></. tlt*st'rilji*s a prolalc (nulioiil. A pnhu, 
A<a, ilrsti'ilii’s a tiirlato iroohoid. 'Tlu* fjriuaal t<|uatum of Irtuluiuls hnd 
oviloids is 

.V **^1 f/0 - (fi i d) sin </h 
y « (it I tl) ( r -* i:ns r/i), 
d o t\'rloitl, 
tl>o Prolalo inu’luiid, 
f/<o Cur Into iroihoith 


Radius of rurvalurc; 


52 MATirKMATK'AL roi^Mnh.K AM) Kl.Unir r(fNi rinN,s 

2»452 Kpi- and. Jlypocyrloifls. An rpi* Vi'luid i ^ driu rilM’d l»v a pnini uu a 
circle of radius a tlml. rolls on (he ronvr.x side a tKrd rin Ii- nl ladiiri A. 
hypocycloid is described by a point on ;i cin !r of a lliai roll . t>n iIm* i nn-, 

cave side of a fixed circle of radius II 
Equations of ci)i- and hyjiocycloids, 

Upper si)j;n; Epicvidoid, 

Lower si|;n; I lypiu vi loid. 

X {If rli </) COS 0 0, 

rl 

, y •' (li ;l^ It) sill </< II !iiii * '' (/». 


The origin is a(; llu; ceiitei' of (he IimmI oirch-. 't'lic ,v !■- ilic linr juiniiu; llir 
centers of the two cinles in the iniliiil |iosilii<ii uixl i/i is ilir iuit;lr immil rliiiiiigti 
by tlic moving circle. 

Radius of curvature: 


311 (/> ; t , u ) 
^ /> ; l ; .!« 


Mil 


II 

,lfi 


•/*. 


2.463 Til the epicycloid put /i n. 'I’hc nirvc liinuni-'. a ( 

{.v'i .p y')" - ()ii''*('.r- I y-) I M,/ ',c i„<, 

2.464 Catenary. The c(|Uulion iiiiiy be wrilicii: 

j’ W 

I, y m it (r t C 


2 , 


y ^ i (i cosli *' 


X a lo;< 


y I v^r 


The radius of curvature, which is eriital to ilie lingib of iln- uhii.ihI. i ,: 


\ 'v\ 


p a cosli^ 


T. 2.466,;}. Siyi^al of Arcliimedes. A ]»miii moving niiiforinlv al.mg li,,,. which 
rotivtcsAum^ about a li.Ned point dcscrilic a spiral of A., The 

Equation tsi 

■ • . -v /, 


V't' 


A.- 




Va^ P a tan I 

fTM ' " A V*' ^ 

The p^lar subtangent » polar suTmorninl »» n. 
Raclliis of qnrvaturc! 

o u. rii+J!)* (»•’ T «’)* 


2.466 Hyiicrlxilic spiral: 


0(3 -P>J “ 75^ 3rt» * 

rO a. 



(nCOMKTUY 

2,467 PurabnlM: spiral: 

2.408 l.uKarilhinu: nr lajuiai^^ular spiral; 

r ! j 

« < M'nl fi ■ j cniisl., 

<i' < ' aiif'Itt laiiKral to ciirvj? makes willi the rmlius vector. 


2.400 

la'iuus: 

rV 0 ■■ 11, 

2.400 

Nenitl: 

r f 1 (/ 1 

2.401 

( Issnkl: 

(;V'' •!• v'O-v ’ ' 

r 11 M Ian 0 sin 0. 

2.402 

(^assiiuilil: 

(.v-' I- .v« i ,i9 - I- 1,\ 

;■* ■ a(j'-V“ cos id 1 . - (/■'. 

2.403 

Lfinuisnilti (/> • < 

a in (*assinoi(l); 

} ” cos 20 » 

2.404 

(‘iiiK'lioiili 

.vy ■ - {h p y)''^(rr’ — V^), 

2.400 

Witch of .Vj'Ufsi: 

x^y •"'» -- v). 

2.400 

’rractrix: 

1.1 . k . 1 / -i n 

J f/ lot' / - V j ... yi 


X 


r/v ^ V 

.V 


Kl.Ml) (“.I'laMKTUV 


2.000 'l‘lu! I'liuie. Tlic m-nml i'qn!Ui«)ii of ilie |tltine is; 

.*'l.v + liy I- Cs t' I) »• 0. 

2.001 I, fu, II art! iht? liircHiinii cosini's uf llic Dorinnl to tlic plane anti /> is the 
]iei'[>vti<licnlur dlHUtncc from the origin u[)(tn the |>liitu!. 


/, Ml, ti 


A, H, C 
v^, l» -|. IP + C'-' 


p ra lx + my IIS, 
D 
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MATHIiirATICAI- FOKMUI,/K AND KM.II'l'tf flON'H 


2.602 The perpemlicular from llie poiiU .Vi, ;Vi, •"a upon llie phiiic .Ix p /ly .(. 
Cz-I-D = o is; 

2.603 0 is the angle between the two phiiic;!; 

.'li.v -p Jhy C'lS i A o, 
yla-v-P />'■■}' -I- Qy I- /h t o, 

/Ir K r vyi,> I /:/ : r,- 

2.604 Equation of the plane jKissing lhi(tugli (he (hna* poitils (xi, ei. (.»>, \v, r; .) 
(.ts, 3 ' 3 , 23 ): 


y\ Si I 

4. y 

Zi A‘, T 

!■ 

ri 1 

'1 Vi ^ 1 

Vi ^2 I 


1:2 iV-s 1 


.V2 V'j 1 

V,‘ .:.;4 

Vi Z;\ I 


z.\ a ;j 1 


V,, i 

.^.1 y.1 ;;.i 


TiiK KitiriT (.ini: 

2.620 Tlie equations of a right line passing ihnmp;h (he poiul .r,, vi, .'a, iiinl wltnse 
(iircction cosines are /, iii, n are: 


V - gi e, ^ 

I in II ' 

2.621 0 is the angle between llu: Iwtt lines whose iliri’eliim t ieiiiic* me /|, nt, u 

ancl/ 2 , /« 2 , «a! 'll 

cos 0 /|/a 4 - 4 . n^||,j, 

sin® 0 » ihm-i -- hiih)" p. m,,i,y 4. 

2.622 The direction cosines of the normal to ihe plane ilelim d liv ihe two tines 
whoso direction cosines are «/|, /i, niid w,«.j me : 

"'i'fe.-w'j UfkzM hih hiu 

.sin 0 ’ sin D ' sin il 

2.623 Phe shortest distance between the ( w'o lines: 


.a - .Xi 31 - vi 

— — .a t—A., 

h mi 


X »» .Vs V 

I vt , 

iih 


d “ 4 - (Vl - wd (lliL 4 , (s, 

I - «(»«,)» 4 - (H,/a - Hj/, )3 4 . 1 1 — . 

2.^ The dtalbn cMhie, „( ,W,. li,,.-, 


(hm, Im,) 

[{mm - «(»«,)» 4, „Ti^ iTh^riTmAvTi * 
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2.G2C 'rill' |HT|)i'iKiii:nt:ir tlisiimr*' iVimi iIh; poini. .v-, va, sa to liu! liius: 

•V •>-| V V| r; fji 
h nil III 

is: 

il M. i'a .Vi)" I (y-,1 Vi) ' I j/i(.va • • .V|) !• jHi(yii - yi) I ' //i(s; -Si)) _ 

2.G20 'ritr (liirriiiiii fiisiiii-.i of lln- lint; passiii); llii-oii),'li llic two points .Vi, .Vi, Si 
unil .V.1, ,Va, ::,i aic: 

s'l), (>’■! ■ vi). (r;-.! ■ ■ .'.’i) 

I t.Va -n)^' r (Va ' '■ ■ 

2.027 Tlif two linos: 

.V W|IJ I /'i, .V H/;;'; I- hi, 

uiul 

y »|S I 7i) y 'I- </;!, 

iiitorsi'i'l al a poini if, 

(W/l (/i) («i ■ • lh)(jH - Ih) - o. 

'rill' mi in I ilia I IS nl' tlio point of inliisiriion ini-: 

nhf>, III <(it »t)ii ii-i/i il: 

Dll iDf ' ■ III It:: ' " iii\ m.: n\ ■ ■ Vi 

'I'lii' i‘i|nalii>n of tin* plain' roiilaiiiiii^ llii' two linos is llion 

(«) Us) (.»• vita ■ /n) '•* (iiii Ills) (v - iiiS ■■ //,). 


HimiACIK 

2.0d0 A Niii{,'lo o<|imlion in .v, y, s ropiosoiils a siufaa!! 

/'■(.V, y, jj) - > 0 . 

2.011 'I'lto (lin'ilimi msinos of iho normal to ilu* smfate ari!: 

nr iW <V' 

n.v itv <13 


/, III, II 


1 


I't/'V j /.'t/'V i ‘ 


2.012 ‘Hu* iiorponilii iilar from Iho origin upon the laiiKonl piano at .v, y, s is: 

p •>* lx f Hiy I IIS. 

2.043 'riip two principal railii of ourvaliire of the surface /«' (.v, y, c) “< o arc 
given by the two roola of: 



MATIlKMvVTK.’Ar, FOKMUI./IO AND MI.I.Il'Tlir I'liNf iKiNfi 


where: 


k fW- 

!fl' 

d'7'- 


p Os' 

(KxOy 

(VAfV'i 

i^V 

tVh' k 

, f!\ 

(TV' 


i)xi)y f) 

■' dy' 


l/v 

iVF 

fTV'* 

k , d 7-- 

iU‘ 

OxOz 

()yd.'3 

p " d;.-' 


iW 

•Vf 

d/- 


'Ox 

dy 

d;; 

0 


■if^y 

if?T. 



2.6M The coiinlinates of each cenicr nf iiuvaUn’c aiv: 


t _ j P <>l'' 


„ , P P/’’ 


2.646 The ciivclniic of a family of .suifmc.-i: 

3'i 2, <l') . 0 

is found by climinalinp; a belween (i) amt 

Ak PHi 0, 

0(\ 

2.646 The clmraclcrislic of ii surface is a citi vc (ielitud bv iIh- iw,. njimii.im. 
(i) and ( 2 ) in 2.646. 

2.647 The envelope of a family (.f Mirfmc:^ willi two vaiiiildc twiiinmuis 
a, p, IS obtained by eliminatiiiK tv and ji hclwceii: 

Hx, y, a, tv, (i) « 0 . 

2 . 0I‘ 

dtv ■” ”• 

3 . . o 

Ofi ' 

2.848 Tl,c cqBuUoiB „t 1 >u,te iimy l«. «ivro i„ 

.r «»/i(h, r), y «/„(«, v), s 

The equation of a tan^jcnt iilano at a'l, yi, S| is; 

. " *1) + (v ~ y,) . /. „ ■, fH ft 

where ™ 

• t ^ See 1.370. 

Ou dv 
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2 .G 49 'i'lu* (liirclioii coiiinrK In (Im lUHinal In Iho Kurface in the, form 2.648 aj.c: 


/, III, It 


I'HlI, 1 ') ' ?!) ’ 0{u, ?)) 

I(M[M '7'HMiIY . 1 . (HihM \ * ’ 

l \ 'K»i !’) / \ 1’)/ \<‘HWi 1') / J 


2.0C0 If lilt' f((tmlinii n[ the Hiiifani is: 

3 "/(•'■. .v), 

llie <M(uiilinii nf ilic laiif't'iil plaiu: al, .vi, ;vi, si is: 

•’tA/.. 


X,) .|. (.V -- y.). 


<«l.v 

2.001 M1tif (liiniinn rosihuni nf tin* nnrnuil (ti llin surface in Uie form 2.0C0 arc; 




i 


iix/' \dv)> ' 


2,0B2 'I'InvIwn iirini ipiil imlii nf iairviil.nie nf (ho suifai'c in the form 2.060 
urn I'jwu Ity tlif Uvn nmis nf; 

(rf I (i I ir)r I (t |. /i'*)/! V i I- p- !• (/' /) I' (i p'‘ «■ o, 

wliere 

, fir ilf tVf ,Vf , OH 

' ill’ ' tly t^.V" fl.v<l3' f)y^ 

2.063 [f ih anti fh avt* iht* two priinipal ratlii nf cvirvaUirc nf a Hurfiu:e, and p 
is the ratlins nl < tivvalinn in a plane inuking an an|u;)e 0 with (he |)laiiu of pi, 

I etts* </» sin’ (/i 

/»” ' pV ' I ’ /V”” 

2.064 If /> anil p' are llie ratlii tif i nrvalnre in any two imtiimlly perpendicular 
planes, iintl pi ami fh ihe Iwn priinipal ratlii <if eurvaturc: 

1,1 1,1 
ft P Pi ih 

2.050 tImiHs’ji incamire nf the ctirviUtire iif a surface in: 

1 


SeACK CtIRVKS 

2.070 Tire equal iniis nf n space curve niay lie given In the forms i 
(a) A(.r. ,v. 8) «> o, /‘ 9 (.v. y, s) •« o. 

(h) yiw/af/), s*«/j(/). 

(c) y « 8 » Mx). 
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2.671 The direction cosines of tlie IniiKeni to ;i simic i Ui vc in I he form (a) arc: 



iU'-i 

i}i'\ 

OF,] 




Oy 



T 

ill-\ 

OF. 


<7,\' 

Ox 




T 

OF] 

0F>, 

Ox 

<7v 

Oy 

Ox 
1 


where T is the [losilivc r(Mit of: 


p 



I <7.r iii\' ^ i^v iiy ti l il ; I 


2.672 The direction cosines of the tanftent lo a s|(;nv nii vr in the fmnt (h) are: 

•v', v', '/ 

wlicrc the accents denoio tlifforcnlials with \v-\nr\ hi /. 

2.673 If Sf the length of arc nicasnrcil finni a (l\n! point on (lit* nii vi* \ * the 
naramclcr, 1 : 

, //.r ilv th 

'’"■"•'rE'jvs' 


2.674 The princiiKil radius nf curvature of a sicne t iirvi' in tie- foim (h) 1 m: 

(.»■'" h v'^ I 




v'a 


(.v"S .|. y"i ,j, s'^t 


where the double accents dennle seeond ttilfereutials witli ie:>|»eei i>i /, and v, 
the length of tire, is a function of f. 


2.676 When I •»> s: 



I 


2.676 The direction cosines of the priiKt|t;il iioniml to the ‘.|«u e emvi- in the 
form (b) arc: 



rrKOMKTKY 


S9 


-y") A’^(r/.v" * ;vVo 

' 


wIk'JA^ 


/, . l.v'" I- y'-' i Mi. v':;" ;;'y")- I (si'.v” ■ ■ .v's")" I- {x'/' -- y'.v")"l*. 

2.C77 l ilt' itivi'i'lii'ii nf ilu; l>iiiiiriiiitl t.(» (In; ciii'vi! in lilt! form (li) arc; 




V':;" r/v" 


m 






wIhmo 


2»078 If s \Uv jnisi'anrd iiliMiK (Im* niivr fn^n a lixnl ]m\\l m it irt 

[\\v puiiuurli I , /; 

i/'v t tl'\^ f d'" 

' 'V" ■ I', ■ I', iX 


loliii' 

« tif iiiiANitiitv; ;uttl 

/" 

A/v 

■ ' >il. ,1^ 

r/r. <ry\ 
.Iv i/vv 

t f 

(,h <r.y 

./,v ,r;-\ 


" ‘\h l/t^ 

'./v iEv 


A/ v l^V 
■ %h ;/s^ 

i/y »/',v' 
' 1/v XI 


2.679 'riit* mtliii t t‘f t»>j>.inii, nr liulin t of Hcmiul < un'iiliin* of u n|i:n'(; curve in; 

, ,o , v'^ I r.'n» 




.r.9f V" 

.1 y i.* 




where .V is given in 2.677. 
2.QB0 When / «> s; 


6o 


MATHEMATICAr, I‘ORM(ir,/E AND Kl.I.U'l'Il' MIN< 


(lx (h (h 
(is (is (Is 


( 1 ^ ^ </;;H 

(/.V- (Is- (Is' 

dh (Py 
"(J? dip '(h^ 

2.681 The direction cosines oI iho liinj'ont to n spare mi ve in llie fm iu (. ) me: 


I, m, n 


i. v'. 


Vi I y'^ I 

where accents denote dilTci'cntiiils witli respert In X! 

, (lil>{x) r/f(r) 

2.682 The principal radius of airvaliirtt of a spare tiirve in ilie form (t ) is: 

/ 0 !■ v'^' I 

v''^ I ' . 

2.683 The radius of torsion of a spiua: curve in the form (r) J i; 

(i ■! v'» I a'")’ 


7* TAT 


o«iv'V"‘ a''v"') 


2.690 The relation between tlu; direction rosines i> 
normal and binomial to a space curve is: 


I m II 

V hi' h' 

I" w" h" 


M I. 


f the luii^;ent, |uinripal 


2.691 Tlie taiiRCnt, principal normal and liiiionnul all iH-iips imUnally |H'i(ien- 
dicular the relations of 2.00 hold ainonR their ilireilion »o>,im”*. 



III. 'I'RKIONOMK'I'RY 


3.00 


u\i\ ,r I I I 

tun ,v ' < r rt’ .V - 1 t .V . » in! A' » ' - 

in:* A i(ii A Sin .V latl .V 

MiM ^ ,v - I I tan V, ( I i I i nl'.v, Mn\v \ n»sV' ^ ^ I, 
vri;un x i in:i x\ mviMnin >v i sin a*, Imvorsin Hin^ 


3.01 t.in 

' sill ( x) -■ y 

f 1 ■ rns .\v 

4 

n/ i‘'' 

-\/ rns* ‘ CMS’' i 
> 4 a 


. y .V 

— a sin tn:i 

A A 

tun .V 

Vt 1 lun'.v 

;! Ian ' 

1 1 tim* ■' 


1 

i 

I 


v * ' ,,.i •; (Ml .V 

i** 

X * 

tun ^ 1 ini ;V 


iui ' It ti»s x) V tun (i 

A A 

1 t ns X), 


-- Mil V ^ I Y V 

) 1 I MS y sill 

t'* .v). 


— rin* V sin (v } y 

) sill y VMS 

(.»' (■ y), 


. 1 / (t-* r 

- 


3.02 t.n 

,. , /l 

V -- VM-'i i ■ X^ Y* • 

\ IMS AX 

A 

. ,;v 

» sni^'- i 

3 


. X' « -i X 

«r x*iy ■■ • siir •' 

A A 

^ X 

A I'MS^ ■•■■ •■■' 1 ■ 

A 

I 

Vt h lUlt'* A'* 


1 litu’ ’ 

} 

1 

{ 


I i litu’ ^ 1 1 

X 

inn X Inn - 

A 

X 

tan A' cnl “ -* I 
a 


X X 

iiil - lun - 

- ^ ^ ti 

nil X 

«iin 


, X X 

c«i it imn - 

A A 

V‘l i it ((is* 

A ^HIII X 


^ tm y (.V HI- j 

(■) i- sin .V sin 

(a‘ f y), 


«?!? y ( x } 

- sin y sin (.« »• y), 




10 m 
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3.03 tan * - - liti> (■ ■ •') V i .us •> i.. . > 

A ri)s .r.v siu ix I vi • ■ in m 

V i 1 i*os .'.V VO. l.i i ,v) i . i I 

cos (y • : v) i ns ix \ V) ^ ^ 

' sin (.v |‘ ,V') sin [x v) 

ton'' Inn ' / Mu 

► ,• 

.V ’ 

I . . Inn I I Inn i i.ur 

I I 

■■ /■ , ■ r • 

1 • Inn I ) fan 

I * 


3,04 Tho valuds nf live Irii^iiniomliii finuiioh^ in i* nn *4 i!n ■-■wiU n* jMvnn 
in llio follnwiiiK iMw (Knr si)«n‘<, irr JlOfi. r 



3.06 The (liKoiKHvien ic rum iiciii>, aiv ).i ii...li. 
CSC bciuK 27 r, ami lliosc of Dm lan ami ...i, ?f 
from the followiiii' liilile. In imiu^ fnriuui.,.. 


:> iUo 

I livaj hy 4* N'jiHnni 4 

m 
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fniicliiiiirt by IIh' of i;iiiin- (|n;inlily, llir [miptT si(»n niiiy be. lukoii from this 
liilflf. 




0 

IV 

a’ 

H' 

;r 

IV 

71' ■ 

■'‘zr 

'■TT 

-IT ■ 
> 

• 2ir 

27V 


(> 

a 

^ fin” 

i)ir 

00 “ 

iK(V‘ 


l.Sv/' 

r/o" 

' .r/o" 

r/o". 




siiii 

\) 


1 

' 


1 

n 



1 



0 


J 


1 

t f 



I 



0 


I- 

r 

\m 

i) 


1 

1 M» 



0 


1 

i 00 



0 

rut 

i (0 


1 

i t 



i fO 


I 

a 



i 00 

HVV 

1 


1 

1 ni 



t 



1 CD 


1* 

X 

I'bt' 

\ m 


1 

1 

1 


i 

i w 



r 



( 03 


3,10 lomi lioit . of lluU iiii Au(jlf. {.Sco 3.05 for si^iH.) 


3.101 


3,102 


I , / l «>■' V 

•illl »• - IV ' 

i ' 


t S 1 I '.ill ,r 1 


■■'1 !iiii .r| 
' A 1 \ 1 1 iiiir' X' 


t'O!* 


1 i / > i ' ‘ 

V « i A ' 

3 » a 


I ! , , , \ 

" I I I MU ,v ) V 1 Mil .V J I 

=,a/'(' I - ' - r )■ 

’ a\ n \ I I” lair .1/ 


I . / 1 - A- 

inn -Y - aV' 


3.103 



MATITEMATICAI. 1 'ORMUI.A'; ANI> EM.Il’riC J'|lN<'liHNM 

~ I -I- C(W X sill .1! ’ 

4' Ian- . 1 - - J _ 
tail X 


3.11 Functions of the Sum and DiJTereuce of 'I'wo Au(di*ii. 

3.111 sin (a: d: y) “ .sin iv cos 3' -A-, cos .v .sin v, 

■a cos ;v' cos 3' (lan .v i Ian 3'), 


tan ;v .i: Ian 3 ' 
ian .V -i' (an y 


sin (.V I v)( 





(■V 3’) 


{tun r I lan 3 ’). 


3.112 


cos 


•== cos X cos 3 ' 'r sin x sin 3 ’, 

>= cos .c cos 3 ' (i I Inn x lan 3 '), 

col, ;V'I; lan 3 ; 
cot .V inn 3 ' 

cot V 'I- tan .V 

K!l V.:. r . 

cot y lan .v 1 i 
>ra cos X sin 3 ' (col 3 i inn .v). 


cos {.V I v), 
sin (.V I- 3), 


3.113 


tan (a; d: 3) 


cn 


vs 


jLan a; d; lan 3 '^ 
t -r ian X inn 3 

cot 3 t- cot X 
col a; cot 3 x 

jjiii^a.c 1. sin 33 
cos 3.1: i- »:oH *3 


3 . 1 U 


cot 


cot a ; col 3 'P i 
cot 3 d4 cot .V ‘ 


„ sin 2.V "P sin 33 
cos aa: '» cos 23 ' 

3,116 The cosine and sine of the sum of nny nimihcr of luijjjics in ici nis of llic 
sine and cosine of the angles arc given liy the real nnd iiimginnry jiiirls of 
cos (a;i + iVa +. . . . + ;v») + •/ sin (.vj -h x^ d- . , , . -i- .r,) 

“(cos .ti + f sin A'i)(coa .ta + f sin a'a) , . . , , (cos .!•« + f siia .t*) 



iKiuoNuM rruY 
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3,12 Suru!* aiHl DihVinit rii nf rrij'niHjrnrtrit I’Hinctions. 


un 


un 


3.123 

UU 


3»m 


liltl A I >)|U V’ 


*i\\\ 


!( '■ f Y) rns i(A’ P y), 
(mis v I rus v) Ian Ky a- y)y 
{yo\ y MK .v) nil ^ v), 


Ian J(.r i v) 


I an l(.v » v) 


. (sin .V P sin v). 


nii X I nii V* ;! ms jPv | y) ms J(.v y), 

sin ,v I Aw y 
I ail i(.v i yj* 

ml .J(v I v) 


I an J( ,v y) 


(niH y * ms v). 


I I IS X t »iS V 


Uth V I Ian V 


i'ol I i («»l V 


j f-iii J(y I .v) silt »J<y • ,v) 

('.ill x I sill .v) lull i(,v I y). 

•.ill i v I vl 

I ,v ’ 4 'ns y 

sin ( V i vl . , . . 

, • ■ ^ I lan ,v I lan v), 
hwi i .v I yl ‘ • 

tun y lan ix i y)(nii y i lan x), 

I I lau ,v tan y 
ml (,v I y) * 

ti * lan ,r lan y) tun (x i: y), 

sin IV I v) 

■I • • , • " - • 

Mil 1 sin V 


3.130 




3* 


Mn V X ^in V , w . . \ 

^ tan -ftlX -'.iJ Vf. 
X \ V - ■ ^ 


Mn 5' » niti V ... _ 4 

- iiU |(.v -P y), 

t.*M .1' ••••' liXH y 

^in X I' sin V uin 4‘ v) _ 

min x Mil y tan •- y) 
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3.140 

1, siii“ X -I' sin- .V i - ms (.v |- v) nis (.v _v). 

2, .sin- .i: — sin- ,v I’os" .y i‘<is- .v 

r> sin (.V I' v) sin (,v - v). 

3, cos’® x - sin’ j' ■ = ms (.v |- v) iiis (.v v). 


4' 

sin’ (.V -1- )') 4 

’ silv' (x . • 

- V) * I Cos J \ C<Vh j 

S' 

sin’* (.f -1- }') - 

sin- (.V * 

v) ’ sill .}.r sin Ji\\ 

6. 

cos’* (.f I- .y) 1 

' COS" (.V ' 

■ v) I 1- cos J.X cos 

7- 

cos’ (.V -1- )') - 

■ COS'* (.V ’ 

• v) sin ,)x sill 


3.1B0 

1. cos nx cos mx i’ .J cns (« • «;).v 1 .J ms (« | wlr. 

2 . sin nx sin nix <■< .J tins (« w)x J ms (/i t w),r, 

3* tos nx sin nix ■ ■ i sin (11 | ni)x ■ i sin (n ■ ni)x. 


3.160 


I. 

(nis V 1 i sin v). 


2* It'' (/" I cos (v loK 111 I I ;.in (y |njr olj, 

3' (cos .y ii; / sin .v)" ms nx .i: 1 sin nx 

I |)i' Moivri'''i 'I'lustrcnt |. 

4* sin (a! ;1; /_v) sin .V COsIl V I; I I'tlS .V siiilt V, 

S' cos (.V :1 j I V) w cos .V < Osll V * / silt ,f siull V. 

cos ;V M J(c®* I- 

7 . sin ;v •« ™ (c'^ ■ 

f'l COS X i / sill 

cuH »v / sin x» 


3.170 Sines and Cosines of Muliiplu AnKles 

3.171 n an even integer: 
sin m « n cos x 


sin If - Hin» V 

... ~ 


cos nx =■ I - ^ sin’* x -I- 8in< ,v ~ «’'(»'* - a**) (n^ - .in 


til 


,r + 



'ri«<;()N(>MKTOY 


3.172 n an <«(I<1 inlci'cr: 

f . («" '■•'I ■ 


};ili tlX ' » { :aii .V 


.inn .. 


) («■•' ■ i'") . ill" ' ■ r-*) Or> - :V") . , 1 

I Jl -l( J 


3.17v3 It an cvni iiili'KiM 


M / 

( O' ' ctiii .r I ii" ' !iin" ' x 


1" 

Tr* 




i nii itx • ‘ ( ■ I )" I y' ' Hill” . 1 ! ■ "j 3" •' aiu" " -v 'I' - j — 3"' “ sin " .v 

. . .j 

3.174 II an ntlii inlq'i'r: 

win /I.V 'H ( -O ' I 3” ’ sin" x ■- a" ' sin" .v I- • 3 “ f' sin’'~',v 

«,..K . .j 

COM iix •* ( 0 ' 1 "H a’ I . 1 ” ' I'in” ' a’ “"yi a" ’ nin" ' .v 


iiOi .0 


.,!( .1 ^j|,>.’ ;i 




) 


3rl75 fi my iiiMT><‘r: 


sin /M' ^ sin X { * nm" ' x 


J,n n ^ 


n 1 A- 3" ^ cns- ’ Y 


-1....) 


t ns tix •>” 3" ■' cos" .V ““ a" ’ cns"' ^ .v -|- — 

.1 I » « 




it (it - t|) (n s) cos" * X + . 

.4! 


( I < 
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3.176 


3.177 


3.178 


3.180 

3.181 

sin” « 


cos” X 


MATinafA'rrcAr, Pdiuini./K and ki.i.ipth’ i-iiNcrut.N, 

sin 2.V “ .1 sill X (.'os x. 
sin 3.V - sin ;v(3 - 4 sin- .i’) 

=■= sill ;i:(4 (:os“ .V ■ i). 

sin 4.T “ sin .v(.S cos” x ■■■■ 4 cns .i'). 

sin s;v a sill .v(5 20 sin- .v I i(i sin’’ .v) 

" sin .v(i6 nis* x ■ • \ 2 cns'- x | i), 

sin 6.i; = sin .11(32 cns'' ,v - • 32 cns" x I- 6 cos ,v}. 


cos 2.V cns- X - sin'" ;u 
I " 2 sin- ;i; 

-•1 2 cos" .V - I. 
cos 3,v « cns ;v(.| (•(«'■* .V ■ • 3) 



cos x{] ” 

’ /] win'** ,v). 



cos 4.r ' 

> H COH*^ X 

' • S cijjv’ .V \ 

I, 


cos 5;V • 

- COH.v(t6 

( iis^ .V :fO 

.V 

1 .s) 


'> cos .v(i6 

siir* A' ’ • 1 2 

siri" .V 

1 i). 

COS 6.V <^32 cos^ 

♦ ' ^|S CUH‘* X 

1 iS 

COS'* ,v 


inn 2.V 


X 

I iiin".c 


cot 2.U w. 


cnl" .v — I 
2 cnl X 


Integral Powers of Sine imd Cnsinc. 
n nn even integer: 


H 

JH-I 


CO.S „X - n cm (« ~ *),• 4. ,,,, 

n(n ~ i) (« -. a) . « 

' cos in - r0.v 4 ( I 


— I 

2»-l I 


COS 4 n cos (h, - a).v 4 ^ 


cos (ji - 4).v 
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3.182 II iiii odil iiiI<‘>;iT; 

( i . 

X , I MU )I.Y II !S 


ill (ti -- •j).v I" ™ sill (n - 4);v 


.V 


}il 




■ sin iv 


I'OlV' X 


r 


y* * 

}t(it i) (« 


I rns NX I // I ns (« - v cos (« - ^|).v 


! t os (/; (0,v I *1 


;/! 




(HISl .V 


3.183 


3.18(1. 


sin'- X 

■ 1 -Ki - ■ ftw 



sin* .V 

- J ( .( sin .V 

sin ^x). 


sin'* .V 

- Jilftis .).r 

*1 rns 2x 

1- .()■ 

sin‘' X 

j',i(sin ,s v 


1 10 sin .v). 

sin** ,v 

t/.j( rns bx - n l iiS 

.|.v !• 15 cos a.c 

rns** ,v 

J{i 1 rns 

JX). 


I X 

> J ( \ < iiS v 

\ cos ,H.v). 


( ns^ X 

- i( ^ i .i I'im jx 1 ins 

1 .i,v). 

l liS** .V 

I'rtilO fits 

A' 1 S . 

t.v I cos 5.v). 

ms** ,v 

- ii'a(i<» i < S cos -*.f 1 

<1 cos .( .V 1 cos 


INVKKSK 

(Mn-m.AU 

I'llSlTlONS 


3.20 Tilt} inwtui} tiniiliir iiiitl lunarii limit; fiim tiuns ivi'o mullipU} v«Uu}(t; i.u., if 


o<siiv ' .v<™, 
a 


llt« .“itiUiliim uf .V «• Hiu 0 is: 

0 '"X SUIT 1* sin ' .V, 

wlu-rt; II is ti jiiwiilvc iuU'ncr. In llu: fullttwiuj? formulas llio cyclic conslanls arc 
nmiltcil. 
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3,21 


MATinarATK.'AL FOKMUJ./K AND MI.LIPTir FUNrilnNS 


;v « - sill" ^ s — a>s ‘,v ^ ^ ms ' V' i .v ' 


- siir* V I - A- - I - sin ‘ (,?.v'' i) 
2 .\ 2 


1 cos' ' (i - -Man ‘ ^ 

2 \M .1 ’ 


^ 1 / ^ r I . 1 


a;*' tr . 


2X\ t 
I .M' 


/ Init (a h V a '^ I }» 


r - coa"* (-.v) 

TT 

w« 

3 

■ - sin 

! * 

* .V ■" - Cos ’ 

Jt 

' (->,»’ 

» a 

1 sin 

■ ‘ ’S-"! 

1 A ' ' Ian 

, 'S';' 

X 

2 tair ' v/~ 

1 

*’ 2 

lau ' 

/a.i'v'i .v' 

1 a.v' , 

1 - ri.l 

i log (.V •!• W'* •• 


, 7r ., 

/ log (\''.V* 

I -.i). 


(.an ^ A? liin”‘* (“*’*v) shr ^ 


s/l i .V'* v"l ( ,v^ 
” 2 •” f ■" '"1^ ' -v -" m' ' \^i ( ,i^ 


TT , , t I f 

cos'"' * 

i ;\‘ 3 t I 


2 COS”' 


I / Li:„ I * 
1 a y/r kA / 


T- > 3 ,sin • 


\^» I I H 


a V I ( .* ■ 


- i (an“‘ -H 


« - Iftiv' c + lair' 

I - cx 


i \/i ! .v» ™ I 

I — — I 



TI{1(;(1NUMKTUY 


7X 


3.26 

i* 

sin ' .V 

l; sin ' 

y 

sin ' 

|.r\/i ■ • .V" :l 

1 , .Va/i • 



vm ^ A 

' A'. i*im 

‘ v 

^ ens ’ 

'l.vy 1 \/(i 

■ .v“) U 


3- 

svin ' A 

M: i*os 

' y 

' sin * 

j.V.V .1 V(| 


■f)} 





> rus 

'(,vv/i • .v' 

I - .vVl • 



Ian ^ .V 

1 Ian 

1 V 

tan 

1 ' 1. 

I ( .v v 




Ian ^ A 

' l till 

' .V 

‘ Ian 

1 •' )' ' \ 
y r X 






< 

i ci»l 

1 

.V\' ,1: I 




IlYrKHlUll.lC rUNCTIKNS 

3,30 Furiiitilart for tlu' liyiM'ilndii; fuiu lions may lu; olilaininl from llu: corrc- 
nnomliii),' forimiliis for lha i ircniiir fuiu liotis liy n-iilaoinK .v liy ix and usiiiK the 
followiitu iflalioiia: 


1. 

sin fx 

■ • Jiff'' - *• 0 i ainli .v, 

A, 

i’iis ix 

Hr *' t r "") ♦ i rosh ,v, 

.t- 

tan ix 

.Jf'^-.a.Wtanhx, 

-i- 

cul ix 

r ” ^ r I 

w i -= • / colli a:, 

(,-» ,, , 

s. 

ix 

M'Cll X, 

(•' 1 (• ' 

fi. 

< st' ix 

,« W / cscll X, 

f!' C * 

7- 

«ln * ix 

/ sinh * .V / ItJK {x I* 1 

«. 

t;os ' ix 

/ COslV ' »V w>> — — / !o^ (.V ’1’ \/ 1 1' A'^) 

iht 

9- 

fair' ix 

<« / lanlr' .v »» / Ior "-™ ' 

10, 

cot •' ix 

m — i COlh"' X ~ f lOR ~ 
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3.310 The values of live h^quirbolie fuiu linos in in in;, uf iln^ air i^ivni in 
the following table ; 


sinli ;v wcosh .v ^ iManh ,v i/rnili .v ri -rt b a <j L m li a . 


sinh ;V'^ a Vt^ ■ i 


\ I .r f I 


\/ 1 <r V fi 


cosh ;V - \/ 1 ti 


\ I 1 


V I <r- vtr I It 


tanh ,v 


V I T ir u 


coih :v 


\ * *r 


\ I I 


scch ;v = 


Vi “!• ti 


\ .i' I 


\ I I i;’ 


csch ;v n. ... V i tr y 


3.311 Periodicity of llui IIy|)orI)olic l•'ulu li.uui, 

1 he functions Hinluv,c<>..tl».i’,Kt‘cli,v, ( sell ,v have nil irnat'timrv |inii.il rtfi, c^?, : 
cosh .V M cosh {.V I jtrin), 

where «. IS any intCRer. The funclioim tanh ,r, coih ,v have an iinaMiimiy |teiiud nf, 
The values of (he hy|.erl.olic functions for ihe aiR.iiueuI ”V, 

are Riven in the followiuRtahle: " * ' 








TU[iU)N()MKTliY 


3.320 

1. 

i.inli '.v ' 
a 

ohh X 1 


riir»h * 

. yl Ohh .VI l 

' j 

3- 

lunl) *.»■ > 
a 

1 osh .V I sinh v . A osli .v 

sinli .V ctish .v l i ' V conh .v ^ 

3.33 

1. 

hi nil ( .V 

1 y) ' Kiiili X l ush y i nihli .v slnli y. 


(mill <>v 

! y) ■ i nsh .V nihli y i sinli a* sinh y* 


111 III) (v 

. innli .!• :i mull \ 

' I 1 liiiili . 1 ' liinli y 

'I* 

rolh {x 

. ctiili .V lolh y I- 

' colli y vii nil It ;V 

3.34 

1. 

hinh X >[ 

.sinh y *-* 3 siiih -JC-v ■( y) nwh J{'‘ >’)• 

a. 

hinh .V 

iiinh y ” a nwli J(.i’ | y) sinh J(.v y). 


lll'ill X I 

nisli y a cosh J(,v -I- y) cosh .j|(.v -- y). 

-t. 

fiijih .V 

cosh y a sinh J{.v I- y) sinh a(.v - y). 

$> 

, , ninli (,v 1 v) 

(*. 

Itinh . 1 ' 

. , sinh f.v - vl 

7* 

Cdtii X 3- 

, sinh (.V H- v) 

coin V 

»inh A* smli y 

8. 

colli *• - 

sinh (x -> y) 

>’ ■ - aairafi’ 
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3.36 

I, 


sinh (;v -I- 

y) 4 - sinh (.V 3’) ’ ' 

2 sinh 

rnsh \\ 

2, 


sinh (;V 4- 

y) - sinli {x - y) ‘ 

i> rn:ih .V 

sinh y. 

7 . 


cosh (x -h 

y) - 1 - cosll (.c - .v) ’ ’ 

:1 rush A 

rnsh y. 

O’ 

A. 


cosh (.V 4- 

y) - cosll (.V -• y) ' 

> sinli A 

sinh y. 

*r 



(null i('V -I- .v) ‘ 

sinh A’ 

j.inh V 

S' . 



(H)Sh X 

i nsli y 




colh -1 (.V 4 : ;v) 

sinh v 

sinl\ V 

6. 



rt>sh A' 

■ -1 » 

conli y 




(anil .v l; hinh y ^ 

sinh (x 

1 y). . 

7' 



Uuiih V ■ ■ lanli y 

sinh (A 

y). 




colh A -l .colh y ^ 

sinh (.V 1 v) 

1 • ' • 

8. 


* 

colir.v''' i-olh y 

sinh (a y) 

3.36 

I. sinh (.v-l- 

y) -I- cosh (.V 

y) (cnsb .V 1 Hinli .v) (t o 

\li y 1 sinh y)< 

2. 

ftinh (:V 

-1- )i) sinh (.V 

y) < ■ Hinlr X ■ sinlr .V 





!>'•> ciish'^ X i'osh' y. 


3' 

cosh {x 

-1- y) cosh (iV 

^ y) .V 1- v 




m\W X 1 i'osh'^ y* 





1 1- Ituili iv 



4' 


sinh.a^4'C()shA'--- 





(sini\ X -h cosh ;v)" ^ " 


\ ! *1 






O " 

•. ri, 

- 


(!* »» cosll .V !• 

sinh .V. 



rc'. 


(!”"* Ba cosh .V ■“ 

sinh .V. 





sinh .V ■« r 

*). 





cosh a: «« -h e' 

*0. 




’rKK'iiiNOMKTUY 
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3.38 

I. 


{viuh 




lauh -*v 


,\x ' ■'* ^ •'*> 

* I anil v 

I lanlr' v 

oy.\\^ X \ 

I 1 ,1 liiiiln" .V, 

\ I tanlr v 

t miilr .V 

la all V 


(inOr .V 


%inli 

(«i ilt 


I I laiilv’ X 

4 V - .< :>inH A- I •! 


(I. 


imili ,l'‘ 


[{X - t V t iimU ,V. 

i lunli V I liiiilr' 5^ 

I I ^ tJUlll'' .V 


(if) liiviMM' llvitt'ilMilir Imiih lioiirt. 


Vi' 


l. 


S* 

r>. 


cihlt ' »' 

- lllj? ( V 1 

1 

.) ■ • 

i-iislr ' vV 

lUlih * ' 

- ( V 1 

\ 1 ' 

l) 

M\ * ' 


/l 

\ V 



tiinli ' A' 

- 1“« \ , 

X 



iitlh * A- 

/v 

1 

mult 

^ 1 

X 

Mill ' A- 

-= *"»'(! ‘ 

N- 

■) 

- l osll * ”■ 

i si h ’ V 

~H?(' t 



=•- siiiU ' *.• 


3,41 

u 

n. 


. 1 J *4 'i 

,i„l, ' . .inh ' V - Hv'^ I y-' ' t 

„,.i, ■ .r * .»i. ' y - "»i‘ ' ~ ’ 


I V .1. Iiinh ' v - Ituilr' f 


imilliple 
limit U‘<t, 


MATIIEKTATK'AT, KOUMWI./E AND 


KI.I.IITIr I'UNcriONS 




liintr ' ' ' 

I I 


cosIr ' 


ioK .V, 


CSC 2.V . . .. Sinli ' , „i :..v .. . ,a„|, • j,. 

’ ' Iff' lilll X. 


' (4 *“ 3) I 

tcnh- ' Ian!! , , f. 


3.43 The Gudeniinniiian. 
If, 


cohIi .r m see 0, 

siiih X M lull 0 , 


e*-’scc fl.|. lai, 0... 
* lit« (nil I w j. 


^ K*l >v. 


.sinh .n a, (an /{fl *. 
cosli ;v see K(1 a-, 
(anil a; «. sin gd .v, 

tanli ~ ». Ian i g,| 


; -h sin pi a: 
cos gc! * ' 


i-caH(j.(,gdx) 

»In 1 ^ ., 1 . fr/| J\ 


5* 


tiaa 



7 


7 “ iSo® -- (a -I- 18). 

c ». liilU: ™ fl si» + 


Mil ' latili .!• .. j.,| I 


d.GO 


it, a, 0 


Mil.nirnNI t.r im.ani; thianoi.ks 

‘I, h, r Siilrs of Iriaii^'lc, 

*»■, il y .innli-M rcspeciivcly, 

.1 - iii«*a tif In'll 

•' ' - i('» I /' 1 r). 


(ihrif 

Stitivjif 

I'lirmiilii 


0 , h, c 

<X 

.in l/'< 

J ' l,< 




, 1 ,/.v(.v.. //) 

""."-V t • 




> ,v(.v ,/) 




< ^ 1 /r 

t 4»?i ^ - . * 



/( 

*1 \A(> ’ </)(a . 

I'K 

1 b, <Y 

a 

a 



■0/Y 

c 

A 

b 


7 

c 


Wlu’ii 0 <^_ niitl Iiul (ine vhIik* lesullH. When /;> 


0 llilii lAVll Vilhu'H, 

y « rSo” - (a + 0), 

^ n sin y 
,Hi» a 

A m J ah $in 7. 

, it sin ^ 

If ««i 

«iin /Y 

y « iSo® “ (a -I" 0). 
c -n g 7 „ a sin fft + g) 



7^ AlA 1IIKMATT(!AI, UL/M AND PTH ‘ I't hN( 'TIUNS 

Given iSoniilil 


J’ormula 


a, b, y 


■ A 


A ab sin y > - 

a 

Kin 

a sin 7 

(X ) — ? . 



0 • * f/ i'os 7 

a, p 

•J(« I - 

(i) ^ • J7. 


(an -(o: 

2 

it ■ b , 

p) . .•(,1 iy 

c 


(' ► i (iY 1 Ir • ’ jiiib (*ns 


silt rv 


■ ■ I I' bY' ,\iih rtts" 1 7 1 

' (('/ - h)- j 4^//* jiin'** -]7M. 


wlicif Km 0 .. 


a sin 7 
sin <v 


A 


yl i till sill 7* 


soumoN or sriii;ioc*Ar. thianomis 
3.61 KifrlU-niiKlcd sidici'icat I litmirlas. 

a, /), c - sides (if inaiiKlc, r Hie side t>|t|i.iNiie y, ihe l 
«. P, T-uiikIcs (i|,(,„si|e ,vsitei tively. 

3.611 .Napicr^s Rules; 

TI.. nvo ,„c ,,, « ,, ,, ft „ J ^ 

y IS oniilUsi. ^ H 



„.,r “ I- ..I 

From Ihese rules the foltowiiiK er,uitti.,i,s f„||,.vvi " j 

sin a sin c sin rv, 

Urn ti « liin ,• ,„s /i » sin /, tan a. 
sin b sill r sin 

tan /) ». Kin c eoH a ^ sin « lan 

cos a »i eoM « sin P, 

cos p « cos 1) sin a, 

cos c - cot a cot p m cos a cm h. 


TKinUNOMKTRY 


3 iD 2 OhliijiK* 

A, t <jf iiian|j;lr. 

iippnsiu* (0 I/, A, rt’S|H;(‘t ivt^ly, 
' - 1 {*( I A I < ), 

IT \ (tv I 0 \ y )^ 

f I I Y iSo . »i|>ln‘riral cxrrss, 

»S ■ t>f Irianj'la ow spiirra i>f radius 

(tnni ^Sintyjfi Forwuhi 

i n ' liavnr.iii rv, 

MU f\ A) sin (a' - e) 
sin A sin r 

I (V: A) sin (a - r) 

-J sin A sin (a ■ aj 

t sin A sin (a (0 

-J sin A sin (' 


A, i; 

( 4 IS'^ 


a y 


liiivi’irtiii <v 


liiiv It liav (h • (■) 
sill h sill (■ 

sin'^ J ii liiivci'siii (/, 

(•(IS IT ( IIS (ff «) 

sill li sin 7 




J i"s rr r?is (a • (v) 

tan’' a ^ vjv / ^4 

m rns ((T p) cos (o' - 7) 

- I rtis ((T 0 )i ins (O' -• 7) 

'A sin p sm 7 

(/i c, a 


. , sill ft sin (■ 

Anil HIS iim\ 

y 

sm 7 « 

sm (1 

'IVu Htilulinns 

jMissililt;. 


tan 0 tiui (X ons r, 


sin i 0 ) sin 0 Ian r (Uit a 

f cnl </> tun t’OH a* 


b 

. V, , ms 0 sin 0 

[ ms f 

«( 7, e 



Ambiguous case. 


4 sin a sin 7 

Sin cv 

Two solutions 

C 
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MATIIKMATICAl, KOKMIII./K AND Kl.Ul'TtC I'ltNt ' I'lONS 


Given 


a, b, y 

Itin 9 = tan a cos y 
tan 0 >= tan b cos 7 


c, a, 13 

tan 0 « cos c tan ft 
tan 0 » cos c tan /3 


Soufihf- 


1 




ft 

/5 


tun 0 
sin (// - 0 ) 

tan h ■■ 


cot 0 
sin {(3 - 0 ) 

cot ^ l 3 


cos t: v ) 

COS r - > 


(an n I'os 7. 

Kol <v Ian 7 sin 0 , 


sin \(t\! j 7) 


tan i) 


sin J 7) 

etts Ko' 17) I , , V 

cos .j ((v 7) ■ ' 

(‘i)S a (an 7 
cos (V sin i/> 

CiiS 7 

sin JO/ i /) 
sill J(n I ) 
ins JO/ I / 1 
ens J 0/ / ) 

ens n i’us It | sin 0 sin h ins 7, 

i'<m f/ nsi (h 0) 
i ns 0 


Ian U'v 7). 
litn i(ti' I 7 ), 




hiiv c 
tan ft 

sin 13 


Inn 0 

tan i(« .|. 13 ) . 
tan i(a - ( 3 ) , 

COS 7 ^ 

cos 7 » 


tan a 


cos It cos (#/ tfi) 
cos if) 

' hav 0 / I*) I j*iu 1 / sill It hiiv 7 

sin 0 im 7 
sin (It (I) 

sin 7 sill It 
sin c 

sin <v sin // 
sin a 

sin lau 7 
sin 0/ 0) * 

cos |0i - It) col ly 

COH } h) 

|fi/ - /O col 1 7 
sin| 0 fi /0 

COH tx cos ft I sin a sin ft coi 
COH S 

am 0 
tan r sin 0 

l\nX$~T't)' 



•rUICOWtMKTUY 


Si 


dhrn 


< 1 , 7 

(I, /', 

C, 7 


Soiiyjil 

b 

'' 

. 1 , b * 


Formula 
(ail r sin (/> 
sin I 0) 

<<is .J((V /i) lun Jif: 

nis i(<': -I- /^) 
sill il'iv - /i) liin 
sin K'v l /i) 

I'dl Jk cdl .J/i I' Cds y 
sin 7 

tun'-' Jf liin •»!> •JC''’ • ■ '0 1“'' H'' - /') 

lun K-'' ” '0- 

d « 0 

.S K. ttH- 

iXo 


tan b 

tan a((i I b) 
tan J(ir • /<) 

t'di .}e 


I'iNim M-nuKK (»J-‘ I'tui tn.Mi vtim tions 
3.00 If till' Slim, / (r), df Ilia liiiita (tr intiiiite soiias: 

/ (r) • ' 0(1 I ni r I ih r'^ ! ■ 

is luidwn, tin* faiiiiH df ilia saiii’s: 

.S‘i 0(t Ids I 111 r Ills (.V I y) I iij r'^ aos (.v I' 3,v) 1' . . . . 
.S’ii - 0,1 sill .V I- til r sill (.V I' y) !• th sin (.v I- ay) -I- . . . . 

.V, I <' "/('■<’“') I* 


3.01 S|HH iul 1‘iniU! Series, 
t. ^mkx 

Amt 


. nx . , « I- 1 „ 
sill -- sin 
3 




am 


X 


It 

I. ^ coa kx 


»x . n -I - 1 
coH Sin — » 
a 


Awa 


Bln ’ 


3 
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ft. 


n 

ft cos ()/ 1 

|}A' 

sin .V 

sill 

1 ! V 

A-i 





f/ 

S'”'*'" 

/i *!• :? 1 i'os 

{it 1 

t 

i)x 

sill 

sin ttx 

X 

At-o 



/.•a 

t\ 

ji-i 

. w 

{’OS 


) V 

^ sin /i'.v: 

sill ;/.r 

. „ X 


\ 

/ 

X 

i-.t 

sue - 

jt 

.in 

J 


. (Mi 

i\ 



M-'l 

u Sin 



1 O’: #; t 

■j sih ' 

^ A CAS kx 

k-~t 

\ 

. .V 
.! Sin 

Ji 

/ 


U 

^ sin (, 2 k " 

, sin' «,v 

• |)a' . ' 

sin .V 



*..1 

. ( , 

ft\\ 


(ti \ 1 \ 

« 

sill .V I 


' \M\ 


2 sin (;v '!• M - - 

/ 

V 

\ J 

k ^0 


Mn 



8 . 


n 

•!’ W 

A --0 

10 . 


I’MH 


^(•••i)‘ 'sill Uli • i).v ( 


w 

II. ^ kx - 


12 . 


13 - 


14 . 


»»'« t 

s 

M-t 

s 

i&MO 


f 

(r, \ 1 \ 

*V‘' 1 ,T-|" 

( -• • 

1 

. \* 

sm ' 

l),V ( I) ' 

/ 

1 i '|j k .:i 

* 1 O', f 

^*0 j { \ 

1 ’ ( 

. w 

1(1)'- 

1 

/ 

1 


f fO:^ 

(l ; ; r" ('.111 lix) 

•• ri . r 

t - :• ,?c i OS ,i *•• r ^ 

cos ,vj ([ 1 I ' 

I'u-i, ir?.c^ }. 


I ,u 

r- to-',- > .? 1 


S (f* ^») * i :;..) * 


rill i%j 


-Mi 


S ' 8H 1.5 


M 



TUKUlNOMK'rKY 




/; -ii 
» I 




Al- !• 


. k" ,!7r V>i 

»m ■ 

n 

t-i 


2 

A i 

r/ t 

, A* n* . IV 

u). 7 /Jini - Till 

* JLJ n .\n 

k 1 


v(' ' 

HIT 

, ;nr'' 

COS - 1 

1- Min 

/ 

V'l ( 

«7I' 

. mv 

V ' 

1- COS ■ - - 

'• Hill • ■ ' 


,!(>. 2/ >■ " .i • .• •'* ' '■ •' ■■'' "■ i-'- V- 

k 


3.02 



A “I 


Wiitiiiin (i'hil. Mil)', .o, |>. m, nMfO lia« tiliti»iuf<l an asympiniic I'xpun! 
for Ihis siniii, ami lias Kivfii llti* followiiip: !i|i|»ro.\iivialiiiii; 

Sn *’ 1oHi<i(^h) ■ o.i.So(ms,^^7' I 


o.oSyjOP o.oio.vs . ?'9®5, ,„ 

/; tk' ii’’ ii' 

Valius of .V„ an* lal)iilau*il Ity iulrui-rs from n ■ 2 lo ii >'•■ 30, ami from n •» 
I0 ;/ - too al iiiU-rvals of 5. 


'ria* fxiiaiisioii of 



jk-i 




wlioru 

in also oblninud. 
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3.70 Finite Products. 


2 . 


5- 

6 . 


sm fix = M.sin X i'’ J[ | ' I » 

i.Ji I sin''' 


II 


sill ' X 


a.^iA siir— 'iTi 


}t rveih 




** i 


Sin «:v n sin a* JJ/ i - ' \ « ntld- 

sin'-' — 
n , 


sill” ;v 


cos v/A?« ^^^^*'‘ 11 / ^ ^ I \ 

a-^m \ sin-’ ■" 7 ?’ / 

\ in / 

H- ■ I 

COS - COR ny «« J | cos .v - ins I | • 

1 

a"" - 2a”b'> cos «;i; -|- /)’" JJ | it" - mli cos ^.v | | /i" | 


Jlr«o 


ROOT.S 01'. 'J'RANSCIINDHNTAI. Kl.UIATIONS 

3.800 Ian x = x. 

The first 17 roots, ninl the corrcsiiondiiig nmsimii nnti inininiii of 

,c 

arc given in the following table (Lommel, Abh. Mvmch. Akuil. U) 1 tj, j 34 , i.s.sti) : 

A'n MlIX ,v/l( .V 

Mill X 


2 

4.'10.M 

•”■0.3173 

3 

7-72S.i 

"I 0. 1 3 .H,| 

4 

lo.go.|i 

- 0.0018 

5 

l(|.o6fia 

+0.0700 

6 

17.3308 

"- 0 . 05.80 

7 

8 

9 

30.8718 

•fo.04(>o 

38-.‘!t<>.S 

aO.fififii 

-O.Oi| 35 
4-0.0875 

to 

ag.Snfi 

- 0.0885 

XX 

32 .O.S 64 

4-0.0808 

X 2 

8 ().ioo6 

“O.0377 

^3 

89-»‘H4 

+0.0355 


42-8879 

- 0.0386 

k. iC 

4.‘;..«a 

4-0.0330 

to 

17 

48.6741 

S1.8170 

•“0.0305 


TUKJONOMKTUY 


8S 


3.801 


lim ;u ■ > 


'I'lii! linil llifi'o rools arc: 


J • X" 


;Vi o, 
iVj “ ny,2(i 


TT 

Tho’ 


TT 


H X iM larj.50 




;V„ UTT - - ■ • . . . 

HTT .pr'TT'' 


(KaylciKli, Theory of .Soiiiul, II, p. 265.) 


3.802 

Tlui iu'rtl, two roots arc: 

3.803 

'I’hc first two roofs arc: 

3.801 

'I'hu fir.st seven r<»ols arc: 


tan .e 


( J .y_ 
- y‘ 


A-’l o, 

.v.Viaa, 


tan X -»! 


(KiiyleiKli, I. c. p. 2C6.) 


I - .v* 

.Vi 0, 

.va « 2.7.14. 

(J. J. 'I’honison, Recent ReHcar(‘Iie,s, p. ,47.^.) 


:fa- 


fan X « 

3 - -v* 

Xi O, 

•Vj I.HpRiTT, 

.r,i 2.3()507r, 

a'l .t.oaa.Sifi 

Xi m 4.y.^85ir, 

xt «« S-<?4395ri 
a-'T “ O.OSO.'fTT. 

(Lami), London Math. Soc. Proc. 13, 1882.) 
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The first seven roots are: 

;vi ^ o, 

;V'j o,.Si(io7r, 
;r.i i.'MfiH’r, 

.Ij ^ 

.Vti ' ' > 

;Vo ^ -l.fl'/ l''''’'. 
.vi ■ ;>.oV'M«'‘ 


(l.:mil*, 1. < .) 


3.806 

Tire roots are: 


3.807 

Tlic roots are: 


eos .V i nsli .r t. 

:Vi ■ .i.V.f’OT'^s 
Xi -- 

;Vn ■ ■ lo.OO.Hfio'/''*, 

;V,i l.|.'.'iy''’.'iSi 
.n, r/.iiv.S'/S't's 
;V„ ' .j(,.or I i lJi' «>;v 

(Kavleii'li. I hioi v i'( Siiiin>l, 1. i'. J;-'.) 

cos .r cosh .V ■ ■ I. 

;V, l.fV/lilO.!, 

;Va .1.(10.|0I)!S 
;V:r ■ y.''S-l‘/SVi 


.Vi <- lO.OOSS-l'i 

;vi, - r.i.i.tV'fA 

a’h " i('« ')yf “ **'• 

3.808 

I ■ (l I- .V') cos .V - • o. 

The roots are: 

iV| I.U).CSO<'. 

:va ■ <|.7.vlV<". 

:V:i 

.vi n.oo.iyfih, 

.Vr, >■» i.).i,V 7 iHS. 

:V(i iT.iHioiii, 

(Schlitiiiilcli: niainiisltiicl). ],|t. 

3.809 The smallest root of 

0 ~~ col 0 «« o, 

0 «« (to” 17' .th"..!}. 


■rKll'.llNOiMKTRY 


3.810 'I'lu! sniiillt'sl. niol of 


0 — «.<)si 0 ■ o, 


in 

0 

" :!0' 47 "• 

3.811 'I'lu; siniillfsl nitil «i[ 

xr'’ 

■ • c - o, 

is 

.V 

O.S.SiO. 

3.812 ‘I'la- !iiiialli-!il rnol "f 

is 

loK (t 1 

A* 

.v) ■ • i'.V 

■ o.y.T.'i'io. 

3.813 

tan .r 

1 

' :v 

'I'lu; n»'ls arc: 

A'l 

4..|So, 



V-7-M, 



ItMiO, 


u 

: Lltoy. 


3.814 

'l‘!n‘ liuil nndri nit-: 


(1. t:. !>■ .IS.J') 


(1. c. 1). .i.S.v) 


(!. t:. 1>* .i'i.v) 


{('i)llti, Aiiimlt-ii ilt-r I’liysik, <»ji, p. i|Si >')2r*) 


Ctll .V I .V - o. 


.Vl 0 , 

.fj 

.V;( • 

.V, - 1MI7. 

.Vft - 

Xu " tS-''4> 
»'.} I H.lSO. 


(('ollt), 1. 1:.) 


3.00 S|Hi<iii! 'I'aliU-s. . 

«i„ 0, (h Tilt- Hiilish AKsiHinlion Kfi«trl for ..,i6 onlams the- M\m 

r rt i n r, 

Tnl.U- I, l». 6o. sin 0. ens 0 , 0 ex|.ri-sst-tl in railians from 0 - o U. 0 - i. 

iitlnrval o.ooi , to tkciinal jilaccs. _ 

TnltU? I I, p. 0 ~ sin 0 , i - coh 0 , 0 ^ o.ooooi u> 0 »» o.ooioo, inli; 
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ik !t« ■ <.if .1 1 > > t 


MATUKMATK’AI. 

w.i.ni,..-9o. 

■^Tpolor. (Al.h, .1. K, 1'. Ata'I. Wi-n., llHlin, .'i' ■ ' 1'.'"" «'-l 



cirAuiirLi ■«'■'''•■“■' 

graiiic Office IHffilicalion, N<.. aoo, Wns)ni.Ki.m. . 




most complete five-i'lfti^c "f n.vi«'ilH.lu l-u... 

Table I. The common logurilbrns (l.asr lo) -i ..inh u . . <> h «i, (ool> ». ' -'!• «■ 

H » 0.0001 lo » "• O'"***" 

«.«o.oo> low-.t.mw imoivAlMv^,. 

««.S1.00 lo«-(MK) illlolVillosn. 


Table n. sinli H,c<tsb K, lanli «,«olb «. Sami- i.uih.' , au.l t vol 

Table 10. hIij ii , coh «p •"8"' 

If « 0.0001 U» H - iiiinviti M, («-•!. 

If « 0.100 UM(‘- «.♦««' •■ »... I . 


Table IV. loKioC" (7 pliH W). c" ««•! <” “ <7 I'K'tK >«: 

II » 0.001 to « « J.oso ‘''"s 

■fi Ki ,'poo to n ** inUTval cmh, 

11 m i.o lo II « 100 iiilcrviil 1.0 t*i •“* ‘1- 


Tablc V. five-place lablc of iminml l»ni»fllluo», !•% o 

|f»>l.O tO H*- lOOO iuli-IVtll I fi. 

«« 1000 lo M w 10,000 varyiMH iiili'i'al's, 


Table VI. Ril « (7 places); « cxpri^wil in r;Mli.iii’». 11 - •h««i i<« h - i 
interval 0.001, nml Ibc corrcsiKimliiiK im-aMiir. n - i **' 

interval o.oi. 

Table VII. lo o'.oi, in Icrm* of «»/ « i«i tlcttirr*. antt loitmlo f(»‘ni 

^0 Q^O 







TlUHONOMKTllY 


89. 


Kinintdly: 'I’altleH of (^oinplox Hyiwrbolic and (Mrciilar Funclions. 
(;iiinln‘idt?<‘, lluivanl UnivoiHily I’ross, ipM* 

'J'lu* coinpkx ai'KUtnonl, .v; 1- (V/ =- /)c'*. In Hw' this is dnnolcd p-^ 5 . 

p f.> V'.v'* r/^ livn 6 . ' (//.V. 

'I'lililos I, I I, III tlu! hyi)crl)o!ic sine, cosine and liiuHent of (p^o) 

expressed us /'/. 7: , 

6 « <15 to 8 ™ 90“ mUii'val 1“ 

fi ra o.oi to p « ,Po interval o.r. 


Tables IV and V kIvc 


!ii!*^J?^ii™|li?.t.xpreHsed as rZ 7, 0 ■ > pZS, 


p >-1 o.r to p " .t.o inlervul o.v, 

(5 .. 4 ,«i'’ to 5 00 " interval t". 

Table VI nives siith (pZ-i.s"), cosh (pZ^s"), tanh (pZ4s"), eolli (pZ4S ), 
sceli (pZ4S'’), eseh (pZ4S") expressed as> Z7: 

p«o lop'« 6.0 interval o.r, 
p M ti.os to p 20.SO interval 0.05. 

'rubles VII, VIM and IX kIvc sinh Cv d- iV/), <:<isb (.vd- iV/), tanh Ov + */), 

expressed as u *1 h>! 1 

a; o to A’ ™ .t.()S interval 0.05, 

(/ -S'. 0 to (/ « 3.0 interval 0.05. 

'I’libles X, XI, Xil ttive sinli (.v d- «/), e<»sli (.v d «/), l»nh (.v T »/) expressed 


as r Z 7 : 


'I'uble Xni Hives 
as H P /eandrZ7! 


;v o to .V .t-OS interval o.o<;, 

(/ « o tt> f/ a.o interval 0.05. 

sinli (4 I a/), eosli (4 I /(/), lanli (4 d- a/) 

(/ »i o to <1 2.0 interval 0.05* 


expressed both 


'ralile XIV Hives ~ and IoKio ™' 

;v 4.00 to X 10.00 intcrvul o.oi* 

'ruble XV Hiven the real hypcrliolic tiinclions! sinli Q, cosh 0, tanh 0, coth 0, 


sech 0, each 0, 


0 » 0 to 0 «' 2.!; interval o.oi, 
0 »• 3.S to 0 “» 7.5 interval 0.1. 
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Pmot and Womis: -f IlyiurlM.li. 

Figures. Pei-kolcy, Univnsily •>[ ('iiliPuinu I'l. ■ mP'. 
Table L lt>K.(i »inl> -v, wilh llu- liisi ib'n- diii.-.vu. 

;V . : ,0000 Itl .V ■■ OlO Ilh’IAid < ' I. 

Table 11. I'Hbo 

,r (),(xx) to .r inii i \'.il h,. - iU. 


Talilelli:. logi,. lanit .V. 

.V • o.ooolo.i: -i.oi.H iiiici v.il 

. , siiili X 

Table IV. logn, - 

;r ■ . o.oo lo .V ■ ■ o.;iob iiil' i Vid 

... 1 laiib X 

Table V. login 

.V ■ 0.000 lo.V n.yili iultiv.d 

Vai\ Orslraiul, Meimms of ibr Naiioiial A.-ob iov ..i 
fifth memoir, Wasbinglon, (O-m. 

Tables of V, c '> e'"^. <• y, aio > . n., r, M i o 
sigiiilkaiit iigurcH, 


) h 0*:i 

iM i >'i;MniM .in( 


I irh‘ < \ 1*1 N I \', 

r *1* f itM il I'l l* i ^ Ml’ 



IV. vi'xrroR analysis 

4.000 A vnltir A lian iildiiK llii; lliiw; icclaiif'iihir iixosj ;v, y, S' 

• 1 j'j • ^ yi ‘ ^ . I I .* j 

,1 IfllJ'll' VCCllM'. 

*\ - . t .c” 't' .‘I if ^ 

I Itrccliuii I'ltniiu'!* Ill A} " j', -"j-, ■' I*. 

4.001 Ailililiiiii of vri'toiH. 

A I « ' C. 

C is ii vniur will) coiiiiioiu’iils. 

.1. I A’.-. 

( .1 u I Atf. 

(• ,1 ' .I;! r Aj. 

4.002 0 iiHj'U' lii’lwt;('ii A uinl H. 

(■ .. v''-!" I />" !■ A <‘»s A. 


{'OS 0 




.1 A 


4.003 If (I. b. c (in* siiy non-i opluiiiif vis Inis of uiiil li'iiKlli, imy viTtiir, 

R, may liv (•Npn'ssfil: „ 

R ((ft I /il) I 'C) 

wlu'ic •(, l>, I lur Mil* ll•n^(ll^s of lln* inoji-cliotis of R upon ft, I), c ri-spn livTly. 

4.004 Si'iiliii' proilui I of iwo vi'i'tors: 

.SAB ' (AB) AB 

tu'c l■lluivitll*lll nolalions. 

AB - M A I DS .1 A. 


4.000 Vis'lor lumliit I uf tw" vcrUirs: 

TAB » A M B “ i>B] C. 

C is ii vvt:(or whost; IviiKlIi is 

C >-*’ A li sin .1 A. 

Ttic ilircdUin of C is pcrpiuuliculiir ^ ® liRlil-hiUHlcd 

mV.«.ii r iliroiitdi Mu! ftiiKlc /I A turns A iiUo B. 


,2 MATOKMATICAT. ANI. TM IPT.*' I <*Nr.lo^r. 

^ ■ vr- ii..m(iitlii iihti I" ilin t - 

4.000 1, j. k lire throe unit. vo. 1 i.. I , 

lions coincide with the axes .r, .v, r; of a lu ti.n,.unu > 

A A i •' J I ' 

4.007 li i'l . jj r hk h' I, 
ij M ji ‘ Jk kj hi Ik n. 

4.008 t>ii ■ , I ji k, 

riij 1. 

Ilk j. 


4.009 

4.010 


I’lJ 

I'jk 

Vki 


AB .■ BA . ' .1 B « o« .1 
KAB . ' I’BA 


{ A , n .- A . IK )\ I 


A. IK t AJK I I •/*. 

I J h 
.1 If - 1 1/ • I i I 

IK IK 

,1 ,/l.tj ! ( I JK A Jt,)k. 


4.10 If A, B, C, are any lliree vei tors: 

AI’BC - Ht CA -• CI'AH 

M Volume of i*iimlli'h‘]tiiH'doit Imvini; A, ll| (’ a . nUn- . 

„ .1, .Iv l*j 

/I, /<» ik\ 

t « t it f * 1 

4.11 

1. yA(B -h C) ». TAB -!• KAC. 

2. F{A -I- B) (C I' ») l'A{C I D) I- riMC ! W). 

3. FA7BC B.VAC - C.S'AB. 

4 . FAFBC -I- FBl'CA >|- I'CI'AB « o. 

5. FAB-FCD^AC-BD-BC-AB. 

6. F(FAB. FCD) - C.V(DFAB) D,V(CFAB) 

« C.S‘(AI'BD) D.V(AniC) 

- BA’CAFCD) A.S‘(D1'C1)) 

™ BA*(C1'DA) - A.V(C1‘DB). 
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4.20 

, //AB - A(;B 1 -B(/A. 

2 ' UVAB VAdTi ]' VilhB 

... VA(/B - VBdA. 


4.21 


<*) 

(•» . , <1 


•1 k Ir.’ 

i)v Or; 

< 

< 

> 

0.1 j • 1 w 1 

O.r' Ov 

.<■ V</' - K'ikI t/> 

•)</» ,0f/* 

’ ' .Iv ' ^ O.v 

CVA curl A ► 

i rot A 


tlz 


ii S 


I j It 

/) (1 fl 

i),v i>y i’>“ 

• 1 ii ■ 1 1/ ^ . 


,A».I. •'■■I A , iLdA 

*»s / \ '<3 


\ 1 k/M.« .. 

0.4 A 

) ■’■ (Iv 

■ “ <lv ) 


,')« iV <v 


:) 

I 

1*5 


4.22 

1. curl Kr;i.l (f) - t»rl V</i « l'VV(f> « »• 

i -~!il I I 

3, «liv m'litl t/j VV‘/> '*• V </' •' a]iil ,')£« 


3. (liv rurl A o» 

curl curl A curl* A V div A V^A» 

5 . t^^A ™ rv*A* i- J V’'.4 n + k'v’i'l «■ 

f) I d I 

6 . 
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matiiumaticaI' anm i i 


! I nr i i‘ r t r t nt >'i . 


i’/ VAB- (AV)n i lliV!.\ i t.A.uilB 

2’ vi'AB-'livfAB A •min 

3, I'VrAB - (nV)A (AV)ll I A 'll’' /' A- 

4, (liv<M ’ (/"liv A I AV'/'. 

5, aid# I'-V# I ./MU. I A l iMml.iVA ■ •.••ml 
(i. VA“- »’(AV)A I .-I'Aaiil A. 

7! C(AV)B A(CV)J» 1 AI'BmkI li. 

«. BVA“ jA(n\/)A. 


I .11 - >ii! A, 


A. 


4.24 R is II viuliiis vn lov .4 Iv.ini'' • *'* ’*• 

H •r, 


\ 


u 


r • 




V*' ■' ■ R t ■■ * ' 

I 


4- 


S> 

6 . 



8 . 

9- 


10. 


I VU - • ml K . f. 
VU d*v H - i. 
.Ail 


t/f 


(RV)A 


rV'ii' 


.fA 


(rVlA 

{Avm 


.lA 

.if' 

A. 


4,30 (15 »« an clamenl of area uf a «iiiriai'e re^anl^l a vr> <>•* *i“ii 

is thal of I, lie nosilivo nnrmnl In llu- siirfan-, 
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ilti ail i‘U'tiu'nt <if arc of a curve iTganled us a vecUir vvhu.so ilircctum is 
tliat. Ilf I he posilivc laiiKcnt lo ihe curve. 


4.31 (laiiss’si ’l‘lie(ireni; 

fff iliv AdV fJ'AdS. 


4.32 (Ireen's 'riicoreiu: 

1. ./■./’./*'/' V-'/'./r I V'AV'/''/ 1' ./'/ 


4,33 Stiilces’rt 'riiemem: 

ff curl Ar/S ’ /A(/8. 


4.40 A |»»lur veclor is one wliose coinixiiH-nls, referreil (o a reclaiiK'ilar system 
t.'f axes, all clianr'e in sign when the Ihree axes are reverseil. 

4.401 An axial vi'dor is one whose coinjMiiienls are unchanged when Ihe axes 
an* i<'Vi*rsi*iK 

d.4.02 M ill* vrrinr jauitui t nf Iwci polar or of iwn axial viu ims is an axial via (ni. 
d.d03 Mill* vi*i Pir jirnitm l of a polar anil an axial vtaior is a polar via tor. 
4.404 'I'he curl of a |iolar vector is an axial vector and the curl of au axial vecKir 


is a polar veclor. 

4.40D 'I’he scalar prodnel of two polar or of two axial vectors is a true sealai, 
Le., it kee|»s its sign if Ihe axes lo whieh Ihe veelors are referred are reversed, 

4.400 'rhe scalar produci of an axial veclor and a polar veclor is a psendo-scatar, 
i.e., it changes iu sign when the axes of reference are reviTsed. 

4,407 ‘rhe product or f|Uotieal of a polar veclor and a true scalar is a pnliir 
vector; of an axial vector and a true .scalar an axial veclor; of a iiolar veclnr 
and a pscudo-sciilar an axial vector; of an axial vector and a pseudo scalar a 


gG jrATHKMATICAI. 

4,408 The fiiadieiU of a (nu 
scalar is an axial vccttir. 


KCUUll'I.K AMI I IXIIMI. l ltM iluSA 

• sralar is a t>"lai vo i.n , ilif of u pi.oiiln. 


4.409 The divergence ot a imlnr vct ior is a iiuf M ahit 
pseudo-scalar. 


id an a^i.ll via tur ;t 


4.6 Linear Vector I'linclioiiH. 

4.610 A vector Q is a linear veclnr fiiiiilitni id a viiiin U it ir . i •■ii)|iun» nH, 
(),, along any three niin rniilanai iixi ;> aie liin ti l»iiii ii*ot . id ihr liiiii- 

ponenta /i!i, Rt, A',i of R along the «ti'ie ii\e i. 

4.611 Linear Vector Operalor. U w is the liina' i.|.t ..xtiii, 

(,) (oH* 

This is equivalent lo the thire snthir npmiioni, 

W||W| I if 

( i j A*| I 4U,? 3 A 7 ^ > A* »| 

w.n A*i j Wi^AS f 40 >iA'4, 


4.612 If ftj b| c are (he ihrre mm » uplunar mil iur 

Wn iV.afiAj Wai *** Wisj 

Wia A'.fttil)* Wn A.tiusbt A (:u*?h* 

W(3 A'.awCi Wat A.liUi^c it's (oU^c. 

4*613 The conjnple linear vednr nperaiMt ili* in litiUninnl (tpriM uis t^y irphu in^ 
o)hk by cou; //* k ^ h 


4*614 In the syinmelrieul, or welf mojiiMaie liinar vn *leOHie<l 

«. 

Hence by 4.612 

.S’.awb - .V.buini c»t‘, 


4.616 The general linear vei ior fntu iiint ^iR may alwdy* hr *r™dve*l iotn llin 
sum of a aclf-conjiigiitc linear vector fiim lioH of R ami ihr votot iiroiiiit l of 
R by a vector C! 

5 R«.wRtl,cR, 

where 

w «■ t w*). 
and 

Co. Kw« " (Oii)l T Jfwu - w„)J i ^(wh " W(t1k, 
if 1) Ji k are three nuilunlly iK‘r])mKlk'utnr unit vcitor?i. 


4.616 The general linear vector 0 ]}cmUir w may Ih; rlciemlmsl l»y ihrifi; non* 
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A awu "h bcoiu -1- ccoia, 

B -1-' bcoua -1" cco^a) 

C — RCO31 “I* bcOaa “I' CCOaai 

a - n*V.A .| b.S’.B-| c.V.C. 

4.017 If w w lli<‘ lii'wii' viiclor ()i)criil.or ami w' its conjiiKiile, 

toR - Rw', 
w'R > = Rw 


d.620 'I'lii' Hymmctrifiil di- Hdf'CnnjumiU! linear vcclnr oireralor 1ms llucc 
imUvmlly perimmlinilar axes. If these Im lukcn along I, ], k, 

0 ) IV.W|L h I* k.V.COak) 

wlicrti Wi, Wa, W!I are scalar (piaiilllics, llio principal values of w. 

4 021 Ut‘fcrrc.1 lo any system (.f three mntnally perpendicular unit vectors, 
a', 1), c, tlie self-conjugate operator, to, is <lelermined hy the tliree vectors (4.016): 

A COft rtCOii H* bCOjg CW|H> 

B wb acoai I bo)n 1 ccoyji, 

C coc acOjii i' bcoji'j M' cco«3, 

wlUM’C 

0)f,k WjL A, 

CO - n.V.A I b.S’.B I c.S'.C. 

4.622 If « is one ..f lire principal valnes, co,. co,„ these are given hy the roots 
of the cubic, 

«n.V.An I .SMlb [■ .S'.Cc) I- M(.V.ft!’BC I .SM) I'CA !■ S.cl AB) ^ ^ 

4.023 In transformiiiK from one to nimlher system of rectangular axes 
the htllowing are invariant: 

.S'. An I- .V.Bb !■ .S'.Cc >»" Wi *1 ■ Wa -h Wa- 
AVkI'DC \ S.hVCK -I A’.cFAB cOytOft V W;i(0i I* coiWy, 

SAVtiC ^ COiWaCi^a, 

4.624 

0)1 '1- Wa I’ CJa «« (On 4* Wyy I 

COaWa h OJaCOj 4 WiWy ^ WusWaa 4 COssWii 4 COnWaa COSn ^0 ai W jg, 
co,w.w, «. w.,wa3a>.i,, + a(0««»,w,. - «„w^a - w^W^ai " cj. 

4.626 'rhe principal axes of the sclt-conjugtnc oi)eralor. w, are llmse of the 
ciutvtlric: ^ ^ 


MA'niKMATK-Al- I. V AM. 


I 1 < H‘ n* i I iM’ 

. ^ i li-t # * 1 i^llEf.tlY •• ^ - 

o 8 « . ^ 

. , ! il,,. j ;hr 'iiuvni* 

4,026 Referred 10 ‘ 

. w,.v' I * *“’■ 




),■■ 


4,027 Al>l>'y>"K 

igU . ite./u i 

uwu ■i.tH w.'A'. ^ 

toWR w'H ^ - ^ ■ 


w 'R - i 


A’l 

W( 


/i' , A . 

■. ? U • 


4 . 0 SB 

same iijc lull »iil,.IMrr™i 

(»R - i« A’l ! i'ljA* ■■ ? A 

/f(lU «|fR ItlstMA ' i“:<' A; 


^ H, #«, 

4 , 1 -^ • V < K 


4.629 


.V.OwK V 

■• u‘,''jA', 


Khf, li- i 7 >' I . 


ih wjih llli 



V. (UJRVIUNKAR COORDlNATliS 

(5.00 ( ’liven llin'f siiifami. 

' It J\{x,y,z), 

1. /a(-v,v,s), 

I «’ ^ ■ ./jiU, :v, ■"). 

’ v (/)i (»,«',«'), • 

2, V (h{it,v,v<), 



6.01 'rin' linear eleiin-nt tif me, i/.v, is Kiven liy: 

,is» ~ ,ix^ I ./y' I </-;■ - 'I'? i ]$ I' jf '* '' 


6.02 Tin: snrfme elemenis, areas of parallelo«rams on lUc three surfaces, arc; 



(UrUVIT.lNKAU <X)()KI)IN'A'riCS 


loi: 


f* '1" <liiw:tions of (he normals 

l.<) till! lulliiif'oiial siiilaa'H ii, v, w: 


'I ■■■■’ V'.I.r' i 


15.08 

I. (ii 



j! ( d "A .|, JL ( 

iiv \lljl,/ ilw V 


■ • 

1 •> { /l\ ('» 

"1 .1. t /.k , 

1. -1 

/'.ki.U 

[ Oil \liiti’^ Hit, 

/ ilv V/;|//| HvJ 

Ojc 

V/i//a Ok'J j 


fuii„ A //j/it 


<■) /.I.,.' 

, ')A //«', 




{ 1; (t) - ,4 (i;)}’ 

^ "'"•{kOv) s.(v)}' 


5.00 'riu> j-niilicm nf a .stalur fund inn, has ilntH* (■nniiJtmt'iilK in ihi) (Iirc(^(inn9 
Ilf llw lUiinmls tn till* llnvii sinfiucs: 


, , tV , 


r. 


0,20 SpluMital INilur (NiOrfliimii^ 

( 1/ r, 

V 

^ (j), 

I X r sill 0 rns 0. 

V r silt 0 sin 0, 

!5 r ctm 0, 


3» 


hi «« I, //ij 

r r sill 0 


5- 

6. 


f (/.S’, «» r’ sin Oi/O ii(f>, 
I (/.ST) -< r sin l9 tir it ij), 

I ilS^ *« r (/r (/ <?. 
dr r* sin 0 dr d 0 dif). 


,Kv A ^ I ,s5n 0 1 (rs .1,)+ r |(»in 0 Ao) + r | . 


V* ” I »'n 0 “• fr* 0 4 ^ + -A~-r ~ 1 . 


7. 



(‘URVIMNKAk COORDINATIOH 

I - I- «') 


:ro 3 


.V'’ 

if ' 


iliv A 


("“ • - ^) 

I I- !') (*'•• MfO 

(£■ ;!■ t() (, " 1- !i) (," |. J(.) 

[a,-! , , 

I. (« ■ j’) {« ' • '«') ’ 

(,i« , : J: !') (('" ! (< " )■ ’') 

’ 

.|(<r! I viO 

('u-' - It) (5(1 . 51) 

I U) (//' I /() (,■-•1 ,t) / V 

(» i') (» ?(-) -Inj 

|. j I <<" I- '«') «'< 

('■■' •i':’) {If V) ' fV; 


//,r 


V' <1 


ki ( “ f'i •'* '•) 

v/fir I ») )//’ I HI ((■ i (,i ,•) / , . s. 

(« t') Of «■) in, [ ''' "■> I I ») ) 


I ii'l (/>'■’ I vcl ((••' (• ?(') ('( 

(/, ■ ■ U’) \v ■«') 


i 'I 


\/(>r I I') (" I iO (/»■•" |. S') il ( .■ , ,l\ 

(H • r) (S' «') ‘ H') 

V’lr/' I Si') (A’ I vv) ((•■ I VC) iJ ( . ,, \ 

' •■' (« V) (S' «.) ‘ <*'•’ I y 

•nrl..A 'V j j . 1 1 

V '.V I V n " ’*7 

i/<"" I ■"•) (/'■" I (» / I 

’ H * sc t’iiC v' '“'’• li'l * 

iiri.. A , 1/,/,, .,. , \ 

u 'R" I I V ■ 'ir Ou\^ / 

t /(((■•' ) h) (/)■■’ I H) (r'~ I «) (') / , \ ) 

■ V 7 : ~u - 5,, I 

_2 /./(«(' ) ») (A- 1 ,1 / , , \ 

I 

^ /III- ^ S') (Ifi I S'll {c= + 7 ) f) / . . \ 1 

" V ^ -vAuj'j- 


iirl„. A 
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6.23 Conical Coiiidiiialcs. 



The three ortliof^Muml Mirfan-ii are: I la* 


I. 


.r 1 y' 1 -<■ 

■ a‘r 

the two cones: 

a- , v’ 


2, 


•■;; 1 / . ( 

V* V' f» 

i ' i ' 



X‘^ 


3 - 


1 ;c‘ /r' 

•;/ ■ t ' 




' U’’, 



A , , 1 1 

n i 


4. 

i 

„ (rii’ A'l 
■ /.•(/.•• 

1 iyy 

it 



,, 4'i 

t;:' 1 ‘j 



^ t 'it ' 

r\ 

s. 


■• A’ II.' r'i 
;r'(r'' i.'i 

f.t' 

.... 

6. (liv A -- j-jj £ (k-.Im) I 

if't 

t ■ ^ 0* ^ 



■1 ' ' 

jjf i t 

^ \ ilu) »'(l’ ;j'i 



>l> 


...A .« y 


f 

a f 

t*':. \ 


„,ri. A - 1 

v'l.l ’ U ■ 


i 

8. • 



■ ir 't " 


■ (. 1. 


1 tiVr ■ 


fi *h 4 1 


ciii'l,,, A «» " .' Y/f,U) 

. « (In V / 

_ v'lC A^m, 
«\A’ ^ < 





I. 


‘‘j’ 


6.30 Klliptic Cylliitlcr (Ntiiriliiiiiir^. 

llic ihrcc orlho^oiiiil siiffiUrH iur*: 

1. The dli[)lic cylimk-rs! 

i!< , 3 


X. 






( Ml RVTTJNlCAk ( '( )01iDlNATKS 
2. 'I'ho hyiU‘rlHjlic ryllndns: 

_r‘ _ 

cV "" (;-(i “r') “ 

'riir 

sc is llu! ilistiuKsi hol wwii (In; fitd of t,lio confocul ullipsiis and hyperbolas! 
^|. .V t uv. 

5 . ;V o^/n^‘ -- I Vi - 


6. 




,iivA : ,,y - -I- } .,.Mr. 

a V,j ' /*'*’ , '1’ 

»• V I I 


{'uvlu A ' ’ 

... f. 

<1.1, I'l.l,, 


i \/)(« 

Xfi lit' ih 

t'urip A -i 

d.l„ 

1 d.l, 


ds 

i'\/ u? . •ia 

( iirlijA 




<:( «« • • 

l'*) ' • 


0.31 i'aiabolic (’ylinder (’odi'diiiaK's, 

’I'lu! thi'ia; oi'lbiifjoiml surfuies me Ihe (wo [taraltolio eylimler-s! 

(. 3 ’” <p K.v 'I <1 ( 

a. 3 ''’ ►“<((« •! 4 <;V. 

And the planes: 


d- 


4- 

.S. 


s •« ic. 

X m <:(tl — If), 

y m acVHt», 


6. 


t It -h » I If + 11 

//i*“ 11 ' A,**” V ' 


8. 


r. V 0 dtiJ Sti \h Stil I 


d/1, 


dz 




Vnv ( d (u d 
u *>1* « 1 5//. 


'V 









MATHKMATK’AL (‘OkMIH./K ANH KI-Ml’IH' I'PNC TinNS 


loO 


t A 4 / 

CUl’lu A V “'•- - ;. -i 

I U+V ihf U’\ V (/iJ 

u OAu ./ U M, 

A,' 

a,rl.A..^ 2 l(|-(\/. ■; .l.)..."(\/ " . 1 ,.) | 
U-\-v\(il{\y U ‘\ v / f/r\» It \ V )] 


6.40 Helical CtHirtlinales. (Nicholsuii, I'liiL Mii;^ n^, yy, 

A cylinder ot ai»y cross-scciidii is womul nn a cin nlai rvlindn iit flu* ('nrin uf 

a helix nf an^le a. k ^ nulius of i iinilitr ryliiuld mi which flir intiial line nf 
llui normal cross-seclions of Ihe tu’lieni (vliiider lies, Tln^ ti aloiiK llir 

axis of the cyliitder of radius k. 

11 - f) and ' < (j) are (he polar roiirdinali's in the plane uf any noiuuil sri Hon 
of the helical cylinder, c/j is ineasiired from a line peipi tnlindai in . and |ti (he 
tangent to ihe cylinder. 

w r- 0 - the (wist in a plane iierpenflmnlar lo ■; of the ladiie. in ihat plani* 
measured from a line jiarallel In ihe .v axis: 

;v ( 1 / I f) cos (ft) eos // j /> :aii a ran fl in 0, 

y (k f) cos t/d sin 0 /i sin n co>* 0 .\t\ 0^ 

w » ' ti 0 tan tv ‘|‘ f> cos <v sin 0, 


//I ii //;! 1 

(/•• ser <v I ,uti> ms 0 l /i I ro e 0 j iir ti ' in '0 j 


6*60 Surfaces of Revolniioii, 

0 -axjs axis of revolulion. 

Pf 0 jiohtr coth'dinates in any plane perpendienlar in 
tls^ tiz- \ tl/P \ f}\l(P 


ilu^ thr tho^ 

' A^' /;t' 

In any meridian plane, 5 , p, delennim* k, r, from: 


2 , 

i 

3 - 


/(s I- ip) - It I h'. 

iC 0, 
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C,C1 Si>lu‘tol<hil (‘(liinliinilr'i (Pnt)alo SplicToids): 

- 1 ip (■ rosli (/^ I iv), 

(■ cnsli a TifS 
/) f .sinli li sin v» 

'I1nMliirriJrlhi>Konnl suifari-ian* llu^ dlipsoidstuul liypurlioloids of revolution, 
aiul llu^ plum s, (I: 



^ , '• I'ijslr //. ‘ ir sinii'*' ' ' ' ' 


vm ’"u f." sin’' 


Wilh rtis // - ' A, i*n:i > /,i ; 


/ (• /\ n, 

\ i> ( \/(A'’ 'l i'i 


X " 1 

<'|A' M')’ 


' .K.. 
' ' t.'V* 


/'r - :..v- .. 


(A“ • • 1 ) (t - fJL-) 


e.82 

I. 


a. 

3- 


^1- 


SphiToidal (‘fionlinalofi (Olilulu SpImroMs): 

/> I I ('tish(jff 1 /ji). 

r; r- siiili u .sin ik 
/> ^ rush u ei»s "u, 


I 






A, t'OH ? 
A'^ r 


M. 


//r fr... 

r(A" 


.1,™. 


5,03 Pum Indie CoilnlimileK: 

r. sj >|. ip m r(u I* h^\ 

\ p ? ^0 2aw, 

3, w'* A, p, 


io8 

4* 


MATIIEArA'ITCAL FOJaiUl./K AND ilLLIPTir FlhNi TIUNS 


k - -a/ r-^-. k - ■ a/y-‘ 
cY A -i-m ( K ^ 




\/ A/x 


B,64 Toroidal Cocirdinutes *, 

i, 


/t' Id|{ ■ ■ / » 

' r . ' // I /p 

(/ .sinh // 

^ cosh // ■ ( iis F 


2, 


a sm i» 


cnslw/ ros«i 

, , ('DSll ll • ' ( U.S ?' , l t»sh // {'0){ V 

Hi //a > //,< = 1 . ■ 

If </ Miih tt 


The three orlhoKonat siirhiooH are: 


a ('Dih 


a csrii a; 

(b) Spheres, whose ceiUers are on (he axis of revolution at tlinlum 

:l n ( td, !', 

from llic oriftin, whose radii are, 

a esc ts 

and which accordingly have a eonmuin vurk^ 

p ^ (If c o; 

(c) Planes tlirougli the axis, 


10 0 f« WHIsl, 



VI. mi-'INITK 8KRll<:s 

0.00 An iiiliDihr .stitics: 

(»( 

^ in I- «i| -I- If;, 

I 

is iilisiiIiKcly ronvtM’KL-nt if llui siriics ft.nnci of (he moduli of its lerms: 

I If I ! I- I Iti! i I ' I /fa I I" .... 

IS runvrr;;(Mil, 

A series witieli is eojtvetKfiil , tml whose moduli do not hu-m a coiivoiKCUt 
soru^s, is ruiuiil imuilly ronvrrRrnl* 


■I KSTS niu rnNVKi<(;KN('K 


0«011 ( ntnparison lint smos w7/,j is uhsoluicly convcrijfonL if | //» | is 

li*ss (han ( [ t>„ ( whi*rr (* is luunbrr inH<?|u*ntl(MU of //, and is Iha uiU Icrm 
of annllH^r sarias wlilrh is knt»wn lo In* ahsolulaly convcrKcnL 


0.0i2 (*a\irhvV Icsu If 


Idnul 


H ,m ' I 
I ha stTias i^* uhsolutaly t ^aivargdit, 

0.013 I )‘AlrinlH'i‘(’.H last, if for all vahias of // greaks* than soma iixad value, r, 


llin ratio 


I I 


is less (hiui p, where p is a (losilive number less (him unity 

(ind indepeitdenl of ii, the .series ^ii„ is alisolulely I'onverjjenl. 

0.014 ( mil hy's inlexral (esi, J.ei/(.v) he a steadily decrensintj |K)silivc function 
HUeh lhal, 

Tlien (he positive term series 2/«„ is convergent if, 

f/{x)llX; 

t./ m 


IS <;fmverf{enu 

0.016 Rtuihe'a lest, 'riiu iKmilive term .series «ii„ is convergent if, 

,/£i. ™ jK/ where /> t. 

J-P- - tk i- 


It is divergent if, 


IXO MATIlKMATH’Ah yOUWl i V, A\H J n\riln\f; 

6.020 Alierni\tin|,^ .wits, A witvt rr;il imw., altmiah ly ]».i ;uhI 
live, is convcrfjcnt if 

limit 

it,, {K 

// 


In such a series (ho sum of (hr llrsi \ ivtuw «liji* i lu'iu i hr dim ni ihr - < l ir , by 
a qiiauiity loss ttmu llio miinorical value ip| (hr i •, i i )-./ h im. 


0,026 It 


limit 


a M \ I 
tfn 


i, llir snici 'wh, will lu al» Mhthiy 


» *mvi itM iii if: 


there is a pusitivo miinluT iiulrjirmleni nl n, mh h ih 


linnl 


tin 


6.030 T\w. sum of im alisi»lu(rly niiivriiu ni v\ u , i , -tiir, ii ,1 !»v i hanrJiiit 
the onler in which (ho Icrins tu cur, 

6.031 Two uhsolutdy KUivnurni Nt ih ,, 

S ill i ft} \ (t. \ 

T c, {■ \ V, \ . , . . . 

may lie mullipliotl ln|(oilirr, ami (lie urn lU rhr pin.lm ( i.j th» ii h im , wnih ii 
in any (mli:r, is ,V/; 

.V/“ - //,c, i r/,;', I Uii-, ^ . , 

0,032 An alisnluU'ly convcr>»riil hmwi * i iu = m,iv br tlipi h iih.ih q nr iiUr 
grated term by term ami llie h-aihinir nif . v,ill hr mI* ..hah U ^ Minr^trui and 
equal to the diffmenliul nr inirioal ui ihe raiin t*i J In’ j*iv» n m a ir 


0,040 Uniform C'nnvergeiue. An imiiiiie * ah * *.1 . ui v, 

.V(.r) /hir) I ) t Oii u t . . . , 

IS uniformly convergenl within a certain h^dMiiHjl tiu vau thjr % ii immIt nunihcr, 
iV.eanbefoumlsucli (Imt for ail vatm A tW^^h.Mhih vaim .4 nhr tntum 
^ler, I Ah I after n terms is lev^ tliLoii an ava^nnd on ilt qisantity t* a! 

all points williin the given range. 

Example. The series, 
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0.041 A uniformly touv.-rK,,n( snit^s is nol, miccssarilv ubsolulciv cmvoriroul 
nor IS ail al.solnli'ly .•onv.-rKrni scri.-s turcossarily imifornily •■(mvergaiil. 

0.042 A siillu'iont, lluni/'h not ncirassary, Lost for uniform amvert'cnoc is ns 
folltnvs: 


If for all valtu’s of .v williin a corlaiii rc/'inn Uiu moduli of tlu; terms of the 
series, 

«i(-v) I th{x) I- 

are less Hum llie eorrespondiu); terms of a eoiiverKeiit series of positive terms, 

/ il/| I' M J| I il/;| (■ , , . , 

wlieie <l/„ is indepetnleiil of .v, llien the sis'iisi .S' is uniformly eonverncnt in the 
I'iveii rej'ion, 


0.043 A power series is niiifoniily eonverffeiit at all points within its cirele of 
etniverf'enee. 


0.044 .A uniformly roiivei'i'ent series, 

.V Hi(.r) I ih(x) !• 

may he inle>'rateil term liy term, and, 

J' S,lx (lx. 

H- I 

0.04D A uniformly eonveif'ent series, 

.S' «,(.v) I Ha(.v) I .... 

may he diifereiilialed li.'rm hy term, and if the resulting!: series is uniformly 
ronveriteiil, 



H-' 1 


OilOO * [*uyJi ir*s I hn imn . 

fix I h) -/(.r) )■ '',/(» -I *■/"(..■) I- I- ^^'|/(")(,r) -P A-„. 

C.lOl huKriinKe’s form for the remainder: 

+ o<0<i. 

0.102 Ciuiehy’fi form for flic remainder: 

Alt'll / f 

K„ (.v + Ofi) “ — o<0<i. 


112 


MATIIlvMATH ,\l. inKMIfr 1 VM» iriirn* n 

6,103 



, . n /;i- 

' ■ '•: /pi 

f! ! 

( A\ 

A’„ 1 W(.i /i)| " ’ 

t /; f If' 




0.104 Miu'launn‘s llu‘on*ni; 

/(.t)-/(o)-l-/'(o)''', I I t / ^ /.•, 

II . 

A',. ■ "(/All ' , 1 1 u- f<. , 

wM n ? 

0.106 ( hrnn'iti. ( livni : 

y I v L 

'riio cxpansiim of /(y) in |ni\vri ‘i iif v i *: 

/(}') -/(c) ■|■,v</'(s)/'(~) i '/ I i<>i •(I'f-c . } 

J 1 <r; 

>r'- . 


avMiKM.K' 111 1*H1 :irNiAnM%- ..t r.u .ui ,i 
6.160 'riii; itilinilr 

/(•'■) ■ ’ I i i If.v" i i . i ' .J -» 

, . ->! i! tr 

iniiy l)(! writ (i'll : 

/' ' * - 1 ■“ % 

wltorc ((* iii inicrpri'lfii ici n|iiiv,i|. iii i.i ,i, 


flilCl lilt! inl'milr snii i, wiiiiiii wiilii»ii l.n (..nd , 

./(.'•) ■' I t (I,,V I ,(, 1 ^ i j ^ 

nmy he writ Ini! 


t i 

where r/* in inlerpieinl ni rqiiivalrm 
0.1C2 SymhtiliV form ■IXvIi.r. 

/(v I h\ - 

6.163 Taylor's iheornu rm- fii,« li..,,, 


/(A'I I - //i, A-J 

1 Aj ) . 

’ r VI « 

*’ /{-Vi, .Vfl, , 

. .) 1 A, , 



Id, 


2 l < 1 .V,=' '■ 

a , , I'tV 

1 

’ .?! . 
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TKANSKOUMATION l)l‘ INl'INITK HKUIKS 

Si‘i ii;tt whil h sliuvly iiiuy oftnn l)e (nuisfoniKul to more rapidly 

convei'KiiiK W'l'ir'H l>y llio followinn nutlhods, 

G.20 J'UiIci’h Ininsforinaliou [orimilu: 

S '■> «(, -I- <»i.r I- %v'“ -h 


wliei'o: 


Ai/i ’ • d</(j > » (la ““ 2 U\ I- 
A’^/ii ‘ ii'^ *- ;v/a — rtoi 


2)<'">"(™V'- 


'I'hi! second series may coiiverf'e mor<! rapidly limn the first. 


KMimple I, 


J’lxiimple. a, 


.S' 


O .. 


k’-* O 


(...I)* ‘ 

I I 


:v m 

3 A- I * i 

tt) 

.. hi 

I'.l'S • ■ I' I) 

**^ 1 ) 


S J 

(" l)*' ~ »'« lojt 3 , 

X •'-I, r/ 4 . 


I 

rir 


0.21 'Markoff’s iransformnlion rormiiln. {Diffcrenzenrccliiutng, p. i8o.) 

t - (rf.r I ■«‘A- ■ I - 1 


4 »*o 





ri4 MATIIKMATICAT, FORMUI./K ANP KI.l.l P TIT I |)N< rP»N'S 

6,22 Kuinnicr^s tninsfoniitUituK 

Ao, Aif /la, . * , . is a seqiKinco of pnsilivp mimhprs vawU Ihal 

\ . I I i I 

Am ' * * m ■ • MMi l , » 

and 


Liinil 


A. 


ap])rt)achcs a (loliiiilo posilivp value. IFsually iliis lirnil < au )»r laKrn 
If not, it is only nocossary lo clivMo dm hy (his liini( : 

Liinil 


Then; 

Kxain|)le i* 


tVI ’ ® »'l Rf'M 

Vt 


i»r 1^1 

’ (''InUrj ’ ' (V) I ( I 




A . ••• \ \ 

a... Xm- i, 


tv >' 0 




(in I I );»■'' 


Applying iho (nuisformalion lo il«« HiMii-K on iln- ligln: 


m 


A \ 

Am , <V {) 

3 m A 


Applying llic trnn.sfonn(Uion n linu's: 


('« I I) (m I 4) 


O) 

2 s~«'Ss 


'• j) ■ . . VohT 


Example a, 


■s- 2 

W»*l 

/I «> i \ 

««0, 


Tr* 




aHi* - I 


ii!i tiiiily. 


INI'INITK KKIUHS 

Applying Iho (ninsfoiumlidii ujruiu, wiih; 

I MU I I 
.! J»l ' 1 


I i r I X >|. I 

. Am • ’ 


(li 

•V ■' I • • 2'y!(-~i)'" ' — ... 

M » ' 

Applying I hr traiisfonimlinti aj'iiiu, willi: 


Mll i 1 
MU 




J’lxiiiiiph* 


V - 2< 


Opn’-' - i)''* ' 


(m ■ • i)'^’ 

4 lit" - .pH I 1 


MU I . 
fUm .,)■ " (.2«; ,0 (2«; I I)' 




rr 


(2«f ••■ l) {MU I .<) (jwT 0 


115 


6.23 UtM'li'irs inttiliift'ulitin nf Kiiiniiu'r'.s iruiishirmiilhin, With llm same 
noialiiiii iH ill 6.22 uiiU, 

lainil X 

A,„ CO, 


W ’ 


•V . ’•»'»» . 

/jIh ^ iirt I- ^ -.p 


Example 1 . 


Xi 0) 


fo 

S(x«7i ■■■ X..)'''’"" 


W' vt - r 


rtfl <« O, .'Im «* I, (0 w» J, Ct 0, Xm •» — 

MU -1- r 


i+sS'-’"' 


m(am + 1 ) (w + i) 



Il 6 M/VniKMATICAr, VOKMUI..!': ANII |C t IINCriil.N'!', 

Apjjlying liic Lrniisfoi'inulion lo ||k> jutu-s tin ilic rij'lii, willi: 

„ , 3W t- I . (,!W I i)-* 

III - 1 ’ {III ij (m i ,!)■ 


o > 9 , () 

24 2 




iit{m I .!) (>m 1 I i vl-' 


6 . 2 G licvci'sion .sorios, 

Tlic 

power series : 

Z ' ■> ,V ‘ 

may ho vovv.vml, yield 

• fti.v'-* 

■ ft^.r'' ftav* 

iV z 4 

where: 

Cl Ai, 

• /.’iS''' 

1 Cas” I- (¥;' | 


C'i M hi -I- 2//1'', 

(-■3 “ hi -I- $l)[hi j. 

C.1 “ h.i -I- ()b\hi + ,V»jS 1 . ai7(|'-'/).j | t,|At', 

^5 - Ik + 7 (IiA h hA) I m{% I I .1 

Co -■= in -t- .\UhA I- -ihA /,,») .|, t f./., /.,/<, , h^*) ‘ 

r , , n, I I aVV) U 

cr - hr -I- p(Mn -I- hA I- hA) |. .lam. l /„V I i 

I iASy/,,V/, i ft, .» 

—1 


6-30 Binomial aeries. 

(r -I- .A')" ra r -I- X vO I (it •” 3^ 

I a I •' ■' 0 .t* i . 
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0.31 ('uiiv«’r(>('iu‘f itf (he Itiiuiiniiit st‘ru;s, 

•I'hc coitvt-Dji'H iil.solulcly f„r | .v | <i ami divur/'cs for | ;v | >i. 

WIkmi x I. lli(‘ si’iics riiiiwi(.'»'rt for /f>. -i and divc‘r;fi!S for — i. Il isaliso- 
luli‘ly <’nnvri|'rnl iuily for //>(x 

Wlu-n .r ‘ I il iv. idisoliiidy convcrKi'nl for n>o, iind divoiKoiU for n<o. 


0.32 S|ii’iial (iiiira of ilu* liitioinuil series. 


(« I II)" tc-^i I /,"^r 1. "y. 


If 

h , 

II 

1 pill .1’ 

h . 

Ml 

0 

6.30; ii 

. if tt 

> 1 put .V ' ♦ , ia 6.30. 

ft 0 

0.33 







1. 

(1 1 

fl 

1 1 

N 

V 

m 

ttUn 

j'nf^ 

II) ,, . ii(m -- 

1 ' -i I- ■ 

II) (aw • II) , 

.dwr' 





K 

1 (1) 

ii(m II) (m 


Jt. 

(i ( 

x) ' 1 

>v 1 

•v’’ . .v’ 1 

1 .v^ 

-!• . . 


(i 1 

x) - t 

J.V 1 

• ' -[ 

.v^ I- ax* . 

^ • 

‘1. 

V i 

4 

i A* - 1 ; 

1 

X 

A 

( M . 

, v^ I 

... 

3‘4-f>' i!..| 



1 

N 1 

_ I 

i .V 

1 

X 1 

« 


'•’'f.dp'' 

Au\*() 2'i 

...... 

P6..S-' 

(u 

(• I 

v)> r- t ( 

1 

■■ X ' 

A 

1 

, vi |. 

.pti-n .pfotpta 

7* 

(1 1 

x) 

1 

X 

1 "‘'.d 
.f<* 

. 1 ■ 

■‘''7''«r^ ... 

■tlM). 13 ' 

K. 

(1 1 

x)^ I 1 


-’■<1 

3’.|. 

Ivn, 

(fK' 3'4.(>..S. lo' 


(l 1 

,v) . •* -- t 

.1 

3-4 

3 ■4* 6 

.... 

10. 

(l 1 

.vjl « , 4. 

1 

X ” 

A 

J .v* 1 

i j.'l JopS 

+ . . . 

n. 

(, 

.v)"'* » 1 ” 

X 

- X - 

A 

p 5 .x4 ^ 

.J5.x-»p-’5 

1 aS ^ ao4H 

.v< ~ . . . 

12, 

(l »*> 

% .p 

I 

X - 

J. ... 

6 . 31 , 

.v" “> j-™ .v^ 

'H . . * . 
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13- 

('+*■)-' ■■-r +5 

125 

-1- ;W- .r - ~ . . . 
fl2S 

14. 

(■+»)' -'-I - 5 

;^ + ~55 , 

I 2 ()() 

.31104 

IS- 


- ■; ;1 

1 296 

p' .p'-.... 

;^no.( 


6.360 


I. 


2 . 1 ^ . < 1 ,V'' 






1 - X I -I- ;v r -h I 'I- .v' I -I- .v'* 


;« ;V il?* ;V' 

I - ;V " i'-T® 


.3- 


- 


;V - I ;V -I- t + 1 .v' -I- t 

6.361 

] »l 

I -I- V I * 1 ' X \ 


r- < t 






I 




-I 


2 1 \4 

u(n. -• 4 ) (it - s) fxy 


.Si 




« may be any real inimbcr. 

2. (* + vr+i')" - , y’l!’,:: n (»’ : ■ -rt _ 

6.362 If a is a positive iiUcgcr; 


.1! -I- 


a rt(rt-|- 1) (rt-i- 2) 


-I- . . . . 




b K* -I- 1) " biji -I- 1) (h + 2) 


6.363 If a and b arc positive integers, and «</>; 


a aia + i) , a(a-\- 1) (ff-i- 2) „ 

+ 


(l ~ .v)'’ " 
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I ly 


0.360 


0.361 


l'()I.VN»tMIAl. KKUIKS 


hi, I ii,X 1 I i- 

III, !■ 1 ''V.V" I (/a.r' I 


■ '(<11 I- Cl.V I' (■■jX' -I- . . . ), 

(III 




t\\ — ft(| 

: ' O, 





t\ 1 , 

W(i 

hi ■■-■ 0, 




I\! 1 

t'\ai ^ TnUy ^ 

hi ■ 1 O, 



I'll 1 

* , 

'''jfh j 
On 

I- 'I' . 

/),■) 1 I o. 



( i V- 

4 % % 

(di/'ii 

ajf\) 

Ou 

0 . , . . 

, . , o 

dll" 

(du/»ii 

ihh) 

fti 

^^ll . . , 

. , , 0 


(da/'n 

f/iift;i) 

ih 

(/I , , . 

. . . 0 


(d„ 1 

i/(ii di/ifi i) 

a ri *J 

(/it n • . . 

, . . //ll 


(d Ji, 

1 di,/>„) 

an 1 

(/ M y ♦ ♦ • 

, . , //l 

(dll 1 d|.V 1 div' 

1 ■ . ■ 

, )” ' t'w |- t'\X U H 

I- . . . . 



t II 


r/. 0,37 


0,302 


V 1 I h . • « » 

/fiV i I 1 ♦ . , * t \ \' I ^ M " I ^ ^ I » • » 

r'l <^i^h 
t*4 — </^l| I 

t'n thiu \ I 

U - <1 lift I 1 thV^ \ I' 


^,1* I iUJk^ f Ha* I r . * . I .|. dX I- “I' * * # 

t^l Min 

fa at I' ^ j 


0.303 
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ft " (It I- iltih -I- 

ft '•= (ft I- ((iR,, -I • I ' I . ' „,i. 

2 -* Jil 

I • » « 

6.364 ■ ■ ’ ■ 

log (i 'I* tfj.i: -I- (j.j.fJ -j- (/.jX"* I- . . , ) I , <:|X' I j j _ 

(It “ ri, 

20s Oi^i I- Ji'a, 

Mit ==> «8(’i -I- ar/ift I - ,<0j, 

4rt.i >•' osOi I- a(»..(?s |. 


H (ti, 

_ 1 
fs (h - (V/i, 

ft « oa - ■ (v/s ® ('sOi, 

T * 2 i 

ft ^ o.| " - ClOa -- fsOa • ,y(,. 

*r *1 4 


6.366 


i< «i.v' f ffa.v'J |. . . . 

s ■=• //|.V |. I- kx* I- . . , 

yz ». .|. ('-ix' .|. , , , 

ft •“> «ifti, 
ft ■»> «|/;a -|- 

ft “» (tihn -I* «a/ij . | . flj/j,. 

« t t 

ft - (lA..., (iA..» h . . . rtt , 

6.37. The Multiiioniiai Tlicorcni. 
llic general term in the expansion of 

(<ffl H- «ia; -p oj.\;“ .|. fljx’ + ....)» 

wlicre «. is positive or negative, integral nr frnrtionni, is, 

( 2 ) i!fcL!L(?Lr 

ftlosical. . . , 

where 

/> -Kft -I- Ca + ft -h , . . , , 

ftf ft. ft, . . . . arc positive integers. 

It,., is a positive Integer, end l,.„ee , fc genemi terra l„ the o«p„„,i„„ 
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I2I 


'riu‘ rorlVu'ii nl i>f .v^’ (h \u\ in llu^ t‘xj)iinsi(>u ot (i) is [oun<l l)y taking 

tlu‘ sum nf all llu* In ins (.*) nr fnr I he dilTnvnl coinliinalions of C\fC2i 
Ca, . . * < wiiiiM siilisfy 

t i I rU\\ I I * .... - A’l 
/; I H i i\\ I * i 1 • • • * = ' 

d, 0 . 30 L 


In I he fi^llnwing series llu‘ rnenirienls are Uernoulli's luimhorH ( 6 . 902 ) 


Iliul llu' cot 

Hit irnis /'.'a, iMilt'i ' 

s luunlH'i'fi ( 0 . 903 ). 


O.dOO 


(V| 


i, (iin .V 

r' , .v^ v’' , 

.U ' Si vi 

i>'Ui H 

‘ ‘ • • • " l O'l 

« 0 


3 . CtW X • - 

,v‘ a" 

‘ „•! ' \\\ ».! ' 

»r-^ 0 

[a:^<-]. 

3 . Iiin X * 

. .V 1 ‘ A-:* 1 a' 

S IS 

1 A-’ -l- 'I'’ a'' 1 . . . . 

.OS -‘^<s 



s 


£“"0“" ■ ; ') 
(2«)1 






,|, t'tll .V 


‘ :'■ ’ v'' > .v" ■ .v' 

.V .is‘ 'MS ‘W-iS 


-rSSlr'’-' 

I 

,1 S ,, , ■V'’ !• . -'V.Av'i" r.v»<~l- 

s- 1 ji ' I :,i ' I Zt{vi)\-^ i d 


(i. I'si' ,v * I ' i X 1' •; ^ '. 'I, I •'* I 


A- ' .^1' ’ .<-s! ' .l’7l' 




6.4t 

I. Hin - A- H- j:- A-* -h 'I- . . . . 

TT 


[:«.]. 


W9 ' A' 2 j ? 


..(I'OJ 


3“"(h. 1)“ (a» -1- i) ’ 
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2. tan ^ X - X -- , , , , (Gregory's Series) r I 

3 5 7 - J 


coL 

2 


..v.Vc-.j.Jfn 
^ ^ 211+1 


-1 •■'^1.2 2-4 / 4^ V 1 

3. tan ' X = — : — ; < i -{ ; -| — 2 ( 1 + ... I 

t+x'\ 3 I+-V' 3 ’S\i + .W^ J. 

= •^‘ V 2^”(»!)^ / Y* 

1 + iM (2M + 1 )! \l + 


«~o . 

4. tan~^ x = — ^ 


2 ii‘ 3.0;^ Saf 7av 


5» sec”^ a: ^ — i — L i_ Ll3_ ^ ^ ^ '3*5 ^ 


+ - 


2 n? 2.3 n;« 2 . 4.5 2 . 4 . 6. 7 ;v’ 


.^.7 


. TT TT 


( 2 ^/.) [ 


^ (2V^ 4- l) 






- f ~ S ^-^)''(2«.+ i);v2-H *]' 

Hsrn " 


[*>■]■ 


6.42 

I. (sin-i xy = ;v2 + ^ 1' + ^ - + ^ ^ + 

32 3 'S 3 3 'S -7 4 ^ ‘ ' ’ ‘ 


■s- 


2^"(»!)^ 


' (2» + i) ! (« + i) I j • 

CO I- J 

3. (tan-^i;)>’ = /,|2(-i)*o 


^n=I 


p-t 

ns 


J j>~2 

2*o + /> - 2 XX I ^ 2/;„ + /; 

<7 « I \iu=;i < j 

(Schwatt, Phil, Mag, 31, p. 490, igi6). 


4 * Vi — ."C* sin ’ 2; = .-c _ iL j, _ 2-4 ■ 

3^ 3'S' 3'S'7-^ - • 

(2«-i)!(2«+i)'^ 


sin”^ a; 


«3 J 35*7 


1 2°"(#!)2 

' (2» + l) 1 


^2n+l 


[-]• 

[«?<.]. 
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0. 43 

1. log niti A' 

. log A' 

1 ' a'' 1 ' a ' 

! ^ A.” [• . . . 

■] 



log A • 

>'!f* 1 

' ^ n(an) l ^^"‘"' 

rh- 1 


a. log coii .V 

a 

. ■ ' a' . '• a" 
u -IS 

- . A- - 

a . <5 JO 




i; 

H * ‘^ 1 

1 j-» ‘ ( 2 “” ■ • v) /<„ 
f 11(3 It) \ 

.V“'‘ 

3. log Itltl A' 

• log A* 1 

i. ' a'*' I- A^ t. 
,< '.g> 

. „Yrt » , » ' . ^ ^ , 

2iS33’ iSgoo‘ 



‘ • log A 

^ (J“'' ■’ • n 

*'Z/ «(JH)1 " 

H ' - 1 

(1. log ( OH A* 

' 1.. 

ill'-' A 1 ^ sill' A 

.!i i 




aiJ 

iS J 4 ‘ 

7 , HUIC*'* .V* 
n 











0.44 


I. liif^; (1 i v) •«• X - ^ X* 'I * v" - * .V* -h . . . 


i kiK ( I I . 1 ) I ** MM* 7,300. 






8. loK (a-*!- v't I a'*) - a; A» t 

MO, , (aw-O! 

“ ■'•' ^ Zj a’* 'h! C«~ i)! (*H + i) 

«w* I 

3 . log (i 'I' V I -k X^) « log 3 H- .V* «”• -I! + •' 




'v'/ A« (3” ” ‘5-’* [ v^Sil* 

log a - 2j Jn^ni(n Z ,)l an [’ - 
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, . . ;,x , I. I'll I ’ I • ^ I 

4. log (l -h Vl + X-) « log ;»! I- ^ )■ ,, I „ ^ , 




l)t (.l» I ij 


5. log IV = {.V - r) - (.V - !)■•' I- ' (,v - • 1 )■' ■ . . . 


"If"’""''""" 

if, 


7. log r « 2 


.v n ' .A-v m/ ' sU I 1/ ' ‘ / 


• (' 'f* 

JmJ 2n I r I 1 / 


8. log ^ 2 / .V I- - 4* - A‘^ I , , . , 

^ I ^ x \ 3 5 

* 4«> 

.V * 

2 7 r 

JmJ j;; I t 

9, log it!., J r,.,,j 


'h% 1 1 


a 


2 


{jiii I i)‘‘^' 


10. Vr-Mlog (;v 4 - Vl + .!;») .« ,v | * .v*" - ‘ ' ’’ ,v» 1 ‘ k? . 

•< .Its ,1 ' .V 7 


--2;(-.)- 


(h iJIj'"- '«! 


iJiti i lit 


!!Efe±i£±a . , _ 3^ |, >'i ^ . i'., 


V I -Kv* 


.I’S IS'?' 




t iM 


I I 


12. 



* , ™ _?•*■' I ^'4 ** 


bft ■' ll? w 


w , 






I 

■J 


v.> 0 


l V'" 







IN I- 1 Nine SKIMKS 
I 


125 




wluntJ A„ ! 


Ill 


i . . * 


[.<.]. 

f 

(See 1.876). 


ti 


1 . 1 . t<'f? (• I ■»•) I 


,.l' , .'I' 




/ 1 1 

T \ - 

" 

( a '- ' 



/ 

- 


.e „(.n I .)(• I 

‘S’ (1 I .v)" \ii /1 1 1/ 2 ! 


I „(,, I ,)(» I J)(,; I „ i ,■ I i ,))'| - ■ • ■ • [*'<■ 

6.446 (Sec 0.700.) 


•v" 


3 1 I < > ') I , , ' 

',i.v J.I'' Jv' I .V ' 2 -.V 4 ■ .r 4 -.S 


' l 


'I* . . . 




2 J I ' ^ ' liijf I ’ ' * I 2 111}' (1 • • .v) -> 3 . I . ■ .,,. . c 

-I'V 1 Va' ' V A' ) ' " A .I 'l ’.S 


' I' ■' 


x- 




o<.v<ij' 




S’ <'’7 




0.466 

r. “litK (t ( -v)-IiiK (1 • .v) " .v'* I 


■)fK. 


.r 


■v’* < I 


a. iair ',1 
2 


:i. ■■ tan "' .vliiu; (i 

.j jj r. 


(, - ' 1 

i v" / l , 

1 

1 . iV 

+ { i - - 4 

*"= 

‘ 1' . ,) 

\ 4 5/ 


s 

7 <V 
4* . * 


t + "■ + " + " 

1 5 

H- . . . 

i. a ,) 4 



;v*<i ■ 


0.466 

i 


a») 


) fr m . k"\k- "r ^ 

k log {.T + V I + / “* I Ji •' A 

a» )(^» 4 - 4») ,4 ■ ... .^ 4 ^ 1 , 

„ At * r . • 
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X* .1'” 

2 , cosh A* I I I 1 1 I j I 


'V 

M {.\n)\ 




l, tlinh A’ A’ A‘‘ j _ A^’ a' I' 

’’ IS o I S 


( .An I r.-J** . 


2(0 




.v(oth.v . 0 1 ^ ‘ 


2 < 0 - 


« 0,1 n 


M-l 






/■I 






‘""('^""^'^"‘2^ «i 


c siu ( V j 


.h. «) ^ X 


,v’’ sin »0 

J If! 


. i'o'. j»0 

,v Ctwh (,VI't):i (.KMII {/) -- * 


> 1 / /n I • rtv V.v’''''('Os{jlf I- l)fl 
4. Hiuh {.vow (?) « (.•« I i)! 


,. Xl.v"*’'' sill (2lt I t)(J 

S, COHll (VfOS (?)'SIII (.VSIII (?) « ^ (3M I 1) !’" 


6. »inli (scos fl)'siii (.vsiii ^ 


. 1 ^" sill 311 O 


x‘<-‘ 
4 .. 


;.v'<^]. 


[«,]. 

[-']• 
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I. sinlr' X ■=> .v — -I- - ' - . . 

3-3 asi-s 


V-’H 


(i‘H I i) 


2. sinlr' A! ' ■ loj,' 3X I- 


It ' ■ ' 

a a.i:- .I'.i tiv* 


IoK2a:. I- 2 (' ■')’>, 




3* coHlr* .T log u 


T r 1*3 I 
3 iJA'" ,|.v< 


k— 2,, 


('..‘III! 




4. lunlr' .V “ X I- •'• .v" I- ' A''' I ' ,v' I . , . • • 'V'' 

.( .S 7 M 

5. sinlr' - 

® ;V a^r' ' 2-4 .s.v'' 


A r-" 


(•srlr'.v- 


(«!)* (ji) I 1 1 


6. cosir'^..i(ui: 

;V ;V 3 3 3 ■ il (I 


;V 3 3 3-4 4 

<n 

Kcrh ^ .V h>g ^ V' 

a I .v’ I • a ' 


7 . sinh“' ■ « loif - .].. ' > ■* i 

‘V ^A-'aa 3-44' 


cscIr'A'-. I»K ' I X(~ 1)" : .i’-' 

A .4</ 3''’(;iiI1"3M 


8 . tnnli”' - m - 4 , J ,.. J... . 

X X ij.V* ( . . . . 




m I 
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0.400 



t 

2 niiiii 

s« 

n • » 0 

.V{ 4 H ll) , 

1 

2 t’tish ,V 

'S( 

1» 

A (in 1 0^ 

3, •* (tanli A’ ■■• 1) > ' 

S'- 

, , 1) ti 

,1. Mo| 5 liinh 

jCJ w 1 I 

«-^0 


0.401 


.'.(Nvi* ,„ y'^.f .' 
X y 

' d 

a 

2' 

N -- 1 


ti) 



f) I 



:Uy nu'Hiiti t.t lltiri foininhi a slowly ((mviuKiiiK xei'ies may he transformed 
into a ranidly i'ouvt‘r(;,iii(t si-ries. 


0 i 05 




■S-; 


R.V 


'(*/! - i)''‘ 7 r“ - < 1 *'^ 


I J,V 

a. cot x ,a "• ( 


}.V I V ■ ■ 

a ... ,v5 ‘ a- /Ld jiV’J - !v’ 


tr 


3. ^ 




^ir 




^itY ^ ^ 


„V(.,,V. • 

iW (aif - OV “ ii.C'* 

n I 

'!• CSC A- « ^ !• I' ^(^zr? ~ — 

ri!» 

"T'Z/^ ' hV~”A^ 

Hy rcplacin« a; Iry ix the corrcsr>‘)»'l'«8 functions 

may be written. 




INKINI'I'K SKRIK-S 


13I 


may Iw uanstoiiuod into llic iitlinitc pnxKicl 

(i -I - vi) (t 'I- I'a) (i -I- I'a) 


where 





n K i 





0,000 Tlic (iummii iMUiclion: 


t *1* 


2 may have any real or (uaviph'x value, eKa;i>l 0, -i, -a, “.I, 

6.C01 

7 « ( I ; .|-:^p!0KHi ) 

f ffl > 10 ^ 2 / 


6.002 


.5773I.S7' 


6.003 


r(8 1 i) - sr(s). 
r(o)r(i c) ^ 


HIU ITS 


0.004 C real aiul pushive •« av 

/*v*» 

rcv)-J^ c 

loK r(i. -I- .%•) - (.V '!• loK a- - a-' + { •'>« ^ir -h £ | ;^-r7 T*' 2 ) ® *' T 


6.606 If * “ H, ft positive inlCKer: 

r(H) « (h - i)l. 






a" 
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6.606 The Belli riinetion. If .r atiil y iiiv real and pusiiivt^: 

I ( V I ,v) 


/'I 

JKa'i ;v) ‘-I I {• ' (r •• /)► ‘ (//, 

-I- ii .v) ‘I n(.v, v)i 

.sill MM 


6.610 For ;v real and ponilivo: 


6.611 


6.612 


i/{x .|. i) .. I .(. 

»v 

^(l “ .v) \j/(x) I TT t ot ?r.v. 

m ^ y 1 ,,^ 

\p(l) m -Yi 

^(s) « I “• 7, 

^(.l) « I I ^ ~ 7, 

^Ol) >« I d- “< d I .. y. 


6.613 




ill 
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6.620 


6.621 


6.622 






|9(;v-l- 1) 

m -I- /3(r - X) « 


1 



sin TTiV 


(iil) log 2 , 



6.630 (Juush’h n Fvintaion; 

ft 

1. n {k,z ) » 

I 

2. n {k, 8 + 1) II (A', »)• 

4. n (8) - r(8 -I- 1 ). 

5. n (--c) 11 (s - l) « TT CSC 7r«. 

6. n Q ^ 1 Vtt. 

6.631 If 2 is an integer, «, 

II (•«) wl 


6.700 


DEPINIT15 INTEORAT.8 EXl'RESSKl) AS INFINITE SER; 


CO 



Al( 2 /i + l) ■ 


-r-2 


I - 3 ' S * < • -( 2 /! + 


T) 
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Vtt 


' 2 \/ 7 i 

• ^ ^ FrcsncPs Inlcgrals; 

; 6.701 / cos U^,lx =. T v'‘ 1 1 

, . : „ Jo ^ (->/') I (.il- I- i)-‘ 


k ",0 
01 


tail ' I /•'V(j I 
(a/'jl Uk I- i) 


.v'V ' ")" ! 


. -\ V.' 


=cos(.u«)y (-.p 

k^o 

t’' 

-■' “■■■ I • / / \ • vji'A M i»4A I il 

-I-Sin (;v 2 ) > (-i)*.-,,^ ■' 

. • -(.t/.- ( .t) 
nx 

6.702 / sm(.rV.v-y 7-v 

ot 

•=sin(A;“)5) (-0* . 

''. 05 . . . M* I r)-' 

fn 

- m Ofl V (_,). 

(I) 

'2 ’,5 

H 0 

■2 


6.703 

/.I 

Jo -1 -r? 

6.704 


(A-t)lJ 




(«■ 4- 

(Special cnson, 0.445 iiml 6.022). ^ 

j nx 


6.706 If the sum of tlio .wries, 


is known, then 

CO 

2 


m 

A^) «’ ^ Cn-T" 


WMO 


[o < X < i] 




.(".0 


(«+«4) (.+,,»+ ,) («+ JiMTTrTW^rrrrTj 


p>o] 

I // .. liLV .11 
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•iU. 


6.707 / /{:v) ^ " sill iix ■ <lx - -• (tt - /) ^ /(^ -I- 2»7r) • < 

iCxannilo 1* 

II ^ ' I 

Rc|>l(u:in|i; /j by (j, ivnd sublmcUng, 

lO 

T ^ 27r 

2 fc 'l' ~^'zLt ■" 


l'',.\’iU1ipU! 2 

. Witli fix) c '^'Umux an<l ir^^sin fix. 

X 

V f l' 1- 

_x^ ] 

TTsitlll 2X7r 

3. xqrT^.-'- 

»'M V, 

X- -I- in - I- m)" ] 

emh 2 Xir - cos ifnr 

'i- X- :p M“ ■'■ 

[ « - M , 

•/(. -! • M ' 

1 _ TTsin ifiTT 

Z^\ ! M)= 

X** i- in -I- ilf ^ 

1 ' ' STsh'aXTT ■■- COB ifiir 

6.700 H tlic 

sum of the series, 




m 

^jl (fn^ } 



» »'> 0 


^ J''V'/"''/(o<«. 
""""rlio 


/v . '. 


is known, then 

(h I' ((I.V I- (lai'Cv I- *) ■!■ “»y^y (>' '■ ■' 

6.710 Tlu! roniploUi elliptic inU'^ial of llie (Irst jdnd: 

/*' ilx f\ 

J „ v(i x«) (I -- iv) " Jo Vi -1^ sill?* 0 


ii^-* t 


If 


,, I " Vr - A* 

I 4- \/i " /t' 

„ 7r(r + k') 


-{■•'■©'‘'■-'•(rlh''-'--") 
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6.711 The coiDpletc elliptic intcf'ial i>f (lie liecDiiii kiml; 


TT 

I ‘ VT^- (1 ,1(1. 



,, tr 

!t~ 


..iV/'V 

1 

1 


a 

i' 

1-/ . li 

!■•(/ 3 

" • M 



TT I 

c;i C 

a 1 

f 

I - 

<n 

1 

. . . (.•« 
•^1 . . . , 

i)y 

-*« / .!// J ' 

If // 

r • 

l-U ■•'••• 


¥ 

' f 





I .). 

v/l ■ 

• i'j 




p 7r(i 

A E=t 

3 

i'){, 


'■)V. , ,,(■ 


...) 


7r ( t - 
a 

«{. 

I 

•3S. . 


• T 

"" 2(1 t 




' (J 

■ff'/ 


■ { ' ■' 

!• ft'j 


V- • • • 

.l•^. . . 

(j« ,11 

f.f'1 1 j); 

'*"■•,11 


6.800 It/(;v) is tiiritornily convt'i’Keiit in the iiii<>ivul: 

t c 

J(x) » \ H- ft, C(..H H .tn , _ _ _ 


T n, >*iii ^ I ‘.ill I ■} 
/ '/(.V) . ‘ 

f * 


{irx 

i 


«« - ; /' ' /(.v) Hill r/.v. 

6.801 If /( a‘) is uniformly convcrj?eiu in iho iiiieivtih 

Q<.x*Zc 

/(») » I fto + ft, coa ~ .p ftj CO.S + ft, t(,s 4 . 

■P «, sin ““i .p 0 , iii,i 'I.H ,| ^ 

tt t: 

“ 7 / /Cv) COS 

C t/ a t ' 




i r«„ 


, mirx , 

Slit 
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6.802 Special DcvclopimaUs in Fouriei’s Series. 

/(.v) a [rnin .v i/o In x ~ (k -p -)(.•, 


/(•'■) -('• froiii ;v (/! I- -)<•’ In ;v =■ (k -\- i)c, 


wliere b is any inloKer, iaclu(lin|f o. 

. 4« V' 1 • 2(2H"l)7r,. 

^ ' ir ^ 2)1 •- I c 


6.803 


/(.v) .« mx, 

« - ~ l), 

m (»i* - c), 


;V 


^ X, ^ H- ^ 

4 


^ ^ .T ^ 

4 

— < i\' ^ 


S<' 


4 


• ^ ;v ^ 


4 

4 

.Sf 

.7£ 

4 



/(..)- ( 
If 1 

„l)H-l 1 

' ( 21 / - l)''' 

, 2(2// -Ott 
sin — 


6.801 

/(.v) >»• 

c 



m ix^ c)f -I - 

<«<f. 


tf \ 

f{x) ^ — 

TT 

II I 

2H7r.V 

c 

6.800 

/(.v) •« 

-• a, 

- 56 < .v $ ~ 3/), 


t!»l 

•j (.V H- 2 b), 

~ ib ^ x ^ - b, 


% 

a, 

V/ 

V/ 

1 


tiiia 

- ?-(.%•- 2/)), 

i < .T ^ 3^ 



-a. 

3& < .r ^ S/J. 


/W 


8 \/ ag 



I ^ir.v 
■ ”3 C03 “- 



JL 

7^ 


cos 


7^ 

i\b 
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■x) - 'I X -I- b, 


■hU-io, 


•=■■■ -~ix.ib, o^x--iL 


6.807 


r/ \ 8 /) I / , S TT.V 

oi'.xtU>, 




II . Ill 

/ r7,''‘ ■'■/:. > 


/(Sj.V-'j;/, 


„ . iltl- I • • WfX 

/w "" „7)j 2 j ' r' 


m 

6.810 X - 2^ — ' sin m 

l\VAl 

6.811 cos ax ■= “ sin «ir ( -h „ cos iix 1 

T I 2 rt ZJ «•' . ■■ f 

H I 
Cl) 

6.812 Kin //.V sin ^ n sin nx 

TT jL/ a ^ 

n M I 

fi) 

^ sin //A* 

W w 


6.813 


TT - .Y 


6.814 ilog-^-L. 

2 2(l--COS.v) j(-J n 


m 

6.816 

624 jitJ 


6.816 

6 4 12 ;r‘ 

H'ra 1 


6.817 4 ’r.v” 2 -^ 


r ^ y t-os fi x 

90 12 '12 48 jU ) i * 

I 


6.818 


TT’A- ir^’.v’ , TT.V 


a' XT' •'^>'1 
240 “ «F 




90 36 48 240 


1^- TT <.v < vrj • 


•7r<,,v<7r ■ 


■7r<.i'<7r 


o<.v<27r 


o<,v<37r 


o < X < air 


[o < .V < „]. 

1^0 < .V < 37r j ■ 
To < .T < 37rl 
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0.820 

, r ' ' ;/7r.v 

a : ’ - -.1 / J .. — (*os - 

TT^W H' C 

« I i 



0.821 

u> 

V'^ r ’V' / , 1 UTX 

<!” - ' v ” 2 C juJ (utt)" I- c 

H >' 1 

V.;. 

•■- 


. \... 1 ^ 

■' ’'2/'-') owf-Mi*'" — 

fl ' 1 


u <; 6‘ I * 

0.822 

<<> 

- r) { - ‘-‘'S «-v J 

rr- > 1 

[o< = 

; < TT » 

6.823 

o> 

/tt \ . .... 1 / . .. \ X' cosa («h t).v 

(a -T"' 2j „(n:f\y 




[0 , 

c < rj. 

6.82<l 

sill 2 .V ••' (tt '■ i!.v)sin'“ .v •- sin ;V cos .v Uik (/tsiii- .v) 




sin 3{n -1- i);V 

^ ii(it •!• ij 
n > . ( 

j 0 A 

■ 5$ TT • 

0.82G 

Cl) 

1 TT . 'ST' COS2/(.V 

r";i: '’2/(^0 

n 1 


V TT^ 


on 



6.630 

t 2r COS A' 1* 

H ♦*' I 


r’'*<i ■ 

0.831 

liiir • ’ ■' ■• »■ ~ I'" sin iix 

I — r COS X 2-«t '« 

« I 


;<■]. 

0.832 

Ctl 

I i,iu • - S 

a i — zn ^ 1 

H 1 



6.833 

<y> 

i-y c«s«;t> 

I “ 21' COS .1' -i- I"* 

H mO 


y<.] 


00 



0.834 

'OC “r—v ;;. “"r^i «. / y ^ I"" COR itX 
" '/t " 2t C08 .11 + r’ ^ « 


[..<■] 
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6.836 - lair ' (-i)» ‘ * cos ( 2 // - i).v 

2 jLJ ^ ' 2 « “ 1 


NUMEIlIDAfi HKJHED 


i. + 1 .L .1 , 
I" 2 " ' 3 " ' 4 " 


y ' 

^ /*'■ 


<. Sl * “ 


^ a — ' = i. 644 <;.v|o 668 


“ (M>; " 


~ r.2020s6<)032 .V„ r, :. 00.107 73 562, 

' ' Tf*"^ 71*^^ 

' i'.;; " ■'•’ii ^ > ■ I.ooaoo.s.v 

■ yo a<>7'l'.>'4.S • ■ • 


•S’ll ■■ >' I.0t)200.S3()2.S, 

aD7'l'>.3.S • ■ • 

.Vi(i ' •• i.ooo()()457,i5i, 


.9- v= — =., 1 . 036 ,, 277 <i 9 i V.'" • ' • 

'-■■ 2(,S.I2t5 ’’ ’ ‘Ml " 1 . 0004 ,,. I I.S.S<I. 


2,,S.I2t5 "• 

f . I r . 

Un « I , 

3” s" r 

TT 

Hi -) 

4 

«2 « 0 , 91 . 5,3656 . , , 

«,i « o,{,.S«944S5 .... 

«o «■ 0.(3,3868522 .... 


..S< "■ 


(2/' I- ip 


A table ot Un froiii n t to n »» ,38 to 18 deeinitil places is f'ivcD by (ilaislior, 
Messenger of Mathematics, 42, p. 49, 1,31.3. 


6.902 Ilcmoulli’s Numljcrs. 

2“''"'t 2" t , I , I , I , 

1^) ! “ “ ?» 2 ^ - • 


Sf 


„ (a’“' - i)# " „ y T , I , 

2 ( 2 ;/)! ” “ I^« g«M 

, (2’’""* - ,, I , r i 

(2«)1 " l3» ” 3»» ^2ii ~ 


•B, “ ~i 


(ait j. i)“« 


S'-'-'P' 


]h ^ 

42 


INPINITK SKRTICS 


I 4 I 


7, . 


/in 


(u) i 

"2730 


ft ... J. 




Bs " 

510 

798 


« 


10 - 


^4611 

330 


6.903 Kul(!i*H Nuintu^rs 


7r 






G .004 


f ., * 

^yri I I * (j« 


All ' ' f ■■'■ Bu l l '' c'-«M ^UiiM 


A'l ■ T, 
/'-« “ Si 
/‘'; i ’ * <>y, 


B..v:r -I- < • 


S(->‘ 


"(if-- 1 )-"^ 


I'U '=> I8«S| 

Ki 5052 1 1 

Hn -■ 2702765. 


2«(2«- l),. 2 h(2H - 0 (2« • 2) ( 2 )/ . 0 ,,. 

/''» 3l '''".■ • ■)• • 'V-k-2-. . . . 

" -I- (“T)" = O, 

6.006 


2H 


^ (2« - t) (2« ••- 2) (2» - .5) 

/<„ (2« -■ O /'-n I '- “i 


'n-a 


, (ill - l) (211 -• 2) (211 -■ :0 (2H ™ 4) ( 3 »/ •■- s) 

-.nrrn-.^,^. . . . * ♦ • j ^ * 

5^ 


6.910 


0> 



N I 


.V| I® <!, 

.Su *“= 2<!j 
.Sj >«» s<?, 
.Vi «» rsr, 


.Vs =«. $2C, 

Si »- 203<?, 
Aj =» H77P, 
Ah < 1140®' 


" S (4»* - 


(4»* - i)" 


A'l M "I 

3 


n 32 -- 37r^ 

64 




■?r* “ 8 


A*i 


TT^ + 307r® " 384 




6.911 
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6.912 

c» 

I. log 2 = 2 


MATIlEMATICAr. EORMULAC ANJ) KI.I.U-TK; FUNCTIONS 




12 2 

6.913 


1. 2l0g 2 -- I = 2 

n ==* I 

Cr> 

2 . (log 3 - i) = 2 /Koi? -Tj' 

H 1 

(« 

3. -3 -I- ~ log 3 H- 2 log 2 » 2 «:(36»2 - i)' 


6.914 


.. 'y * , 

2<4«6 vt /vilr 


Hi = . 


(si;t: 0.901) 


So 

1 

« 2 loff 2 - U 2 t 

TT 

S, A 

I 

2 

ir 





Si 

c= ^ 1/2 - I, 

TT 

S. .2 ■ ' 


1 

27 r 

(2 //a 

1)1 


Si 

2 I 

c — — 1 

TT 2 


T 

3 ^ 

to 

()Tr' 





Si 

“ ;r (2»a - 1 - 1) - 

27 r 3 

^S\ . ^ - ’ ^ 

32 

2 1 

Tf 

I ail " 

t 

327 r 

(l »»3 I- 

1.3)1 

Ci 

10 T 

S r. 

t 173 





0.1 

ea 

9Tr 4 

i 1 1 ► [| 

.s 

2 a 57 r 





So 

= (iSh2 -I- 13) - 

327 r S 


123 

: log 2 -I- 

JL.. 
I. S 3 '' 

... . ( t;oKj 

ia.Sir 

I - <1.3)' 


i7« \ 

Ofl w* — yi 

22S7r () 


When is a negative even integer the value u ~ is to liu'o.Ncludcd in tltu 
'‘ummation. 


.916 


I-3..C; . . . . (211- l) ^ (at - 1)1 

2 -4-C) . . . . 2« ” - i)l 

CO 

T 



INVlNl'l'K SKUIKS 


\J9 

.V Vr ’ 

n ' t 

<<» 

4 , 1 <)|; (i I 2/f 1 t 

H - 1 

2 ,1 1 ■'" ‘ ' -r 

''■■ {an ■ i) I if) 

o» 

a I ' V' f . iV ‘" I ■'• '•" . I '.* 

( I ) 

y . , ^<'^C 0 . 

n*'i 

(O 

T 4 V I I ' 

«• a'ir‘'‘"Z/ "(ifff I)(i!»l>i!) 

ft *■■* I 

ff m is an inH'Kci-. tnwl u ■ i>, is oxdiuUu! from ihc sumnmlinn: 
(*> 

jCj )»“ ■ ■ «'■ 

» i*“i 

M • >1^ 


0.016 


'• '- 4 ) h “ 


0.017 


I, I 


2 n T ^ 

«l 

(H 

T ' V ' ^ . 

^ j Jtr T 


, j: ^ 2.,1-f) 2« ^ 

6.918 "7; InK ^ ^ I -1- 2 'fJ^rrr^ian-V i) 2' 


6.010 
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6.020 
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MATHEMATICAL POlUtUL/I^ ANJ) ELLIPTIC PUNCTIONS 


I _ _l_ \ L ^ 

e ^ ^ i! 2 I 3 ! 


I , I 

^ 21 4I 

C). sin I >= I - + ‘ 7 - ♦ « . i 

3 ! si 


0,367^8. 

. ftr: I,S430H. 

1 , 175201 , 
0 . 54030 , 
^ 0 , 84147 , 


4 1,3: I , 

I „ X - ■• - n "1\ H- < 

5 2^ 2'* 2*' 


2. — ” I - 


L \ L 

3 o'! ‘ 


10 3 *' 3 * 3 " 

16 IT T , 

17 4 ^ 4 ' 4 " 


2 S I , I I , 

4» ■~7 « I — •*« "r •*" "li ‘r ♦ « * 

^26 S'* ' S'* s“ 


a’-V’ ' 

6.923 (Special cascH of 0.706) : 

j _ j I _ I 


... c' If-I- (!-»’'■ •!• «:• **''» -I- . . . ; I'd) .f.Oasfi 


I 

H* — ■■• *f’ 
.3'4-S 

„.,.,L... 4. 

1 * 2-3 

.. t I , t 

S'0-7 

1 

_ . J. L 

T 

1 * 2-3 

3'4-S 

1 f ( 

S-()'7 

I 

. 1 . ...-I- + 

...L.. .L 

2 - 3*4 

4'S-O 

(i-7-H ' • ■ * 

r 

_ ..„L, .1. 

X 

2-3*4 

4'5'<j 

F7-8’" ’ • • 

1 

-1- . 1 , 


I‘2-3 

4‘S'6 

7-«'9 ‘ ■ 

I 

. 1 , -J™ .L 

1 |. , 

2’3'4 

' 6-7'8 ' 

IO-I1-I2 

I 

_ . L_ 

^ .u 


m I- (l l()|jr a), 


I(-r- 3 ). 


ir T , 

y-jN*. 





V:il. SPICCIM, AIM’I.K’.AM'IONS OF 
ANM-YSIS. 


7.10 iiKlolA'iininiiUi 

7.101 If ass\iim-s llii- iiulcU'rnuuiUc vivluo ^ for ;v - «, the true value 

„f ilu> (!U*»tienl nuiy la- f'u.iul by replueiim/Ov) aiul Fix) hy their (levcldimunUs 
in it vuliti Uw .v - 

1 r cos xjfMn 

..... 

" .V * ■ 


I'lsiinipUi! 


1 -■ nw .t 


'rherefore, 


;,r' ■ • ai"' 4i 

r •""'•'v i ..2. 

1 I . . trtis .V Ijmo 


-I- . . . 


7,102 Kiilii. !(/(.. I /i) «n.l n-< I W ™" l.o.lcvclopBl l.y Taylor'. 

Theorem (0.100) Hum the true value of for .v - n is, 

K of Smlla ot ,1,0 .,,,0 o, ,1,0 l.i«l,or rlorlvaiivo. ,l,at ■« 'lol-l- 

7.103 Tl,o Ituc v„U,c ol tor »' - » i“ ""= 

f\'‘ /•'■'>(<») 

«„=.o/',', («) «ml (',) «' ll,0,iete'Wv.tivo. ot/(.v) a„d PW 

tUa, do not v»„l.h for * - «. Tho Iruo value o, for a -« 1 . o If f> 7 , » « 
6<7, and cquol ,0 407.;)^ A It P “ 7 - 
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Example: 

fsinh :v -- ;v (‘osh 
L sin ;V ♦ ;Vn)S A? 


.vsinlhv 
.rsin .V 


si nil ;v' 

cnsli .V I 

/ sin a: ^ XM(i 

ens A’ J 


X-- ' 0 * 

• ' r. 


7.104 Failure of l.’llospital’s Rule. Iii eci laiii l ases llii<i rule fails lo ilelermine 
the I rue value <4 an o.Npression for the reason tlial all ( he lii|;lier iieriva(ive.s 
vanish at the Imiit. In such eases (lie (rue value may of(eu lie fouinl liy faetoriiiij 

llie {(ivenc.’ciiression, or resolving into part ialfrael ions (1.01). ^ 

Example: 

1":^^ --^"“1 
L V.v • . a J ” 


' -I- a] ' Vjii. 

J'* « 

7.105 In aiiplying Mliispital-.s Rule, if any of (hesueeessive .|uo(ieu(s eoiUains 
a factor which can he cvaiuate.1 at once its ilelerniiiiale value itia v he snhstitutcil 
Fxamplc: 



■ -.W"'' 

L tan'- .i: , ,,,.1, ' ' 

,3 tan .V}<cc“ a-. 




Ilcncc the given function is, 


r ■ 

Ltan 




t 1 X, 


X'-'lt 


7.106 If (lie given function can he seiiarated into factors eacli of wliicli is 
nulctcrminate, the factors may he evahiateil se|iaralelv. 

I'i.\aniple: 


7.110 ~ 

o 

written: 


/*/ ^ 

If, for .V lakoH (he form £•, ihis quotient may he 




which takc.s the form - for .r 
0 


I 



a and the preceding sections will apply lo it. 


'^111 L Hospital s Rule (7.102) may lie applied directly lo irulclermiuate fonn.s 
If the expansion by Taylor’s Theorem is valid. 
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lixaniplo: 



7.112 If /Gv) and :v approach 
dofinilti liniili tlnin, 

lannl 



lofrullior, aiul if /(;v -I- 1) -/C'-) approfichcs a 
/Ov-I- i)~/(.v)]- 


Limit 

;V" >W 


7,120 0 X . * 
may ho wi ll ton, 


If, for a- ■ ' a, f{x) X /'(•'■) » X P'txluct 



wliicli lakt!rt llto 


o 

o 


(7.101). 


Liinil w . 1 

7,130 W) -*oa. If, /GO ' ‘ 


;V 


)00 


CO , 


/(ao -- av) »/(•''){»■'• 


Limil. /■'(.v) f,.„m unity llw H’ih! viiUic nt f{x) - /'(•') for a' - « i« ■ 

' iV )<« /(.v) ' 

Limit l‘'(x) ^ , I ,|n. i 5 xpr(!HHiim has llu! imlclcrminalo. form m x 0 whicli 
>>'• /(.V) " ' ' 

may l)c li't’at.C(l l»y 7.120. 


7.140 I «> , 0 ", no 


K 1 F(.v)l*^'’ i« indeterminate in any <>f these forms for .v a, 
its true value may l)e found hy fmdinK Hu'. Inie value <»( the loRarilhm of the 
given expression. 


Example t 




inn X 


yj log y ^ *^tan »v*log ft!, 
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1 

sX 



tail a’ 'log ;v 

sn 

log A' 
„eot .T_ 

.rl )(l 

A'tifl 

sin .r , 

'Sin aV 

A’ 


Ilcncc, 


0. 


\l(ih .V’ 


‘I, 


LV-'V J.-II 

7.141 I{ J{x) and approad) <» (..K«ihcr, aial approm li.^i a dallniK. 

limit, tlien, 


Limit 

;V~ ) 0. 


I/(.V)| 


Limit /’(,i' I 1 ) 

;v M.« /(.»■) '• 


7.160 DilTcrcntial CodTidciUs of dm f<.nn ", In dnlnininini; tin- dilTmcnliul 
cocflidcnt from an c(|im(i<)n/(,v, v) i.- 0 , liy im-nmi of lIu^ formula, 

(lx (\( (l) 

f)v 

It may i|,„t Hr u i»ir „( value,, .v - „ „ ,,, 

^ lakes the form 

WritiuK I « j.', ami aj, plying 7.102 to (he ,p,odci,t {.), a <p.mlralic .-.piaia.n 

is obtained fm- (Ictermitdng :v\ KiviuKJ,, „enm^^^ 

mile : „K„i,, «ivin« a . ul.i.. ..pt.u ilm 

mining 3 . Ilus process may he commiuid imlil delerminak- viiIuch result 
Example j 

/(«, y) - (x» -I- i\xy M 0 , 


4.v(.v''' -I- j'S) 


For « » 0 , y » 0 , y lakes the value °- 
Applying 7 , 102 , ® 


. y' » -I- 43 ^ "h ( toy ™ d)v' 

^v'Cr” 4- .^yo -f .sa-Vt;;^™' 
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7.17 Special LidctenninaU! Forms and Limiting Values. In the following the 
notation C/COHn nieaiis tiie limit approaclied by f{x) as ;v approaches a asa limit. 


7.171 






(c a constant), 


2 , LV;V I’ c -- o. 


3. - 


4. [\/(;V -h Cl) (.V -I- Ca) ~ ;v]ra - J(ci -|- a). 


S- 

ft. 


i/ (;v •!• Cl) (.V -I- caj . . . , (x + c„) - .t1 -(ci -I- Ca d- . . . Cn). 

'* Jto 


'lo g ( C | ;l;; fa C''’) ' 
.V " I 


X. 


7. I^log^ci •!• Ca log -!• i jj 

‘ r.-a 


« r, 


S V,T ^ 


r .V 

L(i'>g .v)"'. 


KS-J 00 , 


ro. 


tr 


xr, 


Kta Q 


((/>i). 

(.V a positive integer). 


la. I .v* «> I, 


14. |^((r -h 

■5' [ (rfir.)'l 


cn C 


(c>i). 


BBt C'’^* 


17. r (ff + a-t") 


(m>o), 




StM-XJlAL APPLICATIONS Oir ANALYSIS 


'• [*■' '], - j' 

2 . [(tT - 2.v)l,(in .vj/r - 2, 


S. cos*'^ ‘-•tun • 


6. l{a 'f 


. TT.V 

1 

2 

• Uin 


1 

2 

r 

TT 

TTX 

2C 


2(: ^ p 

TT 





1nnH4-'l I 


«. L(«iii .v)'"" 


7.18 [.iiniliii)' ViiliU's of Sums. 
Limit / 1 * I- I- t* I’ . . . . ■ 


Limit /i* -I- .>.'■■ I- .<* L . . . . \ «/\ I 

h-x'A"^ / " ri-'i " “ 


»>if k< - i, 

^ Limit, / 1 I _ _ T_ ' r \ 

n yw\iiii ' 'nil [ T ' 2 // + • • • • ijf,) 

1<>K (« -I- 1 >) - loRff , 

— I («, /'>o). 

I.imit / n - • t" ;/ - a® __ n ~ 

>«aV- 2A« inj ’ ' • • ‘ 

, in - n" \ , 

•'■ « -iMrrHFHo/ ■ ‘ ■ “• 

IJmil 17 , , ViN* / „ , AaV / , . V'tV 

"■ „ •l■('* ''''t) +(“■ I- I- 

./...» '/«v 1 «“ . //•* 


Limit / H -• t" 
«' xjoti’a' (« i 


«•(« . -I- 1 )' 


/ , V «y| //•> 

if a is ii positive proper fniclion. 

if b>o and a is a positive proper fraction. 

, Limilf. / ,/>,/„ it . / , /) ./ ~ii 

'■ •'• V " '• j:t. -I- V »■ + p; + I- V +, 7 :;. 

'^(1 . /7~ 


if /;>o and a is a positive proper fraction. 


I ~ Vd 


^ d- iVb, 


^ Limitr ,1.1, , r 

' 3 ' 3 ' **« 


- log n j 


y “ o*S772iS7 • • 


(6.602). 
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7.19 Limitinjr ValiicH of Producis. 


Limit I 

/ (:\ 

i c \ i \ 

/ 

«— > 00 [ 






if (■>(), 


Limit r 
«~> ro L 

(i + — ) 

A m/ 

'LwThwX' ''mi ' 

..(.r 

\ 1U\ 


if (/, /pj f arc all posiiivc. 

(„, 

«~>“L w ■ 

if 


I (» - 1)*) I 


7«20 MaNiniu rmd Miiiinni, 

7»201 FunclionK of One Vnrhlili» n ■ 

, ' * ) u inuMoudu or luiiiionioi for tlio 

values of ;VHii(isfyin>r the C(|uali()ii, /'(x) «, ) 

provided that /'(x) h conlimious hir ihcHc values of .v. 


7.202 If, for .1! f{a) «. o, 

)'“■/(») is a maximum if J"((i)<a 
Example: ’ ^ if /"(«)>o. 


y 


m ^ 

fix) m 



I' «A~ 

(;v* + cv.ir-jrjgjra' 

0 wlion .11 » ±\/^l 
ji.v* ~ 60X - 3a8 
(iv* ‘I- a.¥ + ffj* 


For X m +V~$', j'\x) 


(3 VF-|. 


Maximum, 
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For .r 


-V/ti. /"(.V) 


ymhi 


V(i «)“ 

t 

« -I- 2y/fj’ 
t 


a • - ’iV 'ji 


Minimum, 


7.203 If for .r ■ ■ < 1 , /'(") ■ ^ /"(<i) >■ o, iu order to determine whether 

V ‘ fill) is a muxiimiin or inininuim it is iiecessiiry to form the higher differential 
coedieiiiiilH, iiiUil omt of even order is found wliieh does not vanish tor x « a. 
y • ' f((i) is II iniixiinum or minimum according as the first of the differential 

(KK'lVu'ients, fin), fi<i), of even order which docs not vnnisli 

is negative or positive. 


7.210 Functions of 'I'wo Varialilcs. l-'ix, y) is a maximum or minimum for the 
pair of values of .v and y that satisfy (he equations, 

dF dF 

d.v' ’tty ’ 

and for which 

/ tVr Y ^ tVr^ 

\d.v dy/ d.v'* dy’^°' 

If holli and are negative for this pair (*f values (tf x and y, F(.v, j') is 
a tnaximttm. It they are liotli iiosllive F(,v, y) is a minimum. 


7.220 iMinctlons of it Variahles. For (he maximum or minimum of a function 
of » variables, F(.v,, .Va x„), it is necessary that the first derivatives, 

V-, V ’ all vanish; anil (Ital the lowest order of the higher dcriv- 

fj.vi d.va d.r„ 

at ives which do n<»l all vanish be an even number. If this number be 2 the 
necessary condilatn tor a minimum is that all of the delcrminanls. 


Dfi ^ 

fl\ /l3 • • • 

. . . /ifr 


/ 3 I /«3 » • • 

, . . /SA' 




fkl /fra i 1 . 

. . •/kb 


, !■ «< r, 2 , . . . . «, 


where 
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shall he positive. For a niaxinuiin the (lelerniiiianlK must l)e altefnalely ue).;alive 

and positive, begiiiiiinK with 1 \ --r-. negative. 


7.230 Ma.xima and Minima with Conditions. If ;v„) i,, 

he made a ma.vimum or niiiiiinum .suitject to the eoinlilions, ' 


where /.;<«, 


2 . 


0a(.V|, ;V;!, . . . . 
I. S 



the neee.sHary eondilions are, 


(i.Vi 


h 



Hi 

' ilXi 


o 


. ,.V,.) .0 

. , .V„) 1 o 

• > ;v„) < ■ o, 

i • ■ f. 2,. . 




where llic Vs are /.- undetermined multipliers, '['lu; u ei|U!ilioiis (j) log<«(Iier with 
the k equations of condition (i) furnish /• | n e(iuations to delermim' the k [ it 
quantities, a-,, .va, X,, X.j 


K.\'iimi)lc: 

To find the a.\es of the ellipsoid, referred to its center as origin, 
«n.r''® I- iiviy'* -I- i/ms" -p a((in.vy I- 2r/M,y3 l- arqu.v.': ■ > r. 


Denoting the radius vector to the surface liy r, and its direction-cosines liy 
m, n, so that .v Ir, y .=• mr, c itr, it, is necessary to tind the maxima and 


I, 

minima of 


,•2 .. 


-I- (/'laif- -I- aitjm i- p iit,Jiin’ 

subject to the condition 


fj6(/, m, n) -p j«.2 -p #,2 _ I o, 

This is the same as finding the minima and maxima of 

I' Q, m, It) » (/uf2 -p .|. 2iirJm. -p aifiumit i ■ 

.Tiquation (2) gives: 

(rtit -P X)/ -p ayjm -P «ia» « 0 , 

flijf -p ((Ijjj -p \)H/ ^p (/j,,,//. mi 

(finl -p timifii -p -p X)« Kn 0, 

Multiplying these 5 equations by /, jw, « respectively and adding, 

t 


X 
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Tli(;u by ( i . 1.303) llu’ a vahicrt of r an; Kivcii by llu: a roofs of 


ihi 'T, 

fh‘.\ 

Ova 

/" 



th'A 

1 

(h\ 

0\i\ 

fh'A 

On 
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7.30 |)i'i'iviiiivt'!i. 


7.31 Kirsi Deri vat ivcs. 


'■ ■ 

llx^ 
llx ' 

V'^(f 1 KiR x). 

ilo " . 1 

a. , - tl * </. 

(/.V 

(/ loK„ .1 
tlx 

r T __ ^ , |oi<.i 

.VIORK iV 

flr^ 

f (/ lo« .V 

1 


tlx' 

;V 


M > loK .V. 

' ilx 

^ .v);' ^ i j j 

tlx 


<)• 

^'llx^ - 


il sin .V 

10. 

ilx 


it vm X 

u, 

tlx 


tl lan X 

12. 

llx 

n- 

<1 col .V 

"dx ” 


d see .V 


^ 1 '. 

t'US X. 


loK iV. 


16 . 


Sin .V. 


SC^C^ Xt 


BCC* A' ‘8111 X. 


l8. 

IQ* 

20 . 


(ix 

^ --cse’ .v*coH .V. 

tl sin ' ,1 
llx"' 

L' d COH” ‘ ;V 

. ;i;;i 

dx 

tl fan ' 

X d col ' ^ *v ^ 

(ix 

|t(scc*^ 

X d CSC' ' X 

(ix 

" llx 

d sinh ;v 

t:5 cosh .r. 

d coslijj 

iiv 

• «■ sinh 


V I 


I ■[■ .v’-* 


;v V^ - I 


14. 
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rftailll;V 

21 ' ’ i "^, — st'ch- iV, 

d colli X 

22 . — , cscli^v. 


dx 

d Kcch .V 


- Hccll .¥• (unit ,1' 


^ , d CHch .V 

« “ cscit .V'(:otli;v. 

25. ' 

x/.v" -1. I 

26. 


ANii f'r.r.ii’i fc 


</ lUllIl ' . 1 - 

f/iiilh • X 


*i,\ 

,. d It ' r 

1 

" ' dx 

\ * ,v 

, d t ..|‘lt ' ,r 


,/v ^ 

1 

1 1 


yjl ' A 
,/v 


.... tj 

' jr" '" ' " -.ViV,. 

— i'/ „ _!(■>'_ 'lx 

dx ™ •jy™..... 

„ <l <i " du 


f 

\yi dx 


I ... I 


, du 

“• ./-r 


I </v..\ 
v., 1 / V / 


diUt) ^ »//■(«) 
dx ‘ du ' dx' 


7.33, .Derivnlivc of a Dufiniic liitCKml. 

^1 rH < t ) 

2. rJ /mv-m, i r 

J JU)ilx m --/(ft). 




rfff/ Jwdx <« f ( o ), 


7.36 Higher Derivatives. 



Kl'W'IAr, AIM'I.rCATlONS OF ANAI-YKIS 


7,3G1 l.i‘il)uilz’» 'riu-oicm. It u uiui ii urc fimclions of ;v, 

il"(:uv) il''v II liiiil" 'v ii{n ■ (/" 'tj 

f/.v" ” t/.v" * \\ilx<lx'‘ ' tlx^ lix" '^ 

ii(ti -- i ) (ii - • 2) (Pn<h-^v 

' ! (ix^ 

7.362 Syinltolically, 

I- 

wlicit: 

if" ..I u, Ii" -i t'. 

(/ "(•“*» / t/\" 

7.363 !/.) "• 


7.364 Jf (//j-) ia « ptilj'iioiniiil in *1^, 


'K'/a)' "" (" iA-)"' 

7.366 KiiIci 'h 'riu'ornn. If u in a homoKonuous function of Uiu Htli decree of r 
vmiiililus, .vi, .Va, . . . AVi 

/ t) il i) 

(■'■' avr' 

when; w may Ijo any iiUoi^cr, inchuliiiK 0. 


7.36 Doi'ivalivcs of I'unclionH of FunclioiiK. 


7.801 If fix) - /<(y), ami y - </)(a’), 

3,1/m - I- 'f + -T & ""’W' 


‘ llx' 
whin’d! 
3. Uk 


1. 

i}?y' 


1 . 

' 21 

.Ilf 

f)" 

hJII. 1 


'}) + itz 

^x) ^ .i^"- 

X n 
T-fp 

({(n-l) 


(n - i) (n ~ 3) ,«(« - i) /'iVl- 

2I \xj 




s n(n ~ 1) («• “ 3) I 

+ f« - r) fw - 3) (« - .3) :'T 1 ' 


MATIIKMATICAL AND KI.I.Il'TtI' I'UNCriON.S 


I- Hx‘) - -I- 


«(« • • t) (;/ . .<) (i, . . j) 

.,| «)(.r'!) 


n(n - i) (n ~ 2 ) („ 0 („ („ . . 

I . . . 


2 . -j™ ((1X1 „ ( 2 (/;\!)"(;'‘-i’ ^ I 


. ■ -'K// ,■;) 


3- i, (i 


‘K 4 ('.''") ““' ‘ 2 !(<ir/.v")'" 

••)(« • .OOi • 4)(« ■ s) 


- i)( m -• 2) ■ ■ . . /u I- l)(2(/.v)'' 
(i -i- (/.V')'* '• 


«(» 1) (1 ! (a«) 


. «(« i)(« ■ ■ ;>)(// ■ ,0 /| j I 

2 l(M--«-l- i)(yi/ - « I . 0 A 


‘•(m H I t) (|(a'' 


4- (l - J (... l).' 


'.3;S ■ (2/« - ■ 1) . , 

,fi t‘iii (in COM • ;r). 


1 /-Y v/v) -- 11(11 - 1 ) " ( Vx) 

(2\/.v)« 'I 


(2V.v)« 1 1 (av'.i-)"" 

I (« 1 r)n(it . i)(« .. 2 ) /•('■ 

(.iv'.v)-''’' 

(>: -I” iV* \ 

\/.A xj 




£-■ Tin-.-- 

V(i + r’')= 
V(i i I’'*'-)'' 


' v/fr - . /fai'VJ Vi.;,. 


Vli -I* c* *')■■' 


Vil 4- c”*)' 


VCt 4^?^)'' 






MATHEMATICAL FORMULAS AND ELLIPTIC FUNCTIONS 


»)” = — T” ( C’„-i^(log - L-ip{p - i)(log xy~^ 


+ Cn-Xpip -l){P~ 2 ) (log A-)''- '• ~ 


wlierc is a positive integer. It n<p there are n terni.s in the series. It 

n^p, 

2- x) >• = ' { C«_,/>(log - Cn-xpip - i)(log ;v) "'2 


-I- 'h ( - i) '-I ' - 2) . . . . 3.1 j- 


7.369 log (X ^ - £■ IT-'SIl-l 

I J p-bi ip-l-i){p-\-2) 

- X < s: < -I- I. 


7.37 Derivatives of Powers of Functions. If y « 0(.t). 

h — j'- P- + (") -i- » '-> - 

dx'> ‘ \ n l\ \ij p - ,i.yH \^ 2 / ~ a •' (/.v" * ’ 

2 . loK = (x) J- ‘tz _ (»\ jL ‘tt 1 {>'\ <i'y 

dX” *’2 \tji.y(lx» (^2/ 2'/ </;«'» ' ^3'?’“ dx" " 


ff"(« H- 


=» «i0« - i)(j» - 2 ) ~ r^) h”{a *1- lix)’'‘~". 


d:(a + I>x)~l ^ nll>« 

dx” ^ (a -I- 

4. + fa) „ / ^ ,)u~i (n-T)U,« 


S‘ 

^ d” sin .1) . ^ 

.. ft" cos .T /, , 

7* " COB (|Mir + x). 



Sl’ECJAT. APPUCAHON OP ANALYSIS 




f/"" . , 

9- 


*1" 


siir'.v = • • • • (211 - x) 

2 "(i - ;v)'‘ Vr~“v^' 


^ . I 

— -j- — 

2 3 ^ * 


n\ I - 


\i/ 1 + 

(") (rirj)’ - (SrroT^ 


l) (in ~ (2«. 

• ;£ " ( - ■)-' «. (» U„r' i). 


7.39 OeriviUivos of Implicit Functions. 

7.391 If is a function of ;r, and /(.v, ;v) = o. 


<1 
I 

( h “ “ " Tif 
hy 


/,•) A!) 


2, 


7.892 If s is ft function of and 3 ., rtnd /(x, v, z) » o. 
PI fV 

I. is _ j’-L. 

dA- 0 / ’ <13, "" “ -fl/- 

ds 


2 . 






(^Y i/. _ 3 , , AV\‘“ dV 

(t 

qi 

PI d.V“ fh i)y dyih \i}v/ ,738 

~n'fY 


,r.>. (vO’ v'/' - ^(PI-^I , :V c‘>»/\ , Of Of i 

'!• ,7\.,7 ,; ■' - - iL ^li.vds rt.v avdgj*'’ Ox Ov 1 

/djY 


VIII. DIFFKRENTIAL KQ^UA'I'IONS. 

8.000 Ordinary diiTureiUial equations of tlu: first order, (ieneral form: 

| = /0v,y). 

8.001 Variaiilos arc separaijlc. /(;v, y) is of, or can ix; reduced to, tin; form: 

fix, y) “ f 

where X is a function of ;r alone and V is a function of y alone. 

The S(ilulion is: 


jx<lx \ fvdy «( •. 


8.002 Linear equations of the form; 
Solution: 


-I- /’(.v)y ()(;r). 


y 1 1 (>(.r)r«/’ iix d • I < 


8»003 I'lciuations of (he form; 

fly 


Soil! lion: 


yU- 


-t .|. /'(,.)y y»Q(,-). 


8.010 Iloinogcncous c(|uatioiis of the form: 


th P(x, y) 

,b- "FCv,y)’ 


wiiere P{x, y) and ()(;r, y) are homogeneous functions of ;v and y of tlie same 
degree. The cliangc of variable: 


gives the solution: 


y j'.v, 


/: 


(Iv 




(Hi. .A ” 
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differential ' EQUATIONS 


8,011 Equations of the form: ^ 

(ly _ (i-'x + -f- 

dx ax -(- by >{- c 
If al/ — a^b o, the suljstitutioii 


where 


;V = ;v'-h/J, y=.y'j^-q, 

a}> -I- Ixf -I- c = o, 
a' l> -h b'q -I- c' == o, 


renders Llic equation lioniogcneous, !uid it may l)c solved by 8.010. 

If ah' - tt'h = o and b' ::|= o, the cliange of varial)le.s to cither ;« and s or y 
and 8 Ijy means of 

s » fl.v + by, 

will make the varialrles separable (8.001). 


8.020 Kxact diiTcrenlial equations. The equation, 

i’(iV, y)dx H- ()(:v, y)dy = o, 

IS exact u, 

iV <yr 

(ix ()v 

The solution is; 

y)dx d' | ()(.v, y) - P{x, y)dx | dy <=» C, 
or 

j (Ka!) y)dy p j' I />(.v, y) ~ j (>(.v, y)dy | dx ■=- 


8.030 

if 


Inlej'ratin/' factors. ti(.r, y) is an integralinn factor of 
f’(.v, y) dx ()(-r, y) dy o, 


<9 

Ox 


(?■()) 


A (.,>). 


8.031 If one only, of the functions Px + ()y and Px ~ Qy is equal to o, the 
reci|)rocal of the other is an intcKiatinK factor of the dilTercntial equation. 

8.032 IIomoRcncouH equations. If neither Px -|- (ly nor i';v - ()y is equal to r 

Px -1- Qy integrating factor of the equation if it is homogeneous. 
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8.033 An equation of llie form, 

F(x, y)ydx -I- Qix, dy o,' 
has an integrating factor: 


xP - y{> 


8.034 If 


d P _ 
dv (lx 

' Q 


=. /<’(«:) 


is a function of a: only, an integrating factor is 
8.036 If 

i!2 _ PJ!. 

dx dv ,, 

is a function of y only, an integrating factor is 

e/mhb, 

8.036 If 

(IP^dQ 

dy dx V 

H 

is a function of the product xy only, an integrating factor is 

gfPMKxy)^ 

8.037 If 

is a function of the quotient ^ only, an integrating factor is 

iV 


8.040 Ordinary differential equations of the first order and of degree iiighcr 
than the first. 

Write: 


General form of equation: 


dy 

d.v 


/». 


/(x, y, p) » 0 , 
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8.041 The equation can be solved as an alj'ebraic equation in p. It can be 
■written 

(p~Ri)(p-Ki) (p-Kn)^o. 


Tire dilTcrcntial equations: 


p = 3 '), 

p - R-Xx, y)> 


may h(i solved by the previous methods. Write the solutions: 

/i(;r, y, c) « o; /aC^:, c) = o; 

where c is the same ariritrary constant in cncln 'fhe solution of the given 
(lilTerential equation is: 

/iC'’. 3’. c)/a(iV, 3'. <'■) Mx; y, c) = o. 


8.042 Tile equation can lie solved for y; 

I. y'^fixtP). 


Differentiate with respect to x: 

2. P 



It may be possible to integrate (2) regarded as an equation in the two variaiilcs 
X, p, giving a solution 

3. <■/>(>'■) P, c) = o. 

If p is eliminated between (i) and (3) the result will be the solution of the given 
equation. ^ 


8.043 The ciiuation can bo solved for x/ 

I. X’^f{y,p)‘ 

Differentiate with respect to y; 


2. 



If a solution of (2) can be found: 

3. 0 (3’. /». <■) « o- 


Eliminate p lietwecn (i) and (3) and the result will be the solution of the giv 
cquatioiv. 

8.044 The equation docs not contain x: 

J(y, p) “o. 

It may be solved for p, giving, 

%-ny), 


which can be integrated. 
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8.046 Tlic equation does iwtt contain ;v.’ 

fix, !>) . • o. 

It may be solved for {>, (tiviiiK, 



wliieh can l)e integrated. 

It may be solved for .r, giving, 

;v ■ ' /*'(/'), 

which may be .solved l)y 8.043. 


8.060 E(|unlions homogeneous in .v anil y. 
General form : 

"(f.;') o. 

(a) Solve for /> and proiaied as in 8.001 


(1)) Solve for y 


Differenliaie with respect lo x: 


y 


which may be integrated. 


<l.v 


8.060 C’lairaut’.s dilTerenliiil eijuation: 


1. :V ‘ /M l /(/»), 
the .solution is: 

* y -> c.r ! /(i ), 

The singular solution is obtained l»y eliiniimliiig /i beiwcen (i) atnl 

2. .V If 'ip) •' 0. 


8.001 The ec|ualion 

I- y ■« xfip) \ tpip). 

The .solution is that of the linear equation of the lirsl order: 


a. 


<lx f'(p) . <l>'(p) 

,lp p^ Jip)- " p .^ f(py 


which may lie solved by 8.002. I'Himinating p between (i) and the solulion of 
(a) gives the solution of the given eoualion. 
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8.062 The equation: 

A'0(y>) -I- y^(p) -x{p)y 

may be reduced to 8.061 by dividing by 4'(P)^ 


niFI'lOKlCNTrAL I:QUATI0NS OV an OKDKU iriGlIF.K THAN THF. FIRST 

8.100 Linear eiiuations with constant cocniciciits. General form: 


(P'v 




-1- . . . . -h (T„J| = F (-u). 


Tlic complete solution consists of the sum of 
(a) '.rhc complementary function, obtained l)y solving Llie equation with 
V{x) - o, and containing n ar1)itrary constants, ami 

(h) The particular iiUcgral, with no arbitrary constants. 


8.101 The cojn|)lenientary function. Assume y - The e<iuation for 
<lcter mining X is; 

X» H* (qX»-^ '1- + -I- (in « 0. 


8.102 If the nH)ts of 8.101 are all real and distinct the com))lementary function 
is: 

8.103 For a pair of complex roots; 

IX :t: iVt 

the corresponding terms in the complementary function are: 

cos PX d- cos F.v) Ci]P^ cos (px — 0) =5= sin (f.v T (9), 

where 

8.104 If (here arc r ecmal real rcinls the terms in the cnmplcmcnlary function 
corresponding to llicm lire: 

-I' /Ij.T -I- -I- . . . . -h /Ir.'V"')* 

where X is Uie repented root, and /U, /la, . ... .> /Irnrc llic r arlnlraiy consuuiis, 

,8.106 If tliere .ire m equal pairs of comple.'c roots the terms in tlie comidcmcntaiy 
function corresponding to tliem arc: 

o'**! (/1 1 'I* /Ii!;v -I- AiX^ + .... -I- /lw,;v"'“‘) cos J^.v 

-\- (Bi -I- BiX + Btx'^ -h .... -I- sin w;) 

» e''*{Ci cos (vx - Oi) -1- Ca.r cos (px - Ot) -h -h CV:"'"' cos (ra - 0,„)1 

•= sin (px d' fl|) -|' C2S1 sill (w d* Oa) d' "h sill (iav d“ 
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where '\d:iix is the repealed joot and 


c, - v/1a^ -r/v, 

tan ” j"' 


Tlie particular integral. 

<1 d® 

8.110 The operator D stands Cor !)• for 

Tlie diA’erontial equation 8.100 may he writltui! 

(/)» d- d- (?a7;«- = d- d- «ii)y ’•</(/>)}' < ■ F(.v) 

V 

y-JJiy 

m - (« - M(» - w (w - X.), 

where Xi, Xa, X„ are determined us in 8.101. The particular integral is: 

y a j* * ;/.v J'c(^' ilx j tf V{x)llx, 

8.111 may be resolved into ])artinl frardions: 

7 (D) “ 7/:; x; ■'* 7) ~ Xa — '■ d : x; ' 


The iwrticuiar integral is: 
y => iViC^‘*y c“^'*F(.r)</.v d- j e ^’'I'(.r)(/.i' !• .... 


d’ NurK'^ I irKn'ix)(lx. 


THE PAUTICUr.AK INTUGKAI, IN :n>l;(,'IAI. fAHKS 

8.120 K (if) « const. « c, 

c 

(U 

8.121 ^(iv) is a rational integral function of x of tlte wth degree. XCspand 

in ascending powers of D, cntling with D”, Apidy liic operiilors D, D\ 

. . . . ., O’" to each term of F(;v) separately and tire particular integral will be 
the sum of the results of these operations. 







8.122 
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F(.a:) = CC**, 
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unlesH k is a j'ooL of f{D) - o. If k is a muUiplo root of order r of J{D) - o 


whore 


^ ~ r[\l/(ky 

m ^ {D - ky^piJ)y 

8»123 V{x) ^ c cos (/^v H- ce). 

It ik is not a root of /{D) - o the parlicular integral is the real part of 

.t I «) , 


If ik is a innltiple root of order r of /{!)) - o the particAiIar integral is the real 
part of 

ar l CV) 

wlioro P'Kil^) is <il>laiiic(l by taking the; cUj derivative of /{!)) with respect to D, 
and sul)stituting ik for I), 

8.124 F(;v) « c sin {kx -|- «), 

If ik is n()t a root of /(D) - 0 tl»e iiarlicular integral is tlic real part of 

“ I «) 


If ik is a nudtiple root of order r of /{!)) » o tlic particular integral is the real 
part of 


8.125 FOv) - cc‘*<,Y, 
where X is any function of .v. 

y- ce'‘yQj-^X, 

If X is a rational integral function of iV this may be evaluated l)y the method 
of 8.121. 

8.126 Vix) “ c cos {kx -|- a) •A", 

where A' is any function of a*. The particular integral is the real part of 






A'- 


m + ik)- 

8.127 F(.v) « c sin (kx H- a)•A^ 

The particular integral is tltc real part of 

„ ..VMtJtx i a) L X. 
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8.128 (■ '*')• 

If (j8 H- ik) is not a nK)l ()f/{/>) o Hn: |)ar(ii uliir iii|i'i;iiil is tin; i isil pari of 

,.,.i(A,r Kir) ' ,,/lj' 

"■ /(/M//.') ' 


If (/3 H- '//?) is a multiple root of order r of j\!)) - - o llie particular iiUi'^p’al is 


the real part of 


I . 1 ' 


m-iMk)' 


where /W ((3 -j- ik) is hii’iiiwl as in 8,123. 


8,129 V -<'rf'''siii {kx \ O’). 

If (/3 -I- ik) is not a root. (>f/(/^) ’ ' o llir parliciilar iiUq'ial is (he real purl of 

. . . K«),. ( 1.1 

/(/^ I //.•) ■ 

If (jS -I- ill) is a multiple root, of onler r of , /'{/)) o llie particular iiitejjrul is the 
real part of 

i fix 


8.130 r'(.e) I 

where X is any function of ;v. 


y « ^ “I" ' 


tl i 

'Him 


X 


iiiim 1 1 


,.Vi *1 


1 ill>’,l{l>) j 


•V i 


The series must l)e extended to ilm (;« | i)ih Inni, 


8.200 Homogeneous linear e(|iiiUions. (lem^ial form; 

» i 

vn J, 

(/.)•'' ' 

Denote the openitur; 


— -I - ‘ i I I ,i„ rv;-/;, I ,/„v -I r(,r). 


//v 

lix 


‘I II 


a) (f) 


The dificrential cc|uation may he written! 

/•'(O)-.v- 

The complete solution is the sum of the eomplemenlurv fimction, ohtaiiietl Ity 
solving the eciiHvtion with F(.v) - o, and the parlicular iniegral. 
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I7I 

8.201 The coniplcmciilary futiclion. 

y - Cia:’'' -I- -1- + 

where X(, Xa, X„ are the 11 roots of 

/-’(X) = o 

if Uui aw. all distincL 

If A/r is a nuilliplc root of onloi’ tlie corresponding torins in Lhe comple- 
menl.ary function arc: 

'P Ih log ;v “h h (log a*)*' d- * ♦ ♦ . -f by (log 

It X — IX -A: IP is a pair of complex roots, of order r, tlio corrcspotiding terms 
in llic coinpleinentary function are: 

I •[' log ;V ]• Aw (log :v)*’ 4- , , * , Ay (log COS {P log ;i:) 

I' \ JU '[■ log ;v I- .H:\ (log .t)*‘ 4 ... * -I- A‘(log ivY' '] sill {p log :v)}. 


8.202 

If 


M'lu^ iKirticular integral. 

m - (0 x,)(0 X,) iO^ X«), 

jp rr, ;V^| I J 


8.203 


The ojieralor may Ik; resolved into partial fractions: 


I , A^a , 1 A^'> 

/.’(<;) ::~x" o~% o- K’ 

y - NiX^'j ;V K(a')(/.v I- f .i:-’'’-‘F(A:)^/;t; 

-I- '\~N„x>''' fx~'>'^~^Vix)(lx. 


'rite {tarliciilar integrtil in specitU cases. 

8.210 F(.r) r. 



unless k is a root of F(0) ra o. 

If k is a multiple root of ttrdcr r of F(0) - o. 

<• (loK xY 

5 ■■■ ■’ 

where F^’^k) is olitaincd by takiuK the rlh derivative of F{0) with respect to 0 
and after difforentiallon .substituting k fttr 0. 
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8.211 

where X is any funclion of x. 


MATIIEMATICAT, FORWUr,/K AND la.I.Il'TIC |•|JN(:rl( )N.S 
K(.r) rx^X, 




X. 


8»220 T])e rlilTcreiUial etjiuiUon: 


,lv 


. . I' (./ I- lix)it„ , -■ [. «„;y 

Jimy l)c l•e(luccfl to the homoffeneoiw linear eijualion (8.200) hy (Ite eliaiif'o of 
variable ’ 

S ’ It I ' lix. 

It may be reduced to a linoiir etnuUiou with coiiHtiiiil coeilifieiils by ilie 
change of varialjle: 

c’ >*= a I- hx. 


8.230 The general linear cfiiiation, (ieneral form: 

where P|, />,i^ ]/ m-j, functions of ,v only, 

llic complete Koliilioii is the .sum of; 

(a) Ihe complementary fnnclion, which is the general solution of tlie eiiiialion 
with V - 0 , and containing n arbitrary <'onslanis, and 

(b) The particular integral. 

5™ of sST' 5''' »"i"- 

tions of 8.230 with V 0 , tlie complementary function is 
> fiyi (ays |. 

ihe conditions that yi, vj, . . . . , y., be w indeiiendenl solutions is lliut the 
determinant A 0 . 

A 




(/" 'y„ 




f/.V""' 



(/’■ “y.. 


r/iV'-ii • • • - « 

' dx” -'* 

1 » « 1 

dx 

iba . 

dx 

dy» 

ih 

Vi 

Vi 

• . 


A « Ce‘'’^K''*. 



When A 4: 0 ! 
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8,232 'L'he piirlioiihir iiilogral. If At is the minor of >11 ^1 

ticulav inlcgni! is: 

/•FA, , , rVA, , /’1/A„ , 

j, yj j J __ 


8.233 If yi is one iute/'ral of (lie e((ualion 8.230 wiLli at o, the .siibslilulioii 

(In 


y^uy,, 


will result iti a liiiciir equatiou ol order ii — i, 

8.234 Jt y\i arc n - t indepciideiil ItUegrals of 8.230 with 

V ^ o the complete solution is: 


where A is the (lelevniinant: 

A V..: 


ftn I 



d«~Hi 


dx” '■ 

,lyni ■ • ■ 

■ ‘ dx"-< 


d'‘-Hi 


dx" 

(/.V""’ 


f/.Vi 

(Ivi 

dVn- 1 

dx 

(ix ’ ' ' ' 


yi 

)'a .... 

1 . 4 J'r»— 1 


nnd Aa, is the minor of t - ^ hi A. 

«;V’' 
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8.240 Denote llic operators: 


tlx 

d 


n 


;v " ra 0, 
dx 


8.241 If X is a function of .v: 

I, (I) ~ «;)-* X ^ c" * J'c-"' * Xdx, 

a. (/)-«»)--' o «» 

3, (0 " jw)"' X »= .v"* I Xdx. 

4, (0 w/)”** o ca;”*. 
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8.242 If F{I)) is !i polynomial in D, 

1. 

2 . j iii)X. 

3 - - J'V) ■ ■ m)r”“X. 


8.243 If I'XO) is ft |)olynomiftl in 0, 


I. 


2. 


3* 


8.244 


l'{0)x"‘ - x”‘F{ih). 

F{0)x.'“X ■ : x’'‘F(0 I w).V. 
x'"l’{0)X ■ ' I'XO ■- iii)x'“X, 

thn 

j 


INTiaiUATION IN SKKIi;;; 

8.260 If ft linwir dilTcrcnlial iKinnli.m ciin Im (•\piriis.Ml in ilm syinlmlio f.iini; 

I /(^/)’|y o, 

where F{0) ftn(l/{(?) arc polyiioiniiils in //, (he siilislihilion, 


leads to the e(|iiftlions, 





rJ|,/(/j) n, 


-I- 1 m) o, 

ri|/'‘(/) I m) I I m) -r. 0, 

(liFip 1 i»i) !• (/j/(p ( ,pw) M (), 


8,261 'I’ho equaliou 

m > ■ o, 

i.s the "indieial equiilion.” If i( is satislied </„ may he elmsen arhilrarilv, tiii.l (he 
olher coenicieiils me then delermiiieil. 


8.262 An criiiaiion: 




1- fA(fl) 


tlx’ 


y 0. 


may lie icdiiccd to the form 8.260, where, 

J{0) <j)(0- in) 0(0 - i) (0 ~ s) . . , . . (0 Ill I i). 

If the degree of the |M)lynoniiid/ is Brouter (han Hint of /< (he seri.-sulwuvs can 
verges; if the degree of / is less Ilian that of F tJie series always diverges.' 



diffeejential equations 


17s 


8.300 


OliniNARY mi'FEUIiNTIAT. EQUATIONS OF Sl’ECIAI. TYPES 


d>^ _ Y 

dx« "■ 


wlicrc X is a fuiiclion of x only. 

j, = (•'• -0"“‘ Tdl -I- (;2.v»- 2 + . . . + c„-i .t 

where T is llic same function of t U).aL X is of «. 


H" Cnf 


8.301 

where Y is a function of y only. 
If 


<Py 

d^ 


y, 


the solution is; 

8.302 

Put 


^(y) => 2 j'Ydy, 

dx" \dx"~y' 

d'‘-'v „ dY 

d^-Y; ji~-HV), 

an<l this equation may he solved by 8.300. 

Or the equation can he solved: 

CA'L. ' ry<^y 
^“V yo’) J w 

where the inlcRration is to he carried out from right to left and an arbitrary 
constant added after each integration, lilimiimting ¥ between this result and 

F ■=■ {j&Cr H- Cl) 


gives the solution. 
8.303 



I 7 C 

Put 
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which may be solve{l by 8.301. If the Koliilion can ix; (>x|ti(!ssctl; 

r M (/,(;V), 

• M - 2 integrations will solve the given dill'erenlial wjiiation. 

Or putting 

\l/{y) ' « 3 1 1' tly, 

<tY f -/r ^ r y,iv 

^ J l<i I- '/'(i')i’ f ic, I ^-(r)|S' 

where tlic integration is to be ciirried out from riglil to h<fl and an arbitrary 
constant ndrlcfl after each inlegralion. 'J'lie soluihni of ||u< given diirereniial 
equation is olitained by elimination between this resnll and 

I' (/i(.v). 


8.30d Differonlial equations of tlie second order in 
variable does not appear, (leneral ijqu': 



P 




ilx' 


lip iPv 
llv </. 


which 


the independent 


A differential ctiuation of the first order results: 


If the solution of this equation is: 

P -«/(v). 

the solution of tlie given equation is, 


a' -1- fi ■» 


(Ijly 


8.30B Differential equations of the .second order in wlueli the .leiHnident variable 
does not appear. General type: 


(h iPv' 
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A differential equation of the first order results: 



It the solution of this equation is: 

P =/(.v), 

the solution ot the given equation is: 

y = C 2 -1- fjix)dx. 


8.306 Equations ot an order higher than the second in which either the inde- 
pendent or the dependent variable doe.s not a]ipcar. The substitution: 


tly 

dx 


ZZJ 




as in 8.804 and 8.305 will result in an equation of an order less hy unity tlian the 
given equation, 


8.307 Homogeneous differential equations, If y is assumed to l)e of dimensions 

11 ^ X ot dimensions i, of dimensions {n - i), of dimensions (n - 2 ), 

tlicn if every term has the same dimensions the equation is homogeneous. 

If the independent variable is changed to 0 and the (lei)en(lent varialde cliangcd 
to z ])y the relations^ 

X - (P, y ^ 

the resulting equation will lie one in whicli the independent variable docs not 
appear and its order can be lowered liy unity l)y 8,306. 

i/v (P'V * 

It y, .... arc. assumed all lo be ot Iho same dimensions, an<l the 

equation is homogeneous, the substitution: 

y a, • 

will result ill an equation in u and .v of an orilcr less by unity than the given 
equation. 


8.310 Exact clilTercntial equations. A linear diftcrential equation: 


|| + P«-i -h + i’l -I- Pd » P, 


where P, Po, Pi( P» fvre functions ot x is c.\'act if: 


p dPx <m 


flit p 
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The firal iiilq'nil is: 

il" 


wlioru, 


'(/.r ' ■ 

(hi “ I’ >11 

' I;'"' 

■ th ' ./v" 


ClV //’</.» I., 





.//'u 

//.V 


./i- 


i ( 




• /v' ^ 


If the first integral is an rNiit l ililii iriiii.tl i-i|ii;iii.<ii ilu- iumi , 

limiwl as Idiiit us llu! nu'lliiiiailsof i-.mIi itm ivr inli ftnil iti fy itir r(iiiijiijo)| 

of iiUegraliilily. 


8.311 Nim-tiiu'ur iliHfeiriilial n(iiiiia>ii‘i, 
the Hill (inler: 


M“y (/“ 

./,v" • 


A lo-n lint M .lliiniiilial of 




f/‘^V 

to lie Cxfift imisl I'oiilaiii , in llio litit ihiMir i.nlv, rm 
ffv*' 

(/" ‘v t/ ‘v (//t 

,fx" ' ■ ./» ■ ' ,iV 

InlCKi'iUc Ihe i*etiialiiiii im ilin ii .iMitt|i.ii»n (h.ii {> i . ih. ..niv vati.ilih- ami 

Us (lilTeieutial na-Dicit'iii. I.ei ilir m nil In- I c In I'.fv ,t\\ is 

llic highest ililTiTciiliiil inellit inu aii>l ii int m ; in ilu* i«i i tlryi.*- ioily, !ti |iftit 
this process as (iflen as may In* iinr«ai y ainl ihr lu a miryial nf flic t sitriilif- 
ferciitlnl cqimlioii will In- 
i'. I r, i ....... - . 

If this process hreaks ilown nwirig Im iIo- ««l il..- I.i^lu -if .litfirenllal 

cocfriiicnt in a higher degree than llitr lir-sl ihy ..‘ivrM tiidri. iiiiiil I'iptiiiitni was 
not c.Mict. 



DIFIi'KUTCNTIAL EQUATIONS 

8,312 General condition for an exact dilTcrcntial equation. Write: 

(ly , (P'V ,, (P'y . . 

^ _ ,y.ff tf, _ .,(l0 

(lx ^ (Ix^ ^ . . . . y 

In order that the dilTercntial equation: 

y, y'> y" = o, 

be exact it is necessary and sullicient that 

- JL ^ Jt(^\ W - 

aj (ix Wv ' \^y'V ^ w'''v 


!?( 


8,400 Linear dilTercntial equations of the second order. 

General form: 

(/;V« ' (lx ' ' 

where P, (), R arc, in general, functions of a;. 

8.4.01 If a solution of the criiiation wilh R - o: 

y « w 

can l)c found, tlic complete solution of the given dilTercntial equation is: 

y =» CiW H- j <lx\ 

8,402 The general linear differential equation of the secoml order may b 
reduced to the form: 


"h 


where: 


(/,V 


T // P T 

/-()-■- - - i«. 

'' 2 (lx 4 


8.403 Tire differential cquatioit: 

'/".v , 7 )<fy , /I 

by the change of independent variable to 

S ~ (lx, 

dz" 

By the cliangc of Independent varialjic. 

(Iz = (lx, 




Pilx„ 


it becomes: 


UlzY 


(I f I (ly \ 
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i8o 

8.404 Rcsohition of the oiicnilor. 'I’lu! dilTerenliiil eiiiiiitioii: 

</"V , ih , 

may .sometimes he solved hy rcsolviiif' the ii|)(a'ittoi', 


into tlie product, 


, d , 


The solution of llie din'ercnlial e((Uii(ion reduces to tlie soliilitm (»f 

The equations for determininj; p, r, c/, ,v are: 

pr -1 n, 

qr ps I- p ‘I-- <■■■ }., 

(/.V 

8.410 Variation of |)aramclers. Tlie complele sohilion of the dilTereutial 
, equation! 


IS 


(p\i //v 


3' » fi/aCv) + cMx) -I--?; I 4, 


J 

where /i(.r) and /j(;v) are two purticuliir sokilions of the dilTerenliiil lajtiulion 
with R « 0 , and are llierefore connected hy the relation 

rT 

C is an absolute constant depending upon the forms of /, and /, and may he 
taken as unity. 


8.600 The cliffei'ciUial equation; 

(«i! + ItiX) -I- (ff, -I- bix) -I- (flt, .\. htix)y 0. 

8.601 Let 

Dm (aJ)^ _ aih){aik - Oih) ~ 



nmi'KllENTIAL EQUATIONS 


i 8 i 


Special cases. 

8.602 h == - o« 

Tlie solution is; 

Q 

where: 


8.603 D - o, h = o, 

y 

where: 

8.604 D ■= o, bi o; 


yi = Cic^'* + Cac^**, 


hi _ - »i dz y/ffi'^ - 4ffi| ff2 


Xa 


2Ch 




k = 

— m ^ 

bi^ “x _ {!l’, 

2(1^ /n 


02 


where 


Jl = I C\ -I- C2 ^ ■ H- l)ix)”'dx I , 


, In (Hb\ - (hlh 


and X is the common root of: 

^/aX'^ -h a\K -V == o, 
feX^ -I- />iX -1- b(i “ o, 

8.606 D Of h ^ hi ^ o, If rj - /(^') is the complete solution of: 


wlierc 



y 


^ Of 



a 


JT* iLl! 
A<h^ 



0:1^ 

2ao 


8,610 I'hc dilTcrcntial equation 8.600 under the condition D "I- o can always 
ho reduced to the form: 


-I- (p -I- q -I* ?) “I -h /k/> » o. 


8.611 Denote the complete solution ol 8,510: 

8.612 &2 « 6i =» o: 

y „ eN*4W.l r*)8 

where: 


\ ffi 

A » — jU 
2«a 


fli^ ~ 4flnna 
4«a“ 


/wy 

\9hV ' 
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8.613 *2 = 0 , *i ^ o: 


wliei'c: 



«z’ 


a«b,? - a\bnhi -I- Oii*i“ 
P - ~ '„j'i ) 




2 


8.614 *2 ^ 0, *0 = 4'^: 


whei'C! 


y = (.X* I /.’{ g y/ju -I- P.v} I 

-- 

, 4rtli*2^ “ 2fli*|*2 -I- fl2*l“ 


/> = (/ 

8.616 *a-to,*«:|r-^“: 

4''a 


*«* 

-- ff2*l I 

W " s' 




where « flu, ft =5 ia, ft « afeX *1* In and X is one of llie rouls of 

6aX^ H' ^iX d* /'^(i o. 

(hlh - (I'Jh 

- <•■ 


^faX^ d- rtiX d- 


q r?ii 


8.620 The soUilion of 8.610 will be denoted: 

<l> = /<’(/», (/, ^). 

1. P'ip, q, Fiq, p, - 5). 

2. /'’(/I, (/, - ^) = c5 /■’((/, p, 

3. Hq, P, c~^ I’ip, q, - B. 

4- ?, 0 “■ F(i - 7, I - />, ;!;), 

5- F('~ P, ~ q, B •"• ' ' ’ /''(i -h q, i + /», f). 

<5. np-\-m,q,B-^^„np,q,B- 

1' ^’(/b ? + «. 5) “ ( - t)" c-t I <7, I • 
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8.G21 Tlic function l<{p, q, can always l)c found if it is known for positive 
proper fractional values of /> and q. 

8.622 p and q positive improper fractions: 

p = m -l- r, q == n -h .v 

where m and n arc positive integers and r and s positive proper fractions. 
I'Xm d- r, n -|- .r, 0 = ( - 1 )“ | 0 | ‘ 

8.623 p and q liolh negative: 

p ■-■= - {w ~ I -I- r) q = - (w - I -I- .v), 


p (_ , _ ,, _ „ + I - .V, to ( - i)"‘ t-'-"-' ' N-. I P'{s, r, t) I • 


8.624 p positive, q negative: 

p = ni -i- r, (/ = - n -|- s, 

FOh -\- r, - «. I- .V, t) - \ Hr - s, r ~ r, t)J- 

8.626 p negative, q positive: 

p - m -I- q = n -I- s, 

F( - m- -I- r, n -1- .v, t) - ( - i)'" ''" ^ 1 cf- if(i _ .y, i ~ r, t) j ] • 


8.630 If either p or q is zero the i-elalion 7) «> o is siitisfied and tlie complete 
solution of the differential eciualion is given in 8.602, 3. 

8.631 If p •==• m, a positive integer: 


,/m 1 

7'(w, (/. t) 




8.632 If p m, a positive inUtKoi' ami both q and are i)osilivc; 

0 .=« 7'’(w, </. h) - Pi / ' (i - «)"■■' rl't -I' fCr -I- tt)"' ' V'""' c"*'" ‘hi- 


8.633 If q u, a positive integer: 


<p - F(p, u, H) cic- 1' -I- 

8.634 If q “ It, a positive integer and both p and t are positive: 


(b - F(p, n, t) - Cl / (In -h cjc-^ / “1 -|- w) c-^" 

l/O i/O 
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8.640 TJic general solution of cciuation 8.610 may lie written: 


(j) = Z'X^, t], to = 'I' I'iN, 

^ J (i + ' 

u » M'-M / T - ^ i -I. i^lL±A t t , 

iX-O 1 4 ’(-f-l-i) 2I .v(.v i- j)(.v -I- a) 

j « p -I- q, 


yo o 
q> o 

q > o 
t > o 




AT IS 9 )£l f j L (tz 1 -• aV/fv -l- i) 

l'+ Iir'"' 2 !f ' 

(/; - i)(/> ~ 2) . . . . .J/> -Or '- t) ((/)(</ !• i) (r/ -|- II -- 2) 

■ ■ * * 

1 p(fi ~ 2 ) ■ j,- •(/’-- Ii)(/(q -I- i)(q I' 2) . . . , (q f n - 1) 1 

)• 

where o < p < i and the real j)art of t is positive. 


THE COMI’I.KTJ? SOI.inTON OF EQUATION 8.610 IN HI'EClAl, CASIIS 

8.660 p>o, q>o, real part of t>o: 

t) “ <^1 / «>' Xi ~ f f (i d- '« £'V/h. 

Jo Ja 

8.661 y»>o, q>o, t•<o; 

/’l '*/'«) 

ZX/*, q\ t) » Cl / Cii / d’ It)'' dll. 

8.662 p<o, q<o, t>o: 

Hp,q,^) “ jci^ (i~ /0"’’)r»c-f^/H.d-Ciic'-f^li."^ d- «)• ''c {"(/h I . 
.663 p<o, qcif, t<0! 

I q, t) = I d- + h)"'’w-»c ' *“i/m j ■ 

)!»>o, (!'<o 

j/ - .yf + f, where m is a positive integer and y a priipcr fraction. 

Hilt d- T, q, t) « I >- T, I - (/, t) I , 
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^>0: 


^<0: 


8.666 


F{i - r, 1 - (7, 0 = ~ 


, -h C2ili~^ J 

^00 

(r d- (lit, 

F{i -r,i- q, 0 «“’■(! - 


'h Cz 

1 ir'(i d- ii)~'’c^'‘(lu, 
'0 

p< 0 , q> 0 , 



q = n -|- s, where n is a positive integer and s n proper fraction. 


^>0! 




o; 


n -I- c-f I I _ I , 


i'Xr - 

~ S,l ~ p, 0 « Cl , 

f «~'(x ~ rf« 



*/ 

0 

d- Csr~l' 

J 

f (i d- 
0 

F{i - 

- S, 1 ~ P, 0 ■=> Cij 

f ir‘ii - (In 

0 

"1" C 2 i 

^00 

1 «"*(i d- 


Jo 


8.666 ^ pure imaginary: 

■J> »=■;•,(/•=> j, where r and s art positive proper fractions, 


Fif, s, 0 - Cij 

0 


d- ir’ (i - «)“'■«"?“ A*. 

l’\r> s, « Cl ^ 

^ (i -- It) (In 

a 


d- Cs «'"'Xx - «)*”'c~^"log 1 ^H.(i - 11) j 


8.600 Tire differential equation: 

Si ;; 

is satisfied by the confluent liypergcometric function. The complete solfition isi; 
j » Ci/lf (a,, k\ d: caje*-^ M (a. - T 'b x,, 2 ~ 7, .-v) - M (a,, 7^)^, 
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where 


M{a, 7, x) - I -I- •; -I 


a :r , a(« -I- i) x" /v(d; !■ i)(« I- 2) .y’ 

^ it ' I ' ' 


7 r 7(7 1 J) ' 7(7 I 0(7 I 0 .0 

The series is ahsoiutely nnd uniformly ronveiKenl tor nil reiil and comijlcx values 
of a, 7, X, except when 7 is a nenalivc inlef'er or zero. 

When 7 is a imsilivc intei'er llie comiikile .solution of llu; dirfereiiiial 
equatiou is: 

y = I Cl + a loK .v j jl-ifCa, 7, 0 -I- d | y • • t) 

a(tvjh i) x^/ i __i I _ I ^ 

■h yri) 2 j « -i- 1 ” 7 ' ‘ 7 -1 ■ i 

a(« -I- 1){« T 2) iv" / I T , . .1 * • 7 ,, , }, ^ , }\ 

+ 7(7^^ i)(y - iraj 3I \a a \ t ' « T 2 7 7 I 1 7 I ^ a ' .V 


•y 




8.601 For lavRC vttiues of .r (lie following asymplolic expansion may he used: 
M(a, 7, :v) 

l’(7) t \aj «((i:"7 li) i: a(<vl0(rr 7i0(<v 7 1 2) 1 
1 1 ^ 


'iXa)''-'' r' I a-' 


(l D')(2 (l()(7 <0(7 (V I l) t 


2 1 




8.61 

1. 7, ;0 ■= (f’Miy-a, 7, -“.r). 

2. a;‘“'''il/(a - 7 i, a - 7, .r) •» c'.v‘ >71/(1 • <r, 2 7, • .v). 

3. ^ Mia -I- 1, 7 -h I, .0 M (a d- 1, 7, x) - M (<r, 7, .v). 

4. O'M (a -I- 1, 7 + I, x) M {« - 7)-1/(<r, 7 I 1, .v) 1 7(1/ (rr, 7, :v). 

5. (o: -I- ;0M(<;i: -I- 1, 7 -|- 1, ;v) (« - 7)il/((r, 7 I «> -O I 7->/(<> I 1. 7i 0. 

6. a7M(o:-|- 1, 7, x) «> 7{« h .v)M(of, 7, .v) - .v(7 (0il/(<r, 7 I 1. ^0. 

7l^ Q'M(a! -I- 1, 7, :v) HO (;v h aa - 7)M(«, 7, .v) I (7 - <0il/(<r - i, 7, .v). 

ii-O »“ (.V'h 7 !)''((«. 7.-0 4 (' 7)'i'/ (rt> 7-" *• ^v). 


m ^ - 

\ “ 7 + h 7 + 1, x), 

- 0^1 Mia, 7, x) (lx « (i - 7 )M(o! - t, y - i, x) + (7 - i). 
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SPECnAT- HIFFEKENTIAI, EQUATIONS AND TIIEIU SOLUTIONS IN TERMS OPikf(a, J, ») 

8.630 

<Xv“ lix I ~ '^*^”'** -I* ‘l»l) I )* “ o, 


8.631 


,Py 
litP ' 


y = < i ~(j{x - 

(ay, -|. .|. I yyi _ /a .|. £ f^yp y^ _ | ^ ^ 


y “ <r j)/ (cv, 7, 2/iv). 


8.632 




</.V 

y tr-i 


8,633 


J'"’"W*"'")’jw(«, i C(;V - •M/.)^^- 


il I- (2/^ -I - 0 H- { P'^ - -I- 1 {i>q -I- 7/ - 2«/) -I- ;j^;a (7 “ (?) (2 - 9 - 7) } 5' - o, 


y-ri 


8.634 

dx^ ' 


y r»4 a jj/ 


I .|, acv H- 2(6 - (Oiv I JI 

.|. I f£(?.X — 1} .j. (flS .|. 2/,-y „ ,]«() + laQ) - e).v -h 6(6 ~ 2c)x~ 1 o, 

y ta (.• •«*“}!*» Jl y^ 


8.636 

<Py I 
:v 


“ I {jp - pyx^' H- i (/>i 7 + yi - 2 Q:/);v'- -I- ^ r *(7 - 9 ) (2 - <7 - 7 ) | y = o, 




a/.VN 


y«c *■ .1:’ 7. ""j* 
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lions of any of these differential criuations. The range in iv is i to lo; in 
a, +0.5 to -1-4.0 and -0.5 to -3.0; in 7, i to 7. For negative values of ;v the 
equations of 8.61 may be used. 


8.700 


SPECIAL UIFPERENTIAL EQUATIONS 

#y 


dx^ 


-I- =• X(x) 


where A'(:r) is any function of .t. The coiniiletc solution is: 

y = cic"* -I- Cac-"* + A’’(^) .sinh </(.v - !;) dl;, 

8.701 

The complete solution, ssitisfying the comlitions: 

X « o y — 3'tii 


X ^ o 


dy , 

i - 5'" - 


y = c”!*® 1 + yo ^COS u'x -h ^ sin | 

+ --7 / <;•’»».•(*-£) jjjii J|,'(;v -.. i')A''(i;) (/§, 
Jo 


where 

8.702 


n 




/g-ffWx 


8.703 


f| ■i-/(y) (f^ -I- «()’) " o> 


c cf d\ 


8.704 


g+/wi+«wgy-o. 


(lx 


six) 


/ Te^ dx * ** 



Wm'ERUNTIAI, EQUATIONS 


S+/(.v)g + «w(|)’-o, 




“I + (a -I- hx) -h abxy’^^0. 


y^c --«* {ci -I- oifc dx\ ' 


tPy . , , , \ th , , 
i/ J/v 


y ra <r*'^(ci -I- p J'x~«d’* rfa-} • 


thv , a rfv ., h 

. ..r. .... . r., . , ..... y = o. 

«;¥■’ ;v ax »;■* 


I. («. ~ " Via " i)“ ” a(> 


1 

y .= ;\r" rjp,a!.|-C2A:-*)- 


a, (ft - X K> “ V4/' ~ (« “ 

« ■ 


y «« a;"'" r|c, cos (X log a;) -|- fj siu (X lop; a;)}* 


3 . («• ” i)“ «■ 4 /> 


y ra ft; J (Cl -1' Cs 1<>K •■*)• 


fj^i *!■ ” 1 ' ■!' ^**‘'’** “ °* 


I. «</), X « -s/i - <h 

y wa 6 '”’T(CicV 


Si. -» • \ \ 

y ta, c*" ii (ci coa A;V -h C3 sm aa:). 


/(») § - («• + *•'-•) ’l! + ^0’ “ o. 


/ a + /w V 
-J^dx^x, 

y «“ (7i + bx) + <^9 f 4" bx) C dx | ' 



MATHKMATJCAI, r(linilil..K AND Kt.I.IITIf KDNI ' IK INfi 


(."-..’igiKj.' 

liv 


y f ) (fl 1 .v);) 1 » 1 

rui 

.» )»' 


1 .v)'' 


ihv , ;! ily , .. " 

(/,V" .V ilx .V 

if .11 

y >3 - I I < <w fi.v I sill /I r I 


i/'v . , if’.v , , i/,v 

i/,v< '■ * ' (/.r' ' ‘ (/.V' ' ' 'r/.v ' 


ji B sill (Wi.v -I- (ii) !• Wi nis (Wi,v | (V|)| 

•I (■'/ '"‘I/'J f'i" fW;!'' f <>V) I W.i I 'S' (U,;\' i ll'i) 

where: 

()«!'■' • I S I- (■ i d’ .l'< .! '/\ ■ < I </'■, 

3 I I- ■ . v’;;* .|'» I J </ \ ;; t i 

■ 2 pi ...t it v'c • f \ it^, 

■Ih •! \/s • ■ i: I if\ 

tiiul s is a I'doL (if 


■ ' i\{tt » lulh I 46/* ‘ atP /*•) 0, 

(Kititiii/, Ann, A, Pliy^ik, 40, p, i^^S, 1013) 



IX. DIl''l''l{RliNTIAL EQUATIONS 
(continued\ 

9.00 Legciulro^s Kciualion: 

/ -A f/*’ V ih , f , \ 

^ ilx 

9.001 If n is a ])()sitivt! inlcpjcr one solution is the Legendre polynomial, or 
Zonal Ilannonie, Pn(x): 




2(2;/ - l) ' 


■n{ n - i )(« - 2 )( ti. - .■ ^) 
2-4' (21/ - l)(2« - 3) 




9.002 If '//. is even the last term in the finite scries in the l)rackcts is: 

(2«)l 

9.003 If H is <)<!(l Ihc last lerm in tlic bmckcls is; 

. "-U (//.l)»(/i-i)l__ ^ 


9.010 If II is (I positive iiUenui’ n second solution of LcRcndrc’s ]i(|uation is the 
inlinite series; 


. (// *1* d' 2) Or *h 3)0^' d" 4) I 1 , 

■' ■' +•••■! 

O'.Oll 

P,„(cos 0) - (- 1 )"-^ { sin*-' 0 - ^ sin*--* 0 cos* 0 

H 


9,012 


I'an i i (cos 0) = { sin*" Oco^O- sin*"-* 0 cos* 0 




nimfiniskv! Mnfis* of A 4 n.i:li. A2* n. 1012^ 



192 
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9.02 

Recurrence fnrmuliui for /'..(.v): 


I. 

(« •!■ i 1 ■ (J« 

i i).v/’„. 

2. 

(aw M)/,, . 


3- 

/ . -//’ml -//'.. 

,, -//’„ .//■„■ 1 
i/r • 


4* 


S‘ 

(I (h I i)(,./',. 

/■m.k 

6. 

(r -«(/'., 1 .'/■ 

,.'l 

7- 

(JH t l)(l '•>’) ■j,.*' «t» 

1 lit/',. , 

9.028 

Recurrence fornuilne for (>„(.»). 'Hu m 

’ uir llii- Miine u'l tlinsr for 




9,030 .Siiedul Vtiliics, 


/’i»(.v) •" I, 


/*,(.r) « ;v, 


W “ W ““ i), 


Mx) « Sfsi’' ,\x), 


J\(x) <•« i(35.V‘* - AOr’ 1 A). 



I\{x) M Jitfiiv" ' 70.1* ( i 5,v'l, 

IMx) <" I S). 

h(x) <" I'nCiJav’ ““ i 

«• ti*(fi<|.l5A:* - I30ia.v* I fMj JO,v‘ - I' <S). 

9,031 

()(l(.v) «• *-*, 

3 /‘ .f - r 

Ql(x) « *;A- |ogt'~lJ « I 

Qi(x) w IPiix) kt|{ ~ tj ^ 

a ” X - I St 


X + I « .. 3 


DlFFli'.RUNTIAI, EQUAl'IONS 
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9.032 


■ ^ ^ 2'4-() . . . . 2» ' 
J-\n l-l ( o ) 

J\(.x) - I. 

7’, .(-A-) - ("l)'‘/’n(.A'). 


9.033 H s - r vm 0 : 

U ./>,(c<)s 0)7’,. (cos 0 ) - 7’„|,(cos 0 ) 
oz r I 


9.034 R()(lri|JiiH!s’ Formula: 


' {2/1 
t tf” 


|^ i ±||7’...( c « H 0)-7’,., H ( c « s 0)}. 


9.035 If z r cos O'. 


0.036 If m $ n 


7’»(>'-) - ^„„i i)"- 


J ’. WP.W - y (»). 

/. ,„V.Ui nVU ^ /I „l m -fc V 2 JI -I* 2Wi “ 2k -|- 1/ 


whore; 


k 0 


A r 


.... (ar- t) _ 

ri 


MKm.KR’S 


INtHOKAtS 


0.040 


For all values of u: 

2 

P„(coa 0) 


cos (;i -I- 

Va (cos <!> - cos 0) 


0.041 


If n is a posillvc integer: 

P„(C0H 0 ) « 


Vascos 0 ~ cos <j>j 


0.042 

9.043 


iavlack’s inteorat,s, eor au, vauiks of n 

P„(x) f {;V H- cos 0} " f/0. 

"Jq 

j /0 

<?h(a:) « J J ,,,.F 
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MATIIKMATICyM- FOKMUI-AC and ]CI,Ln>T.U; FUNCTIONS 


9.044 


9.045 


INTIX'.UAI. I'KOVISnilW 


j I ' tlx 0 if m t- >1 


■ill -I t 


if »i ■■ ' 11. 


(wt - It) (in -I- n -I- 1) f l\u{x)Pu(:x) tlx 

l/x 

“ i 'I" 1 1 llP’i 1.1 “ ‘ I ' 0 f *wi 1 1 - ' D/ /'(II |3) ' 


9.046 


(211 -I- l) r./VC-V) ifx « t - x/V ~ 2 .v(/’,-' I- PJ‘ I ... . I P) 

■I- 2(M ■!■ r,/', V I /'„.,/’„) 


KXl'ANSIUNH IN I.KUFNDUK FUNITIONS 

0,050 Neumann’s cxpunsimi: 


«.'>0 

(In (« 4' >j) / J{x)J'n{.\) tlx, 


9,061 Any polynomial in x may lie cxiiresscd us u series of Le|j;entlre's poly- 
nomittls. If fn{x) is a polynomial of deipee ir. 

tl 

Mx) <»'y]akPk{x), 


(Ik “ 


k*^0 

aife-l-i T" 


£"Mx)Pk{x)ilx. 


Sl'KCIAI, EXI’AN.SIONS IN I.F.OKNDUIJ FimiTlONS 

9.060 For nil positive rent values of n: 

I. cos nO - ~ I p,(coB 0) + ^(cos 0) . 

+ Piifcos 0) + ## A(cos 0) + . . . ) . 


UIFl-'ERUNTrAL ICQUATIONS 


1 Sin nir 

2 (•«.“ - l ) 


y'«(c()s 0 ) H- 0) 




I t>in '^/vr 


9.061 If n is a positive integer: 


1 ‘2 («* - 2 “) 
I t(M* - I*) Ot" - 3“) „ 


(»“ - 4“) (»” ~ 0=) 


i’ti(C0H 0) -i- 


I. COS) 


_ I .'L'i* 

s’vs-y • • • (2»-l- i) 


( 2 » -h i) P,,(cos 0) 

. / .. ,\ D<“ ” 'I' l)"] n m 

-|- (2M — 3 ) __ __ i n-2(C08 0) 


X ^->1, -y’l [»° - (»- - p / flx . 

+ («» “ 7 ) r,J„ _ ,Va 3 T«« - in - ' 


t- - f, _ 2)a^ [;;,,2 _ ^ ''z > • • • j 

+ (»■ + 3) z’.n(c«s «) 

Vr 

fO / V\ n 

2 2 (2)^ - iV \ 2-4'6....2M / 


2. sin 0 >« 


3. col.«.|2 


?. - 2 : y; , il" + -■ V; 0). 

4 2 (2» r.) (2» + 2) \ 2-4*0 ... ,1211 } 


\ 2 '4' 6 , , . . 2/f / 


{211 - l) 


m 

4. ac«-j4.f2(4»+.)(J--’’i 


2-4-6 . . . .211. } 


I 4- sin ■ 


I. log- 


■ -I- S;i-. 


log . -leg ,i„ I - log (. + si,, f) . 2 ; «. 

9.064 K(,k) and E(k) denote the complete elliptic integrals of the fir 
second kinds, and k «■ sin 0: 

I. m . f ^ 2 (-.)>(4»+ .) 
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MATTIKMATJCAT, n)RMiri,/K AND DM.inK’ I'l^NM IinNS 



^2 

¥ 


fti 



(4/' 1 1 ) /'■ 

( j/l ■■■■ 1) (;!H I j) \ 
(Hai’i'iTiivt's, Mowi. 


.rs • • ■ . ( .!« 1) 

.’••I •(! tit 



of Miilll, ;!<», |i, iSi^, i'Sr)y) 


9.070 The (lifl'cvoiilial e(nmlion: 

l/\V (/ V 


(i - { «(«■! 1) 


/«'' 1 

.. V > ■ (). 


If m h a positive intef'or, ami i>,v> I 1, two soliilions of this ililft'ieiiliul 
e<iiuUu>n are the associated l.eitemlro f\iiirlioiis 

(,e) 

' </.»■"■ ’ 

il'VJ-y) 








9.071 It n, lilt r are positive iiUe>{(!rs, ami »>/;/, »•>»/.• 

: /’ "iC(.v)K(.v) </,»•...(> if 

t/-i 

a (ti I 01 )! 


" 3 »:i. , („ „,)! '' '■ "• 


9.100 Beasel’s DilTereiilial Kqualion; 

, lily , / v'>\ 

9.101 One aoliilion is: 


(;r) V, (..>0* 

^ ^ hi- 


•='‘Adl'(^ h i- I ir 

9.102 A second imlepemlenl solution when i' is not an inli'Ker is: 

01 no If . /-i-(.v). 

9.103 J[ «a n, an integer: 

^ second lndc[icnflent solution when v an integer* is. 

» a/n(.e) -log | ~ ^ ‘ 


fyvMO 


kl 


S T«)i(a) { + *) + lAU + « + 1) } 


DIFFERENTIAL EQUATIONS 
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L06 For all values of whether integral or not: 

siaW ~ 

J^v{x) - cos vkJv{,x) — sill J'ttFi.Ov), 
F_,,(;i’) - sill p%Jv{,x) -I' cos J'7rF(.(.'i:). 

9.106 For V = n, an integer: 

F_,.(;r) = (-i)''F„(.v). 


9.107 Cylinder Functions of the tliird kind, solutions of Ilesscl’s differential 
equation: 

1. Ill (;v) - JM -I- 

2. (;«) = JM - ■jl'i-Cv). 

3. Ill, (:«) » nlix). 

4 . //-I (:v) - r ''’^'7/'!(.'r). 

9*110 Recurrence formulae satisiied l)y the functions Vvy u\y /7p, CV 
represents any one of these functions* 


I. 


2, 


3* 


4- 


s. 


0. 


CV~i(;v) — CVnGv) “ 2^"Cj/(.r). 

C -,(ar) -i- CV,i(.vO ----"cVOiO. 

A- 

£cv(.i0 -cv„,(;r) -i-C„(a-). 

jr^C ix) - - CV,,(;v). 

^ I .v* Cv(*) j- » .v*’C)<_i(.v). 

j{<^W2(.v) + CV,(aO 



9,111 

I. /i<(;v) 


dV,.( x) 

dx 



irx 


9.120 

I. /i,(;v‘) ” 


2. 


Y,{x) 


ASYMPTOTIC KXPANSIONS I'OR LAROB VAT,UES OF X 

sj^J\P (X) COS (x - r) - Q,(x) sin (a: - | , 

I sin ^a: - 2^^™ Trj + Q„(a:) cos ^a: - 


7ra; 
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MATJIHMATK'AI, roUMltU.) AND Kl.t.ll'TK! I•'UN(■ I’U INS 


I 


3 1 //r(iv) ^ I /V(.v) I' /(^pCv) 1 ,0 

4 . //"(iv) == |/v(.v) - mv ) }, 

where 

no 

P,.{x) ■= 1 -I- ^ (-1) 

n 

"W .,.. ,^| ,.U ,y,!t , 


1-) (4»'''' ■ • ,i^) {4<'’'' 1 ") 

(jA‘.)I /’'■ .v'-'' 


/jRIII 


SFKC’IAI. VAI,in:S 


0.130 


T /.vV . t Av 


iA< 


I. MX] - I y .|. y I . . . . 


1 .\ 




. , X tUu{x) X . ^ 

"il' ,1. 


3. j1'.w.(i..k5+7)/.w i gj- I ;)(;)' 

' U!V‘(‘ ' 1 ' 

“■ (H" h y)Mx) I -1 j i ./«(.»•) 

3 . -I I . . I ')(■;)' 




ii{‘ ' : 'm 




y 0.5772157 (0.C02). 

0.131 Limiting viiluc.s for ;v ■« o: 

Jnix) « X, 

J i(a’) ra 0, 

F(i(a!) “^log~.|. 7 ^, 

FiM » - - 


»r4 


3 



Dll'l'KRKNTIAL ECJUATIONS 
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9.140 Bessel’s y\(l(lition Formula: 


00 


9.141 Multiplication formula: 

Jti{ixx) « a' 

9.142 


S (i - 0-’)^ fxy 
■ "11 


k*^*o 


J 


wluire 


9.143 


JJiBMO 

S ^«A!’"2ii|02ji 

.sT(7v“so iroH-i™-''' -I- + 1) 

J,.(.v)/„(.r) - 2 ' k 


IJ, + v-\- 2/AA.V+"I«*_ 


9.160 


DKPINn'E INTKCRAT, KXl'UKHStONS I’OU HKSSKI.’S INUNCTIONS 


Mx) 


Ju(x) 






cos (;v sin (l>) cos'^" (/>-rf</>. 


cos (.T cos (jy) sin’"’ (j) • r/f/j. 


9.161 



300 MATIIKMATICAI. AN'I) I .I.I.IMTIC I UNC 1 11 iNfi 

9.162 


If II is an intcj'ci': 
9.163 


I-/' r 

J,,{a^ f f'”"''/' sitr'i/i-i/i/). 

V7i r()' 1^ 


9.164 

9.166 

9.16C 

9.167 


r /*”' * 

/nrkGv) : « • / COS (.vsiii 0) vm {?,it<hhl{h ' / V. 

/un(A') ' • - ‘ ‘ / COS (.V C<IS (/>) i OS ^ * 

^ »/o /C o 

/anii(.v) — / sin (.vsin 0) sin I i) 0 J0 - " / ^ • 

»tA' 

i V' 

.latiiiOv) • / sin (,v cos </») ctm (-■« ( ifi/ii/i/t " / j'. 

^ .A 71' 

r I 

/n(.v) / <■ ... . I 

27r./...r 371'./,, " 


INTCiniAI. i’imi'i.iiTii;:i 

9.100 .It Cp(fxx) is any oni! of lln* piirlicnlai' iiitc^'rals; 

Mixx), V,.((xx), lllUix), /i;,'(/7,v). 
of llic (lifforonlial ciiualion: 

(f‘y , T i/.v / /I’n 

iW ' an/.,; ' r 

r . 

/ ( V ( /7n .v) ( V ( H ix)xilx 




i/u-i^ /ui 


Miy - Ml* 

9.101 It M< and mi hic Iwo dilTorenl rnnls nf 
C VCm/*) * o, 

C,.(nKx)Cp{n,x)x ilx - j M*t'v(Mi«)CV(Mi;«) M»/ V{M*<»)rV(M.iO ] ' 


9,162 If ma And mi Arc two different roots of 

I'i>'(m«) . 1 

CV(m/0 - 0. 

J (-i‘it^kx)Cv(ntx)xtlx «> pCp(fjtktt)Cp(niti). 

If f^h M/i 

/ CV(MAA>)CV(Mi.v),rrf.v «. i ( /W(m* 6) - fl>CV>(MA«) L» - \ . 





h 



DIWERli:NTlAT. KQUATIONvS 
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KXPANStONJi IN DKSSJCr/s FUNCTIONS 

9.170 SchlOmilch^s ]Cxj)ansioiu Any function f{x) which has a continuous 
(liffcrontiiil cocflicicnt for all values of ;v in the closed range (o, tt) may be expanded 
ill the series: 


wliero 


9.171 


where 


0.172 


where: 


^ * 

f(x) ^ (Id -h OkJ D{kx)i 

k^j 

(to « /(o) -I - " f fi f ^ f (it' sin 0)(l0du, 

*/o */o 

2 /”^ r~' 

«/ii J u con kn J ^/'(um\0)(l0du. 

m 

f(x) rt().-v'‘ -1-^ akJnjotkx) o<a!<i, 

k<^i 

/(H l(0!fc) O, 

do « 2 (h. -I- 1 ) ^ f(x)x’>'' ' dx, 

(fh <«, j,.— xJ(x)J „(akx)dx, 

(Bridgman, Pliil. Mag. i6, p. 947, 1908) 

CO 

fix) ° '^AkJoilikX) «<!V<&, 


Aj oa I 


„Ji\(tik<t) . . q 


and JoiUkli) « o, 

,C »im¥x ~ i>J(«)Jo(iJ.k(t) 

(Stephenson, I’liil. Mag. 14, p, 547, 1907) 


.SPKCIAL EXPANSIONS IN MESSEn’.S PUNCl’IONS 

9.180 

1. sin X « 2^1 (-T)Va*.i.i(.'r), 

A » 0 

00 

2 . cos X « .7o(») -h (-i)*/))a(.iO- 

Ami 
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MATIIKMATICAL I'ORMUi./K AND KlA.Il’TU; 1' DNl^riUNS 


9.181 


1. cos {x sin (?) “ -I- <‘<w 2 lcO, 

k -'* 1 

2 , sill (;v sill 0) c-- a^^/ait i iOv) sin { 2 k ^ \)0, 


h 


9.182 




A 


(Mf 2 k) (m -I- k - r)t 

'k\ 




_ no 

./2X V (V'S'I- T) {2iOI , 
• y 7 ” 


9.183 


I - 


tl r'i I 


9.200 Ttic (liffcrential eqimlion: 

(Py , a '/v 




y v"i 0 


with tlic substitution: 
Ijccomcs: 


15 ffii y-^x, 


H X «« p 


<Pz X dz ( 

liP ■ ' p dp V' 


-y-j 


9R1 0 


which is Bessel’s equation of order n + 


I. 

2 


9.201 Two Incicpcndent solutions tire: 

s *^nn(p). 


./»’ I i‘k(‘V) 

Ohm; 0.01) 



DIRFEIUCNTIAL EQUATIONS 


203 


9,202 Special values. 


9.203 


0.204 


J'i{x) ’=> 

i — 

V — - sill :V, 

V TT X ^ 



J (:v) « 


ati a: 

.V 

cos A 

)■ 

/jOv) - 

^l[ 


j sin 

;v - - COS .A 

iV J 

Mv) - 

\/={ 

(y-i 



/a(;v) r. 

\/S( 


^■*.1 
A-** ' 


/..jOv) - 


[)S Xf 



/. sOv) - . 



H'- 

)S;V\ 

r;* 

/..}(:v) ‘>1 


-• sin X 

[X 


^-i)a>sA}, 

J- lix) « 


]{&■ 

-) 

Hill COS ;v|, 

/„.,(.v) - 

\/4l 

' /ros 

,v^ 

■f) 

sin .- 1 ! -1- - J;r -I- 1) cos .A- 


j/lM " 

//;(.») " +i) 

"1 w-'Vs‘"“ 


0.206 
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MATIIKMA-l'ICAT, FOKMIU-.V; AND KMAl'I'K! l•^^^(;Tt()NS 


9.210 The (lilTercnlial c(iimllou: 


d'y 

lix^ 


1 dy 
X lix 


("'3 


y - O, 


witli the Kuhstiluliiin, 
becomes Bessel’s ccnialiou. 


x ' > h, 


9.211 'I’wo imlepemlent solnlions of 9.210 me: 
/i- (.v) /■ ''/i. (/.v), 

K" (.v) - ^ It], (Av). 


0.212 If V M n, mi inleKc*i‘! 


A wo 

K, ix) - i'H > J til (X), 


9.213 


h W 


Kv (;V) 


(*o.sli (x rem 0) 0//0, 


VttIXH- i) W Jo 






9.214 If ai is liivge, to a first npiu'oximalioii; 
In Cv) ■=> (air.v cosh /i!)'"* c* 

Kn (x) ra ir( 2 rr.v cosh •* 

H •» , 1 ! sinh /3, 

9.216 Her and Ucl Functions. . 

lier X + i bci x « 7 (a'V?), 
her . 1 ! ~ i hci .1: «< In{ixy/t), 



DIiri’ERKNTIAL EQUATIONS 
9,216 Ivor tiiu! Koj Fiinctions; 


kor X -\- i kei ;v = K»{x\/i), 
kor iV - /■ kci .v ■= A'i,(/,v;V'/), 



9,220 TIu! Ik'ssoI-C’liiTortl DilTcrcnlial IC(|uatioii: 
With lltc Hulwlilulioii 


;v ((/ i) r J| = 0. 


r/.v* ‘ ' ^' dx 

S >*> ;V'’'".V » 2 V^| 

the (lilTorcnlial o(|iiiuioii reducos to Uosscl’s oqiiation. 

9,221 'I'wo indopontlonl. solutions of 9.220 are; 


A *« o 


J.! i- 

I X a I jf 


9,222 




d „ 


CV(.v). 


.■V'CriaCv) >» (l^ '!• — CV(a')* 


9.223 Tf E >»• n, an iiitegor: 

C„(x) ^ (-i)-|™Co(aO, 


QQ 


Amo 


9.224 Cluinging the sign of the corresponding solution of; 

d^v V dy , 

O^+y-o, 

At ea A'Vn.. ( v'i . 
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9,226 If V is halt an odd iiiLe|.;er: 

sin -I- j) 

2 \/.v 

il \ sin (’i\/x I c) <’<>s (•!%/'• I' f) 

" t • I ■ ■ ' ' ' * 


ilx 

f ’ilO'') J'in (■J > 0 


cos ( t e) 


C'_.j(.v) =•■ "COS ( 2 \/.v h e), 
C.. j(;v) ;v'*( ’ij(.v)) 

(;„5{^v) - ;v’(,'a(A0. 


6 is ai’hilrav)' so as lo f^ivc a scc(ui<l arlnlmi’v coiisiaid. 

9.226 For x ncKalivc, (tu; wdiition of the <'<jualion: 

when p is luilt an odd intc|?<‘r, is olttaincd from the valiu's in 0,226 liy ( hanj-tinK 
sin and cos lo sinh and cosh rosiicclivcly. 

9.227 

(hi -h n '!• i) j C’m(i(>v)f '«i>(4 (f-v a('m,i(.v)(’«ii(.v) • ’ ( ■«,(.»•)( 

(hi -1- « -h i) |'.v"' "Cm(.v)(’„(.v) <lx .V’"""' I .v('m||(.v)C„,i(.c) 1 ■„(.;■) | • 


0.228 

I. 

3 , 


f C~i(x cos’ (/)) (/</» K” 7rC'ti(.^0* 

*/o 

/^TT 

j C'j(.v cos® (j)) iU\i ^ 7rC'i(.a’). 

r C'»(;v sin® f/O sin f/) i/r/i >»» C‘i(.r) . 
\h 

f C'i(.t; sin® (/>) sin’ (j) (Uf> ^ CjCr). 

i/0 


4 - 


9.229 
of the 
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Many cliffomuial oc, nations cun be solved in a simpler form by the use 
C„ limctions tlian l)y the use ol Bessers functions. 

(Greenlull, Pliil, Mag. 38, p. 501, 1919) 


9.240 The (lilTerentiul e(|ualion: 

il'y , a(y; -|- 1) dy 

i ,/;;rTy-o, 

with the change ot variable: 

y t:r: ^ ’ 

becomes HesKel's e(|ualion 9.200. 

9.241 .Solutions (»f 0.240 are: 

3’ /ill i(;v). 

2- y iV"' i Tni j(.v). 

.b' y - ;V -'-1 //•,,,(:»:). 

4. y.= :r«H ]l\\,,(x). 

. 9.242 'I'lie change of variable: 

X Kn aVS) 

tran.sforms eiiuation 9.240 into tlie Bessel-ClilTord diflorential equation 9.220 
This leads to a general solution of 9.240: 

y - CV| , (:-). 

When n is an integer llie equations of 9.226 may be employed. 

AVn sin(.v-| e) 

‘dvr'-^ar-’ 

C;-, ». ( x -i- e) 

\4/ ir’ .V 


9.243 Tlie solution of 


.L + i) dy 


i/.r''* 


.V dx 


y ^ Of 


may be oljlained from 9.242 hy wriliiiK siiih and cosh for sin ani cos ' 
respcclively. * r- 

9*244 1 he differciUia! cf|ualion 9«240 is also satisfied by the two independent 

funcUona (wlum n is an integer): :f :f — 
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• 'U* 

_ I-.VS- • ■(2»- i) V 

i ‘ ' 2^/il(i - 2 h) (.? ■'• • 


. (2/t - in - j) 


9.246 The general .solution of 9.240 may he \vrilt*m; 

h dYAY' I- /»<■ 


/i dYAV^ I- lir 

Vdx) 


9.246 Anotlicr particular solution (tf 9.240 is: 


/n(A') ■=■ 


/ , -»(» -l- l) ,, (h - 0»(" •' l ) in I' 2) , 

■ i I -I '' a <4 •(/>)'•’ 


1 •a'.'t . . . . . 3H 




9.247 The functions >l/«(.v),/,.(.v) satisfy llm same reciUTeuce formulae: 


Ilf, AX) 

— ^ w«nvWi 

« (2» -I- t)^n(.r) - </'« l(.v). 


9.260 The (liffcrcntial efiitalion; 

(Pv «(« h l) , .. 

with the change of variable: 

y k V.v 

is transformed into Jlessers Cf|uation of or(ier n 


0.261 Solutions of 0.200 arc: 


AW- \/f 

c.w - 

Enix) "" Cnix) - iSuix^ “» K"’* ' 


0i262 The functions .Sr (.^),C n (.'«), satisfy the same rcciirrcnco formulae: 


' 


I. — ^Ar(,v) - 6h4.i(*). 


DIFFKRKNTIAI. EQUATIONS 

f, y K H 

2 . ^SV.,(.v) - ^^,.(.0:). 

3 . -V«.m(;v) - >V..(aO 
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9.30 Tlic hypergeoinclric ililTcrcntinl equation; 

x(i X) g -I- I 7 - (« q, a -I- x);v 1 1 - a^y = O. 


0«31 Ihvi 9,30 ih SiiUsficd ])y the hypcrgeoniotric scriesj 

/.'(«, n. T, ») - . .|. 2 [t, + 2fe'.ti) Wi±4 

(7 1 • 2 7(7 -h i) 

.p «(f v - I - 1) (0: -I- 2 ) j 3(/3 -I- 1) (13 -I- 2) 

I 7(7 + i) (7 *i' 2) ' 


TIui Hcries converges ulwolutcly when iv< i and diverges when When 
;r- I t it converges only when « q- jS - 7 <o, and then absolutely. When 
x>--i it converges only when aq- /S - 7 - i<o, and absolutely if 
a I - 13 -• 7 <o. 


0.82 


d 

iix 


(X.S 

7, iv) « I' (a q- 1 , i3 q- r, 7 q* i, a;). 


H<X, 7. 1) 


rTy~a)V{y- 0 y 


9.33 


Representation of various functions by hyporgeometric series, 
(i q^ .v)" «« /<’(-«. /3, P, -x), 
log (r q- x) ^ xF{i, I, 2, ~x), 


Limit 


/?■ 


F 
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MATHEMATICAL FORMULA-; AND ELLIl'TK; FUNCTIONS 



9.4 Hoavisiilc’s Opciulional Methods (tf .Solving I’aitiiil DiflVn'iiliiil iMjimlioiiH. 

9.41 The partial dilTerential equation, 

O-ii nu 
" av’-' Ol ' 

where a is a conalant, may he solved hy Heaviside’s ttperatioiial metlapd. 
Writing « p, and -■ ■» <f, the equation heeoines, 

whose complete solution is u m c‘‘'A 4- a" '"/I, where A iind U are integration 
constants to he determined hy the linundary conditions. In many aiqilications 
the solution it ^ only, is required: and the linundary conditions will 
lead to n “■ where wn is a constant. If fr't’Jiij) he expanded in an 

infinite power scries in i/, and the integral and fractional, |iositiv<‘ and negative 
powcr.s of p 1)0 interpreted as in 6.42( the resulting series will lje a solution of 
the diiTerential equation, satisfying the houmlary conditions, and riMlucing to 
ff » 0 at / «= 0 , The expansion of may lie carrieil out in two or more 

ways, leading to series auitahlc for numerical calculation under different 
comlitiona. 
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9.42 Fractional DifFcrenliulion and Integration. 

In the following expiessions, i stands for a function of I which is ;^cro up 
to I o, and equal to i for />o. 

9.421 

T 

Vtt/ 

T 

?,t\/Trl 

_ 

\/irl 


ph 

ph 

ph 




9.422 


P I «« o 
o 

//4 o 


p»l fca O 


9.423 


p ^ 2 1/ i. 

y 7r 

P i m - - 4/ 

ir 

/r« .. 

. VSK TT 


jn\\ 

P I tS3 


. 77 (aT^ 


+ l) ^TT 


0,424 

r /■' 

r r(i .|. ;/)’ 

wlierc p may Imvc any real value, except a ncgalivc integer. (ConjecU 
0.426 

P. 


P~- a 




I G 


tftl 


I ml (tfl ~ l) 


0.426 With p •» o(j^f 


7*" 'll 


p - a a 

( „ i)n i‘3-5 ■ > (^- i) 

i2al)"VT^ii 

» («/)" 
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9.427 




V Trul 




9.428 If 2 ' 


i\/al 


Vtt 

Q~<ix ^. — I c ’V . ... 

Vir J, 


- ( 

V ,/j* 




9,43 Many examples of the use of this method are I'iven by Heaviside, ]‘de( tro- 
magnetic Tlicoiy, Vol. H. Unmiwiclii.riomulingH Cainliridge I'liiloHophicnl 
Society, XX, }). 411, i()2i, lias justilied ilsi nppliciilion liy l!»e nmltuid of contour 
integration and applied it to the solution of a prolilein in the condviction of lieat. 

9,431 Hcrlitz, Arkiv tor Matcmatik, Asironomi och r.v?*ik. ^'IV, ipi<), 1ms 
shown that the same methods may he applied to llie nuu'c geiuniil ]>ail[al 
differential equations of the tyiie, 




0ll> 


*0 0 , 


and the relations of 9.42 are valid. * 

9.44 Heaviside’s Expansion 'I’hcorem. 

The operational solution of the differentia! equation of 0.41, or the more 
general equation, 9.431, satisfying the given houndary conditions, may he 
written in the form, 


F(p ) ,, 
n “ j tt(ii 


whore Fip) and A(/») are known tunclions of /» v^. 'J'hen 1 Iisivisidc's 
Kxpansion Theorem Is: 


I/, m 


* i A(o) 4W«A'(«) j 


where a is any root, except 0, of Mp) o, A'(/>) denotes the lirsl derivative of 
A{/i) with respect to p, and the Hiimmalhtn is to he taken over itll the roots of 
A(i|!>) « 0. This solution reduces to m •« o at f ™ o. 

Many applications of this expansion theorem are given Ity Heaviside, 
Elccli'omagnctic Theory, 11, and HI; Electrical I’apers, Vol. H. Ilerlilz, 0.431, 
has also applied this cxpiinsion theorem to the solution of the [rrohlein of the 
distribution of magnetic induction in cylindcr.s and plate, s. 

9.46 Bromwich’s Expansion Theorem. Bromwich has exltfndcd Hcavisltie’s 
Expansion Tlicorcm as follows. It the operational solution of (he ptivtial 
Aiffnrential equation of 9.41, obtained to tsaimfy the boundary conditions, is 
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where G iK a eoiwlunl., Iluai the solulion of the dilTercnlial equation is 

““■'■I'''’'-'-''' 'Sai)'-”}' 

where N{) and N\ are del’med hy the expansion, 


I'M 

A{/>) 


Nn I- N ip •\- N‘y(>’ ■]- . . 


a is any I'oot of A(p) . . o, A'(/>) is the (irst derivative of A{p) with respect to p, 
and the summation is over all the roots, «. This solution re<lu(:es to u = o at 
t . = o. Phil. Muk. 37, p. <107, lyip; Proceedin)Jis London Mathematical Society, 
15, 1). /|oi, iqif). 


9.9 Referenctis to llessel l''uiu'lions. 

Nielsen: llandlmeh <ler 'riieorie der Cylinder Funktionen. 

Leipzig, i(jo4. 

'riu! nolalion and definitions given hy Nielsen have been adopted in the pres- 
ent collection of formulae. The only dilTerence is that Nielsen uses an upper 
inde.x, /"(.v), to ilenote the order, where the more usual custom of writing /„(;v) 
is here emiiloyed. in place of //p' and //p' used hy Nielsen for the cylinder 
functions of the third kind, //„• and //„'* are employed in this collection. 

dray and Mathews: 'I’reatise on Bessel Functions. 

London, iHpt;.' 

The Bessel Function of the second kind, l'„(.v), employed hy Gray and 
Mathews is the function 

i'«(.v) I- (log 2 - 7)/„(;r), 

of Nielsen. 

Seimfheidin: Die 'riieorie der Besselsdien Funktionen. 

Leipzig, 190S. 

Sdmfheillin (lofmes (he funelton of llie second kind, the same way 

as Nielsen, exee|il lluil its sign is elmnged. 


Noti;. a Tri'HllHc nil (lie *l lu?«ry of FunclIoiiR, hy (J. N. WiilHon, Cninbrklge 

Unlvrri^ity lius limi liroiiKhl out whilo Ihln volume in iu ])rcm This Trcdiiao givoft 

hy fur the nioiil rnmpktr arnmnt of the theory tiiul propertied of lkm*l Kimclioiid lluit cxistH, 
and Hlioiiid heroine the Htumlanl work on the subject with rcnpccl to notation. A particularly 
valuable feature In the Folterlinn of 'I'ahlea of Itedsel Funcliona at the end of the volume and 
the liihliogruphy, giving refertiueH to all the Important workd on the subject. 

0.01 Tal>Ica of Legendre, Ikssel and allied functions. 

Pn{x) ( 0 . 001 ). 

^ A second edition of (Jray and Malhcws* Trcallse, prepared hy A. Gray and T. M. 
MncRoherl, has he<?n published (1932) while this volume is In press. Tlio notation of tlic first? 
edition linti heeit nltrrerl In some resnertfl. 
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B. A. Keirort, 1S79, p]). 54 “S 7 < viiliics of jt from 1 to 7 ; from .r = - o.oi 

lo = 1. 00, iiilerval o.or, if) decimiil places. 

Jalmke anti JiiiKie: Funktitmenlafelii, p. Kp. same to 4 decimal placi's. 

i>„(cos 0 ) 

I’liil. 'J’rans. Roy. .Soc. London, 203, |>. 100, njod* lnle|'ral values of n from 
I to 20, from (? -- o lo 0 ~ ()o, interval s, 7 decimal |)lace!i. 

Pliil. Mag. 32, p. ST2, iHpi. Integral values of n from 1 lo 7, f) > o lo 
0 = (JO, interval i; 4 decimal places. Reproduccti in Jidmke and l''.mde, p. gi;, 
Tall(|uist, Acta Soc. S(% Rennicae, Helsingfors, 44, pp. 1 .S. Inlegral v)duos 
of «froni I to g; 0 <■■■•■ o lo 0 '■» (jo, interval 1, 10 dts imal places. 

Airey, Proc. Roy. Soc. London, (jft, p. 1, um'). 'I'aliles l)y means of wliWi 
ttonal harmonics of high order may he cidculaled. 

Lodge, I’Jiil. Trans. Roy. Soc. London, 204, i)K>4, p. ^7. Integral values of 
n from 1 lo 20; 0 ■=‘ 0 to 0 =< ijo, interval 5, 7 dei iiiial places. Reiainled in 
Rayleigh, Collccled Works, Volume V, p. ifi2. 

W\(cos 0 ) 

w 

Farr, Proc. Roy. Soc. London, (>4, ((>(>, iXig). Inlegral values of ti from 1 lo 7; 
0 0 to 0 go, interval i, 4 decimal places. Reproduced in )idmki; and J'lmde, 

p. 88. 

Mx), Mx) (0.101). 

Meistsel’s tahics, x ^ o.oi lo x « T.i.so, inlerval 0.01 , (o la decimid places, 
arc given in 'I'ahlc I of Gray and Malhews' Treatise on Mcssel’s Functions. 

Aldis, Proc. Roy. Soc. London fiO, 40, nioo. x 0.1 to .v 0.0, interval 
o.i, 21 (lecimal places, 

Jalmke and Kmdc, Funktionuiilafeln, 'rahle Ilf. .r - o.oi lo .v - 
interval o.oi, 4 decimal [daces. 

Mx) (9.101). 

Gray and Mathews, Table H. Integral values of « from n 0 to n m fto; 
integral values of x from x « t lo a: »>. 24, i« decimal places. 

Jalmke and .Emdc, Table XXIII, same, lo 4 sigiiilieaiil ligures. 

11. A. Report, i(ji5, p. jg} 0 lo w 

x >=• 0.2 to r ta 6,0 inlerval o.a 6 decimid phui's, 

X => 6.0 to x m 16.0 inlerval o.,s 10 deeimal jihiees. 

Hague, Proc. London Physicad Soc. ag, an, rgi6 17, gives grajihs of JM 
for integral values of n from 0 to ta, and n -« 18, jc ranging from 0 lo 17, 

" ~ l^o(;v) ■» Fi(a;) «. G*i(.v), 

B. A. Report, 1913, pp. 116-130. a’ 0.01 to a; « 16,0, inlerval o.oi, 7 
decimal places. 
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U. A. Report, ;V ft.s to ;v === 15.5, interval 0.5, 10 decimal places. 
Aldis, l*r<ic.- Roy. .Soc. I.ondon, ftt), 40, ryoo: x = o.i to .-u = 6.0. Interval 
o.i, M (luriinal places* 

Jalinke ami Rmde, 'I’aliles VII and VIII, functions denotwl Kn(;r) and K,(;v), 
X » O.I to .V ■ ' (i.o, interval 0.1 ; a: « o.oi to x ~ o.yy, interval o.oi; x = i.o 
to X to., 4, interval o.t; 4 decimal ]>tace.s. 

- 1 v„(x ) ... <;„(.v). 

11 . A. Re|)orl, i()t4, p. Hp rntejpal values of n from o to 14. ;v = o.oi to 
X 6.0, interval o.t; x 6.0 to x 16.0, interval Oi.i;; ,t; decimtil places. 

-- I ii{.v) I- (lo|t i! - Denoted FoCiO and Fi(a;) 

1 i(.v) [• (lot? 3 y)J\{x), res|)ectivcly in the tables. 

11 . A. Report, Kp/i, p. 7b, .v .. o.os to x « i,s.,';o, interval 0.02, b decimal 
jtlaces. 

11. A. Report, iyr,>j, p. 44, .v o.t to .v.. b.o, interval 0.1; .1; => b.o to 
•r t.s..s, interval o.,«i, 10 decimal place.s. 

jalinkt^ and Rnide, ’ridile VI, v .< o.ot to .r >■■■■> r.oo, interval o.oi; ;v = 1.0 
to X T0..3, ioU'i val o.t, ,\ (Irt'imnl plaocs, 

1 uCv), 1 lU)* ])c‘nol,c(I Nn{x) and iVi(,v) respectively. 

Jahnkc iiiul Knults 'Pahle IX, .v i » o,i to iv 10.2, interval o.i, 4 decimal 


]^>(.v) 1 (loK a ■ ■ 7) ./,.(.r). Denoted r„(A-) in tallies. 

11 . A. Report, liitt'i'ral values ttf « from i to 14. ;v 0.2 to ;v ^ b.o, 

interval 0.3; .v <t.o to .v - interval o.,s, 0 decimal jtlaccs. * 

Jahnke and ICmde, 'I’lible 11 . Integral vidnes of n from « « o to n ® 6, and 
n « “t to II «. •7; .V o to .r >« ,so, interval 1.0, 4 figtiiuH. 

Watson, Proc. Roj'. Hoc. London, y4, 204, tyi8. 

;v 0,0,5 l'> 2-0O interval 0.05, 

X «* 2.0 to .V «• 8.0 interval 0.2, 

4 decimal plat'c.H. 

/«(«), 


Denoted G«(o!) and respectively. 
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- Ka(a) + (log 2 - y)Ja{a), 

2 

- Fa_i(a:) + (log 2 - 7)/rt_i(«). DcuoUmI "Voticx) iind -lV i(ft')- 

2 

Tables of these six functions arc given in the li. A. Keiiorl, i<)i6, as hillows: 


From a 

1.0 a 

InkMval 

1 


1 

50 

100 

S 

100 

200 

10 

200 

400 

20 

4.00 

TOGO 


1000 

2000 

100 

2000 

5000 

500 

5000 

20000 

rooo 

20000 

^^0000 

10000 

100,000 



500,000 



1,000,000 




/o(»), h(.x) (9.211). 

Altlis, Proc. Iloy. Soc. Linulon, 64, I'p. 2i« 2a.?, itioo; a ' • 0.1 In .e (i.o, 
interval o.r; x = 6.0 to ■» ii.o, interval 1.0, 21 deciinal plat es, 

Jahnke and limde, Tables Xf and Xll, 4 places: 

X 0,01 to .1: •«> 5.10 interval o.oi, 

a! « 5. 10 l(t a; •• (i.o interval o.i, 

a; “ 6.0 lOiV^^^'ir.o interval i.o. 

ToCv) (9.211). 

1), A. Report, iSt/i; a- « 0.001 ttt .v* 5.100, interval o.oor, i) deeiirml 
places. 

Ii(.r) (9,211).. 

B. A. Report, 1805; a: » o.ooi to ,v 5.100, interval 0.001, <) iletimal 
places. 

Gray and Mathews, Table V, x o.oi to .r -« 5.10, interval o.oi, i) deciinal 
places. 

. I„(.t;) (9.211). 

B. A. Report, 1889, pp. j8 >33; integral values of n fmm 0 tt» ri, x «« 0.2 
to .v « 6,0, interval o>3, i 3 decimal plnccs. These tallies are reproiluceil in 
Gray and Mathews, Table VI. 

jalinkc and Emdc, Table XXIV; same ranges, to 4 places. 

/oC-vVl) -X-tT, 

Vo.r, m y. j. IV, 
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Al<lis, Pn)(\ Ktty. Soc, hondoii^ 66, 142, njoo; .t — 00 to ;v —6.0, iuLcrviil 
o.i, iu (lodnuil |>lu(Ts. 

Jiilinlu! iiiitl I'lindt?, TultU^s XV iviul XVI, sunn; miiKo, to 4 iilaccH. 

(li'iiy tind Miitlicws, I'ahk: IV| .u '= 0,2 Lo s-i O.o, inlervivl 0.2, (j decimal 
plactiH. 

(9-lOd) ])en()le<l Nu(xy/i) in lahlc. 

jidiiik(> iii\d l*.md(', 'I’idilcs XVII and XVIll; a; « 0.2 to ;V ^ fi.o, iiitcvval 
0.2, 4 7 lij'nioH. 


( 0 . 212 ). 

. nlii.v) . . A', (.»•), 


Aldis, I’ror. Roy. Sor. I,undon, (>4, 2i<) 22,^, ttSoy; x - 0.1 lo ,v« t2,o, 
inlTi'vul oj, 21 (In inuil plmt's. 

Julniko uml Rindr, ’riihlo XIV; sumo, lo 4 ptaa^s, 

wliix), (/x) ( 0 . 107 ). 


Jidtnkn and Knidi*, 'I'alile XIJI; 


lieiw, lier'.v, 
bei ;v, l)(;i' ;V, 


( 0 . 210 ). 


X 0.12 III .V !=• (i.o, interval 0.2, 4 rigurc.s. 


Jl. A. Ri'porl, U112; ;v <-< 0.1 to .v '"<1 10.0, interval o.i, p decimal places. • 
Jalinke and I'lindc, ‘rnlile XX; x *•» 0.5 lo .v (i.o, interval o.i;, and x ^ 8, 
10, IS, ao, 4 decimal placen. 


ker ;v, kin' .v, 
kei .V', kei' .v, 


(0.210). 


II. A. Report, lyiS! -x *< o.r lo .v *>-> 10.0, interval 0.1, 7 10 decimal placcF 
ber** iV I" bei’ .e, 
her''* .r p bei'-’ .t, 

bericlan'iv - ln;i.vlii'r'a‘, and Ihc corresponding kcr and kei 

ber .V ber' x | liei .v liei' .r, functions. 

H. A. Reporl, jijiO; .r <« o.a lo ,v <» lo.o, interval o.a, dccinml placc.s. 

.S'„(.v), .S’'„(,v), Iok.S’h(.v), log .S’'„(.v), 

C',.(.\’), C'ttCv), ltigC„(,v), log(’'«{.v), (0.201). 

iJnCv), li'nix), log E,t(x), log /i'«(.v), 

U. A. Report, tpiftj integral values of n from 0 to 10, a: =• i.i to x « i.o, 

interval o.i. 7 decimal rilacca. 
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T 

o.’/Soi.] 


;V 



I 




.Af. 



Tahle I of Jiilinlu) (iiul J'lnulc j'ivcs Iwo fiitu liiiiis lo < (Irt iiiiiit places 
for .1! a 0.2 to s; 8.0, itiUirvnl 0.2, and .v 8.0 lit .r > u.o, inicrva! 1,0. 


Hoots of y(i(.v) o. 

Aircy, Pliil. MaR. 36, p. 2/it, iipH: I'n'.sl .(o rools (/>) with (dticspondinir 
values of Ji(p), 7 dudnial places. ’ 

Jalinkc and J'limle, Table IV, same, to .j det iinal places. 

Roots of /if.'V) a 0. 

Gray anil Mathews, Table III, Inst mols, wilti inriesiunidiiifr values 
of /()(;»:), 16 decimal places. 

Airuy, Phil. Ma){. ;t6, p, 2,11: First .p) roots (r) with tdiTespondin}' \'alues 
of J [){>•), 7 de(;inial places. 

Jalinkc and Fmde, Table IV, same, to <1 decimal places, 

Roots of i/^,i(;v) ™ 0. 

B. A. Report, 1917, lirsl 10 roots, to b li(.'ures, for the followiuft inl(‘('ral 
values of w, o—io, 15, 20, .to, (|o, j;o, 75. 100, iKsi, .pxi, .|(H), 5 ih”», 7, to, icioo. 

Jalinkc and ICmdo, Table XXIl, lir.st 9 roots, decimal places, intcL'ial 
values of «. 0-9. 

Roots of: 

(log 2 - Y)/n(.v) •!' 1 'h(.i’) 0, Uenolcd r„(.v) « o in table. 

Airey: Proc. London Pliys. Soc. 2.t, 11. 219, 1910 n. Fii.sl ,|o roots for 
n ra 0, I, 2, 5 decimal jilaces. 

Jalinkc and ImikIc, .1 able X, first <1 roots for a ►» o, 1, H decimal places. 

Root.s of: 

PoCv) “ 0, 

«■ o. Denoted AVr) and A'i(.v) in tables. 

Airey: 1. c. First 10 roots, <; decimal places. 

Roots of : 


/()(*) Jb (log 2 - 7)/o(.v) -h I'„(aO 

m 0, 

Denoted 

Jh(.v) I PuCv) « 0 . 

/i(iv) -1- (log 2 ~ 7 )/,(,v) .|, 1 

m 0* 

Denoted 

1' 3’i( t) 0 . 

^oC-v) - 3(log 2 - 7)/«(a;) I r,i(.i:) 

tfiat 0^ 

Dcnnled 

/«(•'■) a3 ’i,(,%') » 0 . 

io/o(ai) ± (log 2 ~ 7 )/„(.v) I 

m 0* 

Denoted 

ia/o(.r) th 1 '«(.%•) « 0 . 
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/\iicy, 1. 
RooU tif- 


l''ir!i| 10 i; (li-cimal places. 




Alley, 1 . c. ui nuils: 11 «, ,| deiimal iiluees, n i, 2, 3, 3 decimal 

placeK. 

Jtdiida' and iMiide, 'rable XXV, liisl, 3 louls fnr 11 =■ o, 3 (nr n ^ 1, 2 (or 
n ' < 3: >1 lifpu'es. 

Airey, 1 . e, I'ives muls id smne oilier numtiniis iiivolviii(' Ikissel’s (unctions 
connei led with I he viliralioii id t ireiilar plales. 

Roots o(: 

_Jv(x)Y,.{x) ‘ J„(kx)y,U'yl 

Jahnke and l^lllde, ‘I'alile XXVI, lirst d rnols, 4 decimal places, (or 
i'" 0 , 1/3, I, 3/3, J, s/j: A' ■ 1.3, 1,3, a.o. 

’I'alile XXVIll, lirnl rool, tmilliplied hy (A - 1) (orA*>< t, 1,2, 1.5, 2-11, 
Kji .td, *' same as almve. 

'I'alile XXIX, 111 id 4 rools, mnliiplied liy {k - i) (or certain irrational values 
ol k, and (' - o, i. 



X. NUMERICAI. 
DIFFKRIiNTlAL 


K()l,iri'l()N OF 
KCi,UA'IMON.S 

Uy F. R. MiHii.ton, I’ll. I)., 

Pro/cxsor of Axlroiiomy, Uiiivoxily of i'lnoitiin: 

Kcscorcli Asstn idli; of Hut Cuiiict'Jc Iiislilulioii of 

INTRODUC'I'ION 

Diffcrenliiil equations arc UKually I'lrsl i'ln'iiituU'rial in llii* liiml clmplcr of 
a book on integml calculus. 'I’Ir! iuoIIukIm wliicli ui'f (lien* I'ivi’ii for solviuf{ 
tlicm are essentially lliesameas those employed in the ( alt nlus. Siiniliir nielltods 
arc used in the first special work on tlie snbjecl. ’i’lial is, lunnerouii lypcs of 
differential equations are ^iven in which the variiililes can be .separaled by 
suitable devices; little or nothing is said about llie exisleiu e of solutions of 
other types, or about methods of I'lndiii).; the solnlious. 'I'lie false impression 
is often left that only e.vceplionally can difVercniial eiiiiations be scdveil, What- 
ever satisfaction there may be in learniiif' that some problems in j,'coini’lry and 
physics lead to standard forms of dilTerential equalions is more than counter- 
balanced by the discovery that most practical problems do not lead to such 
forma. 

10.01 The point of view ado])ted here and tin? methods which are developed 
can be best understood by considering first some simpler and better known 
mathematical theories. .Suppose 

I. I'(x) «> iV" -1- I «n i.v I ih, o 

is a polynomial equation in x ImvirtK real coenicieuis oi, us a,,. If u is 

I, 2, 3, or 4 the values of .v which satisfy the equation can be expressed as explicit 
functions of the coeflicienls, If « is (treater tliaii 4, formulas for the solution 
can not in ({cneral be written down. Nevertheless, it is possible to prove that n 
solutions o.Nmt and that at least one of them is real if n is odd. If the eoeflieienls 
arc given numhers, there are straightforward, llmugh somewhat liiliorious, 
methods of finding the solutions. That is, even though gcmeral forimiliis for 
the solutions arc not known, yet it is possible liolli in prove the c.xislem:e of the 
solutions and also to find them in any special inntierical ease. 

10.02 Consider as another illuslratiou tlic definite iiuegrni 

/ «• (f(x)ih, 

i/« 

where /(.v) is cotUinuoim for a 4 tx<^b. If Fix) is such 11 function that 

, dP 
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tlieii f ■■■ /'(/') /'(«)■ l‘>H siipposi' IK) I'ix) cim 1)0 fmind salisfyinR ( 2 ) It 
irt iMivi'illioloss |)nsi,il)lo 1.) piDvo Ihai ( 1,0 i,,io,rral f oxisls, and it tlu: value of 
(;v) is I'iwi, for ovory vaino of ,v in llio intorva! it is possible to find the 

mimorical vain*' of / willi iiiiy dosiiod dof'roo of approximaiion. 'I'hat is it is 
„„t nooossiiry that I ho priniitivo of (he iiitofpand of a dolinite inloKial he known 
in Older (o prove (he existeiie<> of the iiiloKial, or even to lind its vahie in any 
partienlar example. 


10.03 'I’lie fael!i are analoi'oioi in tlie niso of dilTorontial erpiations. TJioso 
iiavini; nnnierii al eoelli, ieiits amt prose riliod initial eomlitions can lie solved 
roKardless of wliellier or not their variahles cun la; soparatod. 'I'hey need to 
.satisfy only mil.i ,• 0101111011 !; which are always fnllillod in |)hysical prolilems. 
It is with a sense of relief that one linds ho can solve, nninericaily, any particular 
piolilem widt h can he e\|)ressei| in lernw of dilTorontiai etiualions. 

10.04 '1‘his chapler will 1 ,, main an accoiinl of a method of solving ordinary 
(liil'eretilial eiinalions which is applicahle to a liroad class including all those 
which arise in phy!.ii al prohh'ins. A lart;e anioiinl of experience has shown that 
the mellioil is very ninvenieiil in prai lice. It imisl he understood that there is 
for it an innlerlyiii)' loj'ical hasis, involvintt retinements of modern analysis, 
whidi fully jnstilie!. the procedure. In other words, it can ho proved that the 
prot’oss is capalih' of fuiiii-iiiiiiK the solution with any desired de(;ree of accuracy, 
The ]iroofs of tho!.,* fai l:: heloiijt to the doirmin of pure analysis and will not he 
I'iven heir-. 


10.10 .Simpson's Melhiid of ('om|tutinj 5 llelinile Inle/p'als. The method of 
solviiiK dideienlial etinaliims which will he )(iven later involves the compulalion 
of definite iiilejpals hy a special proces;; which will he ileveloped in tliis and the 
fiillowiiitt sections. _ 

hot t ho the vatiahle of into J 
ttralioit, and coiohler the dermile | 
inlejtval 

I. /' • f,(U)ill. 

l/tl 

This intoKnil can he iulerpieli-d 
ns the area helwi'eii the t axis and 
the curve y lit) and hounded 
hy the nriiiiiales/ n ami / - 
figure I. 

Let Ai - II, A, V) - /(i,), and 
diviile the interval 1 / </ ‘ A up into 
It «iual parts, each of length h 
(A - ii)/n. Tlieii an apiiroxiinale value of /*’ is 

^ A(y, !• yi !■ . . . f y„), 



This is the sum «tf rectangles whose orrlinatrjs, figure t, are yi, yj, . . . , y,,. 
10,11 A more nearly exact valtm cun Ire olituined for the first two intervals, 


222 


MATIIUMATICAI. K()KMIII,/K AND Kl.l.tl'ClC I'lINCl'IONS 


yoi yu yi, (in<lin(j( (.he ium lielwcen (lie /-uxis uimI (his tstrve ami lauimled 
by the onliiiutcs k and h. The equation of (lie i iii ve is 

1. , y ti\\ -1- (;i(/ • ■ /ii) ■(' ih{l ■ (u)"i 

where the coefllcienls «ii, hi, and «« are detetniined by (he (umlitions that y 
shall equal yo, yi, and y-i at t eiiuul to /,i, /i and h resiiei'tively ; or 

f )'() ‘ 

2 , j yi ' ‘ ((« d- (Ii(h • • /») -I- <h{fi ■■■' 

[ yt “ <1(1 d' /«) d <h(h ' ■ til)'"'. 

It follows from these equal ions and h ■ /i > ■ /i •• In ■ ■ It (liut 

' «ii ■ > yi), 

I ‘ .,//d.Vii ■' 'I Vi 1 yg), 

3* ' 

(h - :,y^o(yo ’ I yi). 


The clofinUc inioKml / ydi is iippinxinialdy 
»/A) 


Jk 


«ii d- ni(/ - Ai) I- «s(/ ■ ■ In)" 


(II 


‘^11 i thh I n ji^ 


which becomes as a (:onsc<|ueuee of (,0 
4* f (Vii I -bVi I ,Vg). 

10.12 The value of (he iiiief'ial over the nest (wo inlervids, or from /j |o i^, 
can be computed hi the same way. If ii is even, the n|t|trosiiimie vahui of ihu 
integral from Ai to /„ is Iherefore 

~ [y,, -I- ,)y, .|. aya , ,|yj ajq |. |, .jy,. , ( >■„ j. 

This forimila, which is due to .Simpson, gives resnils which are ustniUy renmrkahly 
accurate considering the simpHcily of (he arilhinelical operadoiis. 

10.13 If a curve of the third degree had been [lassed ihroiigh llie four poiiils 
yii) yii 3’!!. fttwl 3'ii. integral corresponding In (,|), hnl over the lir.st iliree 
intervals, would have lieen found to he 


/ SM 


8 


C)’|| i 3J'| 'h 3>'a I’ 


10.20 Digression on Difference Functions. For Inter work it will he oecoKsiiry 
to have soino properties of the successive <iilTereuces of ihe values of a function 

fnt* linnrvvfl utilnntr lift 
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A,yi ■ ■ Vi • A-|„ 

AlV;. Vu - .Vl, 

Ai Vu Vij ' Vii 1^ 

’I'Ihwi' me llu' lirsl tlillVirni i's uf ilir viiliuvi iif the fuiu lion y for successive values 
of /. All I 111' siiin’ssivf iiilci vain for t aif suiiposed lo he e(|ual. 

10.21 In a similiir way Hie laittiiil tlil'iVrenees are deliiied hy 

AjVj • AiVa • AiVi, 

A',iy,i Ai3',i ■ Aiv.'i 

A'jv.i AiVfi * •' AiVri ii 

10.22 In a liiinilar way lliirii dili'erenees are deliiUMl hy 

A:iy,i ■ A-.vj • AyVi!, 

AiVi ' ■ Ajv I ■ A'jv.i, 

A.^y,, Ajv.i • A’jy,i . 1 , 


and ohviiuisly lire |H'ote!''. <an he repealed as many limes os may he desired, 

10.23 ‘riie lahle of niit ee:.:.ive diHeiehees ran he formed eonvenienlly from Ihc 
luliular values of ihe fnm liou and ran he anaiiKed in a lahle ns follows: 


‘r.\iii.i; I 



*Aiy 

A^y 

A;iy 


#A| Vl 




AiVj 

AsVij 



A|V4 

Avy.i 

Ajys 






In tids lahle ihe nninherH in earli toluinn are sulilraeleii from lliosc 
iminedialely lielow llieni anil lire I’eimunders are [ilaced in the ne.M column to 
ihe light on the same line ns the ininiu'iitls. V^uialioiis from this precise ammge- 
menl inuhl he, and iiuleerl often have heeii, ndofited. 

10.2i A very iinporinnl advaniage of a lahle of dilTerences is that it is almost 
sure to reveal any errors (hut may have lieeii eommitted in computing the y,-. 
If a aliigle y, lias an error e, it follows from 10.20 llml the first difTcrcnccAiyi 
will conlnin the error | « nnti AiVr n will eoniain the error -i!. Hut the sccc'' 
differciices AjVi, Ayvi n, and Aav* « will lontain the reaiiccllvc errors -i-e, 

•I't. Similarly, the third dilTereiU'es Aay,, A>y)iii tJuyi n, «iid Ajyeis will c^ 
the respective errors t c, -t. An error in a single yj affect!)^ -r * 

differences of ortlcrjf, and ihc coctru ienis of the error arc the hinoniia! coeM- 
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nu]nl)crs in tlie various diffcronce columns arc zero. Now in sucli [unctions 
as ordinarily occur in practice the numerical values of the dillcrcnct^s, if the 
intervals are not too fj;reaL, decrease with ra])idity iind run smoothly. If an 
error is presen luiwever, the <lilTereiu:es of higher cadcr hccoine very irregular. 
10.25 As an illustration, consider the function y ' - sin / fnr i iMpial to xo”, 

The following table gives lire fiinclion and its successive diher- 

enccs, expressed in terms of units of the fourth decimal:^ 


M'Aur.K 11 


1 

sin 1 

A] sin / 

A;i sin / 

An sin / 

10" 

i 7 ,V) 




15 

2588 

.Hs2 



20 

8420 

832 

■ - 20 


25 

4226 

8 o() 

' 20 

• 0 

30 

5000 

774 

• '82 

^ i ) 

35 

573^' 

73(» 

•8M 


40 

642H 

(»02 

44 

(1 

4 S 

7071 


40 

s 

SO 

7 W>o 


"54 

■' - 5 

55 

Kiyi. 

s.u 

S8 

^4 

60 

8 () 0 o 


O2 

• 4 

65 

'.)0<>3 

A08 

00 

• 4 

70 

y3<>7 

884 

Oi) 

* 8 


Suppose, however, that an error of two unils luul liceu made in determining 
the sine of 45° and that 707,^ had been taken in place of 7071. 11ien the part 
of the table adjacent to this number wouhl have been llu' following; 


Taiile 111 


1 

sill / 

A) sin 

A^ sin / 

A.1 sin 1 

250 

4226 




80 


774 



35 

S 73 f' . 

73 (* 



40 

(428 

(>02 

-■44 

.. 0 

45 

7073 


-47 

8 

SO 

76(10 



- r 1 

55 

8it)i 



h 2 

60 

8660 

4 fi 0 

■~(|3 

- 6 


9063 

403 


4 


The irregularity in the numbers of the last column shows the existence of an 
error, and, In fact, indicates its location. In tlic third dilTerciices four numbers 

1 Often it Ib not nocesanry to carry along the decimal and urm la the left of tho Arst 
Biaidncant fo^ure. 
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will l)t- 111! tM'l t't I liy iu\ I'l rnr ii\ ihr vjiliu’ ot I ho fiiiu'lion. "I'ho orronc'ous nuniljcrn 
in llu! Iasi rolniim arc < l(‘iirly Uit^ scioinl, tliini, f<.nilli, and lirth. The algcl)raic 
Slim tif lluise four iuiiuIhts I’niials llie sum of ilie four correct miinlievs, or ~r8. 
TIu'ir avci-aj'e is -1,5. Hence the ceulral immliers are iirobahly -5 and -4. 
Since llie errors iii llicse mimheis are and il follows llial e is probably 
4-2. 'rii<‘ errors in (he stsond ami liflli mimliers are j-e and ~e respeclively. 
On mnkiiiff lliese correclions and working buck to the first column, il is found 
lhat '/oy.t should be replaced by 707 1. 


10.30 (knnpulalion of Definile fnle/p-als by Use of Uiltercncc Functions. 

SupiHise the values of /(/) are known for / and Suppose 

il is desired lo find the inle)i{ral 



'I'he coenicienls /i,,, /u, /i^, and of the polynomial can be determined, as above, 
so tliut (lie function 

a. .V >-■ /<M -b /<i(/ ' ■ t„) hi(t - /„)'•' I- k{l - l„y 

Hindi lake Hie same values as/(/) for / - /„ a, /„ 1 , („, and 

With this np|iro\inialion to the finictlon /{/), the integral becomes (since 

I bi II) ^ 

3. /.. - / li I iiiii - /») b "• t„Y I- kil - " 


- //(>„ b - /»,/< I - liJi- b ™ klf], 

^ 4 

The coenicieuls /in, hi, timl /ti will now lie expressed in terms of Aiy„.|.i, 
Aay.,n, and A;ty„|o !• follows from (i) (hat 

yt-i K ihih -b 4 /)!i//* “ 8 / 13 //'’, 

^ ^ y« 1 >»■ All •“ A|// "b “ Aa//*, 

y„ All, 

y„ 1 1 All • b AjA + W “b AaA*. 

Then it follows from the, rules for ilelcrmining the difference (unctions that 



««« h\h 

jtAaA’ -b jhsiy, 

Aijn 

hih - 

AjA® d" AjA®, 

Aiyuii 

■m bill 4- 

AaA* + AjA®, 



~ 6AjA®, 

AsyiiM 



- 1 
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It followti from tlic last oqualions of llirsi; four s(‘ls of uqualions ( hat 
h{ll A)3’n|l A‘jtVn| l *■" AhVii| !, 

g , ^ 

/;-i//* i.;t - A‘’Vr*| i, 

W’* ' ’ A;j;Vn[ h 


Tlicrefore the inte|fral ('0 l}ia*(nm‘s 


- // 


*, \ •* 


D) 


The coellunenls of the higher order (enus AjVmi and Af.Vnn an* ^ and 

720 


^respectively, 


10,31 Obviously, if it were desired, (he inteipal from /„ • lo i, m' over any 
other part of ihisinterval, etuild heeoinpuletl hy lliesaine iiielliods, hor esaniple, 
the integral from /,*. 1 to l„ is 



MJAtKHK’Ali ll,r*rHTIIATlnNH 


10i32 Consider first thiMipplieation of Siin|)Hou's nielhod. Support* it is required 
lo find 


/»,sv 

/ si 

./jV‘ 


sin / (It H 


e<is / ■ o.A.ir/, 


On applying 10,12 with the nundiers laken frniu '1‘alile I, ii i*. fminrl 1 1ml 
I{ ^ [.4226 h 2.0000 h 1.1472 I 2.5712 I l.<|n|2 I ,^Oh;|D I .Sioi], 


wliidi l)cconn)S, on rcduciiiK f lo nuliiuiH, 


1 1 ►» O..H.V 37 , 

ugrecing lo four iilnces willi lln; coiruit rosull. 

10.33 On applyini’ 10.11 (<j) nnd oniillin|.{ iilUnnaU' cnlrii's in 'rnhlf IJ, il is 
found Unit 

/M." jqO 

^ -"“Cd^aO >p 3.a«Mii f .7071^ *< o.jijija, 

which is also correct to four placc.S'. These fornudns Ciuild linrtlly lie Riirpasscd 
in case and convenience of annlirniitm. 
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10.34 Niiw i(iiisiil<T lilt' :ii)iili<!i(uHi of 10.30 (tj). As it sljinds it lurnishes the 
inli'griil over llif sitif.l'' iiUcrviil /„ lo /„(). If it is desired to liixl tlie inlcKriil 

from /« to I, I lie forimilii. ftir doiiif.; so is olivioiisly llie sum of m fornuiliis 

sueli iis (it)i till' ' iilue of llie suliseiiiM ('oiii)' from 11 I- i Lo it •!' m + i, or 

/(U li‘ I . . ■ • • I I' I" 

^/A^Vhii 1 . . . " I I m ) ^^iiVnii -I' . . . ■ I- . ■ 


Oil ii|iplyiii|' IliiH foriiuilii (o the mimliers of ‘raltle I, it is found that 

I' 

;iiu I ill ■ .S"l I- .li’/dt' I i .’/o?! I' -7000 .«t()l) 

• (.oyy.i t .ny.V' I h -I’ .05.^0 -|- .0531) 

I ' ^ (.003.! t .0033 i .004.1 '!• .oo4() -I' .0054 - I' .0053) 

I ' f,(«)od t .(X)0() I .0006 I- .0005 •!" .0005 -I- .0004)] 


(itfreeiiit' to four phtees with the exat l value. When a table of diffcrence.s is at 
hand eoveritiK the desired rau|.!e this melliod involves the .simplest mimcrieal 
oiieralions. It musi be noted, however, that some of the reiiuired difTerences 
necessitate a kiiowledi'e id the value of tlie funelioii for earlier values of the 
ai'ituineut than the lower limit of the integral. 


10.40 Reduced l'■orlu of the Differentia! J-hiualions. J tilTereiUial equations 
whii'h arise from iibysical problems usually involve second derivatives. I'ov 
example, the dilferenlial equation salislied by the motion of a vibrating tuning 
fork lias the form 


where k is a constant depending on the tuning fork. 


10.41 'I’he ditferential e(|uatiims for the motion of a body subject to gravity 
and a returdalion wliich is |iroporlional to its velocity arc 

( i/ '.v ilx 


where c is a i*i>nsinnt de|H?mling on the resisting medium and the mass and shape 

^..1 1. !1.. ... il. .. ..k ......... 1.. 1,^1 1 1 <'41% f'lT rf ■‘{I i>lf 
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10,42 The clitTercnliul e(|uuU(His for Ihe nnJliiUi of ii Inuly moving' siihjocL Lo 
Uic law of gnivilalion are 


tl^X 

' •“•1"' ''ll 

(//" 

r'' 

I'y 

ifly, 

ill ‘ 


Ih 


If " 


,•8 , 

, .,••• I- r 


10*43 Those oxaniples illuslnilo sulVirienlly ilie typos t)f <lilTo!vnlial opnalions 
which arise in [Jiaciioal prohlonis. Tlio nunilsM* of the o((imiioMs ih^poiiils on 
the prol)lcni and may be small or groat, In tlio |Hdbloin of llu'ot‘ bodies there 
are nine e(|uationH, Tlve o(|iialions are osunlly ni»l iiulopondont as is ilhisindod 
in 10*42, where each equation invtdvos nil throe varialilos .r, \\ and r; llirongli r. 
On the other hand» isiiiations 10.41 art* mntually independent hir the lirsl does 
not involve y or its derivatives and (be^ sot onddoos not involve x or its tleriva- 
lives* The right members may involve Xy y, and as is ilie ease in 10*42, or 
they may involve the first derivatives, as is the ease in 10.41, t»r they may 
involve l)oth the coordinates and Iheir first derivatives, In some proldems 
they also involve the independent variable i. 

10*44 Hence physical [wohlems usually leatl to differential equations whieli are 
included in the form 



ilKx 

)lt^ 

tPy 

ilP 


J tlx tlv A 

"A -//’V’ 

{ llx tlv ,\ 


wlicrc /and r tire funclionH ot llie indicaleil ncKnmfiils, 
of equationa may l)c KfUfitev limn 


10,45 If we !el 


(I 

(It 


ilv 

ifr 


Of ftniw, lilt! mmilier 


equations 10.44 can be written in the form 


(lx 

It 


■» a'*, 


II 

17 






six, y, I, y, /), 
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10.40 If we Ifl .V Ai, .v' .v;i, V .v;i, y ’ .v.|, c(|nati()nK 10.46 arc 

included in llic f'uiu 


ilx\ 
>l( ' 

./Ka-|, .r-, . . 

♦ 1 '^TII 0> 



llx„ 
lit ' 


. 1 ;v„, 


'I’liis in (lie liitid filandiu'tl funn In which i( will In; supposed Ihc diA'evcntinl 
utiuiiliuns me iviUu cd. 


10.60 Dfliidlioii tif 11 .Sidutitm of l)i(lVrciilitd K(|uu(ions. For simplicity in 
wiiliiif', suppose ihf diiiVientiid isjimlioiis lire Iwt* in number and write them in 


the form 


'!;■ 7(-v,y.0, 


,ly 

iii 


' ;v, 0. 


where / and i; me known fmn (ions of their arii'umenls. Suppose ■=> a, y => fi 
at /■ « 0 . Then 

j .V -x </)(/), 

I ,y 

is the solnlion of ( 1 ) stilisfyiii)' these iuiliid enndilioiis if <l> and ^ are 
such funetions ihnl 

</)(o) ™ «, 

'/'(o) « h, 

3. 

# _ 0, 

the IubL twn erituilinnHlunuB for ull Tj wlicrc 'f is a positive con- 

HlmU, the lar|j(eHl vuhiv of I for which llic solution is fleteriiiined. It is not neces- 
sary lluLt (j) anti yj/ he givtMi by any formulas -'- it is sufllcient that they have 
the properties delincd i)y ( 3)1 SoiuUoiia always cxiUi though it will not be 
proved lie re, iff and /j ura conlimwus funclhns of I and have dcyivalives wilh res peel 
to hath X and y. 

lOM Geometrical Inlerpretation of a Solution of BilTerential Equations. 
Geometrical interpretations of definite integrals liave lieen of great value not 

hill in supyestlncr 
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practical means of olrtaiiiing their numerical values. 'I’lie same 
in tlie ease of dilTerential etpia lions. 

For sim])lieily in the f{eomeliical representation, consider a 


1. 

where x «= a at / -- o. 

2, 


ilx 

<11 




Sit|)pose the solution is 
:V ■ ’ </»(/), 


• liiiij-'s are true 


Hiiij-tle e(|uutioii 


l'k|uation (2) <lefines a curve whose coiirdinalesare .v and I. Supposi- it is repre- 
sented hy fijpire 2. The value of the lan)V'nl to the curve at every point on it 

is Itiven liy eipialion (r), for there 
is, correspond ill)' to each poim, ^ 
pair of values of .v and / which ;'ives 

, llu! vahn- of the tani'ent, when 

.suiistituted in tin' ri^'ht nieinlier of 
ec(ualion (1). 

Consider (Inr initial ]M)inl on the 
curve, viz. .r ,1, (. , , 'pi,,. 

Kent at (his point o). 'pin, 

X curve lies close to tin- latiKenl for a 
short distance fr<ini the initial point. 
Hence an approximate value of .v 
at / - h, h heinj; small, is the ordinate of the |)oinl where tin? taiiKenl at a 
intersects the line t /|, or 

Xi "/(n,o)h. 



Vwu ij 


The tangent at .V|, h isdelined hy (il.ainl a new step in the solution can he made 
in the same way. Olivitaisly the process can he continued us long as .v and / 
have values for which llie right memher of (1) is delined. And the same process 
can he aiiplicd winm there are any mimlrer of eriuutions. While the .steps of this 
process ean he taken .m» short tliat it will give the solution witli miy desired 
degree of accuracy, it is not tlte most convenient process that may he emplovcd. 

It is the one, however, which makes eleare.st to tlie ininitioiis the imliirr! of the 
solution. 

10,6^ Outline of the Method of, S’oluiion, doiisider ('(|nat ions 10.60 fi)aiul their 
solution (3), The irrohlem is to find functions </» and 1// having lire inoperlies 
(2). It we integrate the last two eipialions of 10.80 (3) we shall have 



Ihc difliculty arises from the fact that r/r and \l/ are not known in tulvance luitl 
the integrals on the right ciui not la; formed. .Since <f> niul ^ are the solniion 
values of a* and y, we may replace them hy the latter in order to pre.serve the 
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2 . 


I ‘ ./o 

y, I) tit: 

^ «/(> 


Tf .V iiii<l V <lo ii(i(, clmiif'c rajiidly in inimorical value, thon/(;v, y, t) and /;(.r, y, i) 
will nol in f;nn-nil cliaiij'c' i'a|iidly, and a lirsL apiirnximalam to the values of ;v 
and y salisfyiii)' eiiualionu (;;) is 


•Vi = It I- ljin,l>,t) <11, 


Vi ' = li - I 


jji't, !>, t) 'll, 


at Ifusl for values of / near zeni. Sineu a and I, arc constants, tlic intcgiands in 
{,0 are known ami tin; inlej'rals can he (M)ni|)Utcd. H tlic primitives can not he 
found llie inteipals can he conipiiled hy llic methods of 10.1 or 10.3. 

After a lirsl approximation has heen found a second ai)proximation is given hy 


. a \- lj{x„ y,,l)in, 

/' I- ( y,, t) lit. 


Vj 


'I'lir inU’/^ninds jiro again known fiimM inns of / hiM uuse .Ti and yi wore fletcrininccl 
as fiimlions of / hy rtinalinns (3), t*onsiM|nonlly .Va and ya can lie computed. 
Tim piiH-ess can cvidcnily he iT|H‘alcd as many limes as is desired. The 
a])pro\iinul.ion is 

f.v„ >■ (I I- J /i.\\A, y„~,,i)itt, 


V., ’ > 


’ I' jjii.y,, ,,} 


.V,, I, /) lit.' 


'I'here is no ilidicnlty in carrying oul the process, hut the question arises whether 
it converges l«» the solution. Tlie answer, lirst estahlished hy Picard, is that, 
as H incn'asrs, av and y„ lend hiward iho solnlion for all values of / for which all 
Uie apj»ro\inmlions helong In those values of v, y, and / for which / and n have 
ihe properl ies of <onlinuily with respect to f and diffcreiUiahility with respect 


U» ,v and y. If, for example,/ 


sm V 


.V' 


ami the value of »v,i lends towards zero 


for / -- 7\ (hen Ihe solulioii can iml he exieiuled heyond t -1 T, 

it is fiMiml in pradice tlial the Innger the interval ovcm' which t)\c integration 
is exlemled in the successive apinoximalions, the greater the number of a|)proxi- 
matitms widt h must he made in order to obtain a given degree of accuracy. In 
fact, it is preferable to take lirsl a relatively short interval ami to find the solution 
over tliis interval willi the rer[nired accuracy, and then to continue from the tmd 
values of this interval over a new interval. This is what is done in actual work. 
The details of (be most convenient methods of doing it will bo explained in the 
succeeding sections, 
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AaiV,!- s, A, ■!.>’„ 11 , A;i.v„ I, itiid Aja-,, viu'y. I‘'()v cxiimplc, in Tal)lc II it ia easy to sec 
tiuit A, sin 75 " is almost cerlainly - 3 . It follows from 10.20, 1, 2 tliat 

' Aa.ti, | 1 Aii.v„i,i - 1 - Aj.v,,, 
li* ' A|.V„ 1 1 £:3 A,;V|| 1 1 -|' AjS’,,, 

, .V,, 1 1 • i Ai,v„ j 1 -|- ;v„. 

After llu! iulopleil value of A,.r„|. has heen written in its column the successive 
(siiries to llu- left can Ik! written <lown liy simple additions to the reapec- 
tiv(! mimhers on the lin<‘ of /,„ For example, it is found from Table II that 
Aa sin 7 ,s ' ' "• 7 "i A, sin yj; ■ > eti;!, sin 73 ” <)<)Sy- This is, indeed, the correct 

value of sin 73 '' lo four phases. 

Now havinjt exirapolaled approximate values of a-,,,! and y„.,,, it remains to 

compute/and foi .\ ’ ' Ai,|.i, y y„|i, / -i ’I'he ne.xt stej) is to pass curves 

ihroiy'h the values of/und /> for / r- f„,,, /,„ imd to compute the intc- 

^jrals (.)). 'I’his is tin' precise problem that was solved in 10.30, the only difference 

heiii); that in that section the integrand was (h^siKiiated by y. On applying 

e(iualion 10.30 ( 0 ) to the compulation of the integrals ( 2 ), the latter give 
/ 


WIUM'C^ 


.Vni I V yn I' // U'nn ' ' I "* ; - ^ 7'' As/Jn j i 

* I -tf 24 

f /'Ml ' ’ /(■'■« 1 1 > 3'ii ( 1 1 Ah i) , 

I ) I /; CVri I I, Vb I I, /« 1 1). 




'riie right members of (,i) are known and therefore a'„|i and y„.|.i arc 
delirrmined. 

It, will be recalled thal /,H t and /f,.,, were computed fntin exlraixilatcd valucf 
of .v„n and y„ii, and hence are subject to .soim; error. 'I'liey should now be rc- 
eompiiled with the values of .v„,i and y„n furnished by ( 4 ). Then more nearly 
correct vnhie.s of the entire right members of ( 4 ) are at hand and the values oi 
.v„|i and y„|i should be cmrcHhed if necessary. If the interval h is small it will 
nut generally he necessary to c<irreet .v,,,, and y,i(i. Hut if they reepdre correc- 
tions, then new values of /„| i and /'„| i should he computed. In practice it is 
advisable hj lake the interval h so .small that one correction to /,i.|.i and ^n j., is 
suniclenl. 

After .v„|i and y«|i have been obtained, values of , 1 ; and y at /„.| j can be found 
in precisely the same manner, and the process can be continued to / = /„|.j, 

. . . . If the higher tlilTerences become large and irregular it is advisable to 
interpolate values at the initl-iulcrvals of the last two steps and to continue with 
an interval half as great. On the ttllier hand, if the higher cliffci'enccs become 
very small it is advisalde to proceed with an interval twice as great as that used 
in tlie earlier part of the taunpulation. 

'rhe foregoing, ex|)re.ssed in words, seems rather complicated. As a matter of 
fact, it goes very simply in practice, as will be shown in section 10,9. 
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10.8 Th(! .Sliirl. of (In; Ooiislniclioii (tf (iio .Soluiioii. ,Sn]i|tiisc tlif (liJiViciui'il 
cfiuations aro again 

/(•'•. .V. 0 . 

(tv 


ill 


.'.'(•v, V, /). 


with the initial coiwlitions .v - a, v ■ // at / o, Only lln- initial valncs of .v 'inil 
y arc known. Hut it fol!ow.'< from (t) lliat (he rales of diange of ,, ami va( / ' 
ariy((/, l>, o) and,!; (a, h , o) res|)cdivcly. Oomietjiiendy, (irsl approNinialions lo 
values of .u and y at l ■ h ■■■■ h arc 


2 . 


I (/ 1 h, (>), 

1 .Vi") . /< 


I tijlUi, h, o). 

Now it follows frtnn (i) (hat (he raic.s of change of ,v and i- a( »• , , v 
/ - /. arc ai)|)ro.xiiniUely /(.r,'", y.<'), /,) ,„„i ^,(,,to, ,,,, .j-, 

di,flcrent from those at (he l(eginninjr, and (he avrrage rales ihaime for the 

first interval will he nearly (he average of (l.e rales a and at the 

ciKl of (he interval, 'rherefmv closer appro\imalions iltan (hose idven in ( >) o, 
the values of .r and y at / . /, are ’ 

ii* I ’ (I I yi I /{a, h, o) I /( v,i»_ ,.30^ 

I Vi*''’’ - l> I J/i I «(i/. <)) I y.'", 

Ihc process could lie repealed on Ihe iirsi inierval, Iml ii is nol advisalile when 

the interval IS taken as short as it .should la-. 

rr . BK 'i!l ''rf 'll "f ’‘*•""'‘1 ''>'' ''val are approsinialelv 

/(.Vi . yi , fi) and g(.e,'” , y,'«*, /,) respet lively. < s.nsninenllv, Drsl upprovima 
tioas to the values of .e and y at / when- 1, i, - /;, ar.- ' 

.r,«t (. liiW^\ V, /,). 

yj"> - y.'"> I //gf.v.'^'.v,'''. /,). 

With lhe.se values of ,e and y approximal,- values of /, and >■.. are computed. Sim e 
.M'«, /..ffi are known, it follows that A,/„ A.g,; and A,,., aie also known 
He. a- eriuatious 4) n 10 . 7 . for » 1 , . a. can la- used, will, ihe exception 0 
the last terms in the right nienilit-rs, for the cmupntali<m of .v, ami v, 

exactly and the last two pairs with consideral.le a|.proximalinn. Afier f. and 
have been computed, x, and y, cun be c.a-recled l.v 10.31 f.a « - 1 Tla-uaii'’ 
mminate values of .v, and y„ can be extrapolated i.v the mellll i-miiI '! n..i in 
tiic piecedmg section, after wliicli tippro.ximnle values of and e. can be com 
puted. With Utese values ami the corresponding dilferen ce fn.m 

diiTercLcroniini'^f”^'”^^^’^^/ “■> 'I"’ ‘ "iresponding 

which wilMUustrau"bDlh^^ numerical problem will be treated 

itlustiatc botit the steps which must be taken niul also ilu, nR-thod of 
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firnmi'ini' (lie work. A ooiivi'iiinil: iirniiiMonHiiil, of iho computalioii which pre- 
serves ii romph'lr record of all llu! numerical work is very imjKirlant. 

Suppo!i<‘ Hie dilfereiitial eijualion is 


,//;! ■•(' I- I- 2h-V, 

ilx 

V O, I U(. t O. 


’I’he proltlein of llje mol ion of a simple itenduhim lakes (his form when c-xpressecl 
in suilalile variul.les, 'I'liis prolilem is chosen here Iteeause il has an acUial physi- 
cal inlerprelatioii, liecanse il can he iiilef;raled olherwise so iis to e.vpress I in 
lermr. of .v, and liecanse il will ilhislrale sullicienUy Ihe processes which have 
liet'ii explained. 

iMIualion ( 1 ) will lirsi Ih' inle(?raled so as to exiiress / in terms of .r. 
tin nmlliiilyint; liolh sides of (i) hy a | and inteKrating, it is found that the 
inlegral which salisln's Ihe inilitd condilions is 



(1 .v") (i kV"). 


On separatini' lIu' varialiles (his equalion gives 


;h 



.lx 

.v“) (1 


Suppose *; i and lhal Ihe upper limit x does not e.vceed unity. Then 


\ ' I k'x '-' 


' 1 K'.V* I • 

a s I 


1(1 


/.".v'* I- 


where llu- righi nn-mlier is n converging .series. On snhstituling ( 4 ) into (,\) and 
integral ing, il is found lhal 

5 . I sin ' .r I \\ .rvA .v'-* | .sin ' .rji;'-' 1 Ji; •.r's-'i - .r’- • • J.vfr - ;v*)J 

I- J.vN^i • ■ ,r- I- il .sin ' x } k * -h J. 

When .V - I I his inlegral liei oines 


(L 

r - ^ 

i 1 1 ( 

'• 1 

f .p . 




uJ \ 

^•4/ 




Etjualiou («;) gives I for any value, of .v hetween -i and -l-i. Hut the problem 
is to determine x in terms of /. Of course, if a table is amslrucled giving I for 
nmny values of .r, il may lie used inver.sely to obtain the value of x corres|)oiuling 
to any value of I. ’Hie labor involved is very great. When K- is given numerically 
it is sim|)ler lo eompuie the integral (,?) hy the method of 10.1 or 10.3. 

In mathematical terms, I is an ellipliiail integral of ;v of the fir.st kind, and the 
inverse function, lhal is, x us ii function of /, is the sine-amplitude function, which 
has the real neriod <i7'. 
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Suppose i and let ;v •JjJ-- 'riien wpiatioii (1) is .Minivnlfnl to the 

^ r'/itin f'l/ina 


two equations 

7 


Uh 


ill. 

ih 

[.it 


7 ■■ ■■ y, 


3 


.V I 


whieli arc of th<5 form 10.60 (1), wliert 




II’- 


and a: => 0, y i at t ■-< o. 

'i’lu! first step is to determine the interval which is to he used in llie slnrt .,f 
the solution. No Kcnernl rule can he riven. Tl.e larger,/;, niid e., ihe sinaller 
mu.st the interva] he talom. A fairly koo .1 nd.> is in general U. lake /; so small 

that /(/„ and Iir,, shall not he xrealer Ihaii uw limes tin- permissihle error 

vosiilts, In Liui prcsttnl inslanrc wi* nitiy (iiki* // ^ (m 

.n-Sr w '' ■ 


. o I I U.KXX), 


y,0> t I o [.OCKKI. 


It fiillows from (H) and these values of ,r, and y, lhat 

/(,ri('>, y,<*\ /,) i.cxKK), 

/,) , 0 . 1 , 100 . 


ro, 


Ita,™ Ite m,,R. nwly „( |,j, 3 

,, fM\ 0*1 j . 

:\r> - o 1 . ^ 1,1.0000 I r.ocKx;) - o.iooo, 
y,(«) I [p.oooo o.t.ino;] o.qqas. 


II« 


Since in this iiarticnliu' prohlem v « f'vili it !• .. .• 

bolh/aiKl I liy U,e |,m,« iru r/Tli' 1'"",''"““ 

teormmd » i, ji™, |,y Uic n “v Z Z f?:) 

that a fust uppmsi, nation. i„ the value, of y at / » /, 0.3 is ^ ' ‘ 


^ 2 , 


« .0035 “'p-trltto « ,()yj 6 


ij \u), tiic Inst tiial y-tnhlc is constructed us follows- 


NIIMl'Mill At. Slll.HTiON (,(.• I)JK|.'Kji|.;NTIAl- W^UATIONS 

l■■i|•sl v'l'ahU! 


/ 

y 

A,y 

A-»\' 

i) 

1 .0000 



■' 


.0075 


.1 

.oyyo 

,0140 

•■.0074 
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Since y / il ii-w |■..ll.nvli I lie lirsl. nnial iciis of (n) and 10.7 ( 4 ) for «= i 
lliiil iin valiu* .v., 


i.S* 


,V;i ‘ O. HKH) 1 


10 


I - .oi/p) \ .0074 


. 1986 , 


Willi llii:i vuliir fif .v-til is fnuinl fi'niu Iht? srcoixl (»f (s) IhiU j(|a 
ilir lirsl I rial /; inhlr nihslnirlnl him (hr viilurs of i; al, i - o, o.i, 


.2901. Then 
0*2, is; 


I Msl rrial A^/Pahle 


l 

ij 

Ai.i; 

A.j,({ 

0 

JHKH) 



. ) 

. I 4 »K) 

.1490 


. J , 

.2901 

• .1411 

•I' .oo7() 


M'heiv llu‘ jua niul equal inn i»f 10*7 (.j) f'ives fur n ' » i the more nearly correct 
value of y^, 


i 4 > 


y^ ‘ I 


I 

to 




0411 

I A 



■ 9705 . 


'I'hin value of y, shimld ie|ilat e (he Iasi entry in the first trial y-tabJe* When 
(Ins is done ii is found (hal - , 0220 » AjVg -, 0145 . the first equa- 

tion of 10.7 (41 


t 5 » 


■v. 


j 


10 


I I 

ar/O’i j - ,02^0 I - ^ .0145 


. 1983 . 


'Phe eoniimUUion is now well started althmigh ,Vi, yi^ .Vi,> and va arc still subject 
U» slitthl errors, 'i'he valurfi of ,vi and Vi t an lie eorretaetl by applying 10.31 for 
n '<-> i, Il is ina'eti^ary hist to ( onipttle a more nearly eorrecl value of /,'a by using 
(lie value of x: givett in ( 15 ). M'he result is A 1 . 1 J 3 ^ -. 1406 , 

I ,CKiH 4 , *Phen the setond etiualion of 10.7 ( 4 ) gives 


ifi, 




.0025 i 


I 

10 


^Sof» 


I 40 h 


I J 


►0084 


• 970 s, 


agreeing with ( 14 K d'lus value t*f V;, is therefore essentially eorrect, An applica- 
tion of 10,31 then gives 
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after which it is foinul lliat;;, -.148(1, Ar.i;, • .i.iSA. Now (Ik^ liist triiil v-ltihli; 
can be torrccLed by usiiiff the value of Va ).;iven in (i.|). 'I'lie result is: 


Second 'I’rial y-'rable 


1 

y 

Aiv 

AiV 

0 

1 ,0000 



, \. 


■ .ooy.s 


. 

•97<‘>S 

■ .0.!.(0 

,oi.|.S 


In order to correct .Va and Va by the sann- nielliod, which is (he niost convudi'iit 
one to follow, it is necessary first to olilain apiiroxiniale value, s of _i;,, and v.,. The 
triid /'-table can In* corrected by conijailiii/' ,1; with the values of .v I'iven'liy (r/) 
and (15). Then the line for I'ican he extrapolalcil. The results aie: 


.Second Trial i;-’I'able 


/ 


A,-' 

A f': 

0 

, GOOD 



. 1: 

• , 14.8(1 

. L)Sfl 



■ ■ . 2.S{)(| 

.1,(10 

1 .ooyo 


■ ■ .4. MO 

I.u-l 

1 .oriyo 


Then the .second e(|uulion of 10.7 (.)) /rives for 11 :• 


18. 


Vii ^ ‘ . 070 , 1 ; •! 


10 


••■|•^^<' I ; -i.t.t-l ;.(K;iy(i - .im4‘S. 


When this is added to the .second triai y table, it is foiinil that 

KJ- ;Vii = .o.VlS, A,y, ‘ '.o.t.s'y, Xy, - ■ .01. v/, A,y.. • i 

Now ,Va and ;Va r-an l,e <-orrected l.y appiyinK 10.31 to thes,- nunihers and those 
in the hist line of the .seeoml trial /'.table. The results are 


20. 


:Va 


ya ^ ^ 1 - 


I 

10 

r 

10 


'A 


•',■<>137 I • .(HmS 


.iijHo, 


■•'|3,tO "|. .1,^4 


.(X)7(I 


.0701;. 


Ihc prchminiiry work is finished and .r and y have been determined for / 0. 

a, and .2 with an error of probably not more than one unit in the last place. As 

I o ‘"nn'liniled. but this is hir/telv 

hccausc on tbc iinnled pa/te iireliminary value.s of the unknown iiuaniiiies can 


NUMKIU( Al, OK DIVFKIMCNTIAL KQUATIONS 


iirsl slr|)s an* vt'iy sunpir aiul nui he ran ied oiil. in i)r;u!licc in a few minutes if 
llu' liiiisi’M 1 iiiu* iiil rrval ifi mu [peal, 

-riK- |.r<.!.!.•ln now mlu.vs lo si,„p|c 

(wl.i. h in (In:. als., us un /.liil.k.), n ^-mhlo, iiiul u schodulo for 

anni.nlniK n- H mlvisul.l.- |o ,im- larj'o sheets so IhiU, ii!l the cominitations 
eNTe|)( the sehe.inie for roin|>nlin)r , ji„ |h. |u;p| side hy side on the same sheet 
The proeess eonsisis of six steps: (i) Ivxlrapolute a value of ^ and its 
dilterenies in (he j; tnhie; (,•) eonipiile Vicn hy the second e(jiiati()n (tf 10,7 (^i); 
(,<) enter the resnlt in the y I aide and write down the dilTerences; (4) use these 
resnlls to eompnie .r„,, hy (he lirst eqiialion of 10.7 (4); (5) with this value of 

.r„,,<oinpiile;;„,,hy lliei.-fonipntation schedule; and (h) eorreet the extrapolated 

vninc nf i in Ihr lahh\ 


Usnally the eorreetion to i;,,,. will in.t he Kfeal eiKHij'h lo reciuire a sensible 

eot ret tion to Hut if a eoi reel ion is ret|uire(l, it should, of course, ho made. 

It follows from the inlepralion fonnidas 10.7 (4) ami tlie way tliat the diffci'cnce 
fimetions are formed that an erntr t in prnduees the error J/ze in y,„.,, and 


the eorivsp..ndin); error in .v..,, is 'IJ A'c. It is never advisable to use so largo 

a value id // that the error in is apprei iahle. On the ntlicr]mnd,if thedilTcr- 
eiiees in the Iahle and the y Iahle heeome so small that (he second differences 
ar<* imirii'.ihli* llir iuln val may In* dtmhlcil, 

'VUv lolliiwiii)': lulilr:. r.liinv tin* rnmlln nf llu* (‘ompulaLinns in this problom 
iTiliu nl tium livr lo fimr |ilm ru. 


I’inat .v 'rahlo 
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MATHEMATICAL AND laj.inTCAL Jj’TJNCTIONS 


As has been remarked, large sheets slKUild be used so tliui the ;v, ;v, and /(-tal)lc3 
can be put side by side on one slieet, M'hen (he / column need l)e writ ten but oiuo 
for tliesc three tal)les. The ^^-schedule, which is of a dil'l'erent lypi‘, should be on 
a sej)arate sheet, 

The <lilTerential e(iuation ([) has an integral which becoiues h\r /v'- r; i 

o 

, (h: 
and 

21. I ^ i I , 

a /| 

and which may be used to clicek the cnmpulalkm Imm iuisc il must ])v. satistled at 
every step. It is found on trial Unit (.h) is salislicd to within <inc unit in the 
fourth place by the results given in the foregoing tables for every value of /. 

The value of / for which iV - i and y - o is givmi by (o). Wlum /v’’ . ^ J it is 
found that 7 ' 1.8541. It is found from the linal .r labh^ by inftuptihition basi^d 

on first and second ditTcrences lhat.v rises U) ils maximum unilv for almost I'xaetly 
this value of /; and, similarly, that y vanishes for this value id /, 


XI KLLIPTIC FUNCTIONS 

]3y Sir Gkorgb Grrkniiill, F, R. S. 




INTRODUCTION TO THE TABLES OF ELLIPTIC 

FUNCTIONS 

By Sir GkorgJ'’. Grekniiiix 

In the intcgnil calculus, and more generally, ,u- 

J p -I- () vr ’ 

w]\eic li'ff iV, J. y Q aie rational algcliraical functions of ;v, can always be expressed 
by the cleinentary functions of analysis, the algebraical, circular, logarithmic or 
hyperbolic, so long as the degree of A' does not exceed the second. But when 
X is of the third or fourth degree, irew functions arc required, called elliptic 
functions, because encountered first in the attempt at the rectification of an 
elli|)se by means of an Integral. 

To ex]n-esa an ellijitic integral numerically, when required in an actual 
(|uestion of geometry, mechanics, or jihysics and electricity, the integral must 
be normalised to a standard form invented by Legendre before the Tables can 
be employed; and these Tables of the Elliptic Functions have been calculated 
as an extension of the usual talrles of the logarithmic and circular functions of 
trigonometry. The reduction to a standard form of any assigned elliptic iirtegral 
that arises is carried out in the procedure described in detail in a treatise on the 
elliptic functions. 


11.1. Legendre’s Standard Klliirtic Integral of the First Kind (E. I. I) is 

^ # (lx 

’-'o Vi — K^in* 0 “.%'*)( I — kW) 

defining (j) as the amplitude of «, to the modulus k, with the notation, 

(j> ■= am u 

ft! ■= sin (j) ■=» am am u 
alrbrcvialcd liy Gudernmnn to, 

ft! *=> sn u 
cos (j) ■■ cn II 

A 0 " vCr — 3in® 0) «»■ A am « *»> dn n, 
and sn u, cn w, dn w are the three elliptic functions. Their differentiations are, 


, du 

d sin 0 L A L 
“ cos 0'A0 


d am II , 
or — ; — « dn « 


du 

d sn « 


cn II dn u 


or 
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(I COK (j) 

du 


- sin (j) Ail) 


or 


d v.n u 
till 


dA(l) 

du 


sin (/> cos (l> nr 


//dll u 
//// 


— sn u ilii 11 

- sn n t n n 


TT 

1111 , The complete integral over the (luadriint, o < </> < ^ , o < .v <1, delimm 
the ((juartcr) period, /v, 


making 

sn K rp I 
cn K q 
dn K • 1 k\ 

k' is the comodiilus to /c, i, and ihe coperiotl, K\ is, 

A*' .. P 

Jo \/(i "• pc'“.Miir-</)) 

11.12. 

an“ « -|- rn'’ /( "i i 
cii'-' u I- (i- sn''' u • r 
(in" 11 - a" cn''' /( ' I k''", 
sn 0 ! ’ o, cn 0 ' I (In, o m i. 
sn K “ I, cn A' «' o, dn A' * 

11 . 13 . LcRcn(Iv(5 has calciiluled fnr tjvcry iIckicc nf 0 , tlu; nidduliir iuikIc, 
K sin 0 , llic value ot /<’(/) fni’ every decree in (he (luadiaiit ttf (lie uniplitiide (/>, 
and tabulated them in liisTable IX, Fnnclinns elli|Mi(|ues, (. II, ijo x (jo .Sicx> 
eiUrica. 

But in this new arrangement nf lIicTable, we take u ■« A0 as (lie iiide|tendenl 
variable nf equal stejps, and divide it into no decrees of a (luadranl A', putting 

u cK ^ Kj m i)o^v. 

As in tl(c ordinary trigonninelrical tallies, the dexreeK nf r run down llie left nf 
the ])age from o® to <15“, and rise up again on llie riglil from In no". M'hen 
columns II, HI, X, X:I are tlie cfiuivalent of l.egendre’.s 'ruble of /•■(/> and r/i, 
but rearranged so that /'0 procceda by cfiual incremenls i® in r", and tlu; incre- 
ments in (l> are unequal, wlicrcn.s Legendre took equal incremenls of <h giving 
unequal increments in u 

Ihe reason of this rearrangement was llie great advance made in elliptic 
function theory wlicn Alicl pointed out that F<j> was of the nature of an inverse 
function, ns it would be in a degenerate circular integral with zero modular 
angle. On Abel’s recommendation, the notation is reversed. nn,i fh i« m i«. 


K F 


, TT 




Aib' 
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considered a function of u, denoted already by 0 = am u, instead of looking 
at Vf in Lcgcndie s manner, as a function, of Jacobi adopted the idea 
in his I'undamenta nova, and employs the elliptic functions 

sin <j) = sin am u, cos (j) = cos am u, A<{> ~ A am «, 
single-valued, uniform, periodic functions of the argument u, with (quarter) 
period K, as (j) grows from o to ^Jtt. Gudermann abbreviated this notation to 
tlie one employed usually today. 


11.2< .1 he I'j. I. I IS encountered in its simplest form, not as the elliptic arc, 

iiut in the ex]nession of the time in the pendulum motion of finite oscillation, 
unrestricted to the small invisililo motion of elementary treatment. 

1 he compound pendulum, as of a clock, is replaced by its two equivalent 
particles, one at 0 in the centre of suspension, and the other at the centre of 
oscillation, Z’; the particles arc adjusted so as to have the same total weight as 
the pondulumi tl'o siddc centre of gravity at G, and the same moment of inertia 
about G or <); the two particles, it rigidly connected, arc then the kinetic equiva- 
lent of the comiiound pendulum ancl move in the same way in the same field of 
force (Ma.\weil, Matter and Motion, CXXI). 

Putting OP « Z, called the simiilc equivalent pendulum length, and P starting 
from rest at 71, in Figure j:,thc])arti- 
cle P will move in the circular arc 
Zl/l/Fasifslidingdownasmoothcurvc; 
and P will ac(iuirc the same velocity 
as if it fell vertically KP NJ)\ this 
is all the dynamical theory required. 

(velocity of Py « 2 f>'KP, 

(velocity of ag'-^V/Z'.sinVlGi’ 

- 2 g-ZV 7 ;. JJ-’- -ND^NA-mi, 

and willi AD //, AN y, ND 
^ h — y, API 2 li NE - 2 / - y, 

\!3 




31 ! 


(Ziy 



71, V-'V - /) (2Z “ y) - f Y, 

where Y is a cubic in y. Then / is given 
by an elliiitic integral of the form 
/* * * 

J VF integral is normalised to Legendre’s standard forin of his 

H. I. I liy putting y It siiF c/i, making AOQ « </», h ~ y h cos® (j), 
2 Z ~ y «■ 2 / (i - IT® sin® (f)), 

1.2 A 77 , „ 1 71 ,, 

» -J n ^ D sin® /I7i7i. 

2/ /l/i 

^ C ftllcd the mod ulus, AEB tlie modular angle which Legendre denoted 
by 0; •'/(i - K® 8in®^) he denoted by A<l). 
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With li >-■= In", and reckoning tlie lime t from A, (Ids makes 

r'l' ii(i) 


111 


r H> r, 


in Legendre’s nolation, Then llie jingle if> is called (he am|)lilit(l<‘ of nl, (o he 
denoted am nt, the particle 7’ starting o|) from .1 at lime I < o; ami witJi « , , /,< 


sn n 

AP 
Ah '■ 

AD 
■ AD 

sn’” u 

.lA' 

.1/; 

cn u - ' 

/;(> 

AD 


t n '*’ u 1 

PK 
' AD 

<In u ' > 

KP 

KA 


dn'** // ' 

NH 
' Al< 


Vcloeity of P «'/I/Lcn u - ■ \//</'< l’li\ with an oseillnlioii heal of V seconds 
in u » o/v, <; a//7'. 

11.21. The luimenVal values of sn, cn, dn, (n (n, k) are taken from a lalile 
to modulus K sin (modular angle, 0) liy means of ihe fiim lions Dr, Ar hr 
Cr, in columns V, V.i:, VIi:, Vlil, hy (he (|Uo(ieiils, ' ' 

Vk' sn cA' 


cn r.K 


n 

h 
D 

tin pK (! 

toH -y. 

Vk' 

A 


Vk' tn cA' 


P 


r** « 

// /*A\ 


llicsc D, A, B, C are the Theta Fimctions tif Jacohi, nornmiiseil, deliiietl hy 

D{r) WA 

B{r) ^ ^( 90 ° - r) 


. 1(0 


]u.\ Ihf 
Dir) 

Ihj were calculated from the Fourier series of angles |)rocee<ling hy imillinlcB 
of r f and powers of (/ us cucfficiuiits, dcdinerl l»y 

f/ im 

0» » I ~ at/ cos ar .|- at/i cos 4 r -> ar/> cos 6r |- .... 

//« - at/t sin r - aql sin + aqV sin sr - 

11.3. '.rhe Elliptic Integral of the Second Kind (E. I. H) arose first hisKiricnllv 
m the rectification of the ellipse, honce the name. With BOP rji in 1-ignre 3 ^ 

y ^ ^ ■" " 
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Vrt^cos^^ VFsina^ = aA((/), k), 
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Fig, 2 


to tile 1110(1 iikiK K, the eccentricity of the ellipse. 

Then ,v = a Ecj), where_p^’A(/) • is denoted by £</> 
in Legendre’s notation of his standard I£. I. II; 
it is tabulated in his 'I'able IX alongside of 
for every degree of the modular angle 0 , and to 
every dcgriie in the fiuadrant of the amplitude r/i. 

but it is not possible to make the inversion 
and c.\i)rcss r/j as a single-valued function of 

11 . 31 . The E. I. II, 7 £(/>, arises also In the exiiression of the time, I., in the oscil- 
liition of a particle, on the arc of a parabola, as F<j) was required on the arc 

of a circle. .Starting from ]i along the parabola 
BAB', Figure 3, and with AO ^ h, OB = h, 
BOQ =></>, AN <= y => h cos® 0 , NF = a: «= f/ cos 
<l> and with OS = zh ■= b tan a, OA' == SB 
~ b sec a, the parabola cutting the horizontal 
at B at an angle a, the modular angle, BRA'B' 
is a semi-ellipse, with focus at S, and eccen- 
tricity « = sin a. 

«=> (i® COB® (/> -I- 4/t® sin® (/> cos® c/r) 

« (/.®(i ~ sin® a sin® (/>) cos® 4 > « zgh cos® 

F® co.s® (/), 

if V denotes the velocity of B at A , and fM' «. Then with i- the elliptic arc Bli, 
V^^^aA<l>^a^,V(^s, 



and so the point Ji moves round the ellipse with constant velocity V, and ac- 
companies the point B on the same vertical, oscillating on the parabola from B 
to B'. 

In the analogous case of the circular pendulum, the time t would be given 
by the arc of an Elastica, in KirchholT’s Kinetic Analogue, and this can be placed 
as a bow on Figure i, with the cord along / 1 /i and vcrtc.v at B. 

Legendre lias shown also how in the oscillation of R on the semi-ellipse BRB' 
in a gravity field the time I is cxprcssililc by elliptic integrals, two of the first 
and two of the second kind, to complementary modulus (Fonctions elliptiques, 
1. p. 183). 
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11.32. Ill tliese talilcs, K(l) is rcphiml hy ihv. a)liinms IV, .IX, of E{r) and 
G(r) t=; Ji((p ^ r), deliiied, in Jacobi’s notation, by 


K 


JC{r) zn cK - K<}} - rE 
(i{r) y,i\ (i - e)h\ r ^ - c)Oc. 

Tiiis is the periodic part of hUj) after the seeiiliir term vE 'i n has been set 
aside, K denotini' the comi)lele 3'h L II, 

Ji - K iTT i I 

The function zn //, or /ii in Jacobi’s notation, nr E{r) in our nolation, is 
calculated from the series, 

CO • <■' 

TT Sin 2 mr 27r 

r, F 

sinh mirp 
k 

This com])leLes the explanation of the twelve columns of ihe tables. 


•ft t/ , Ii sin 2//// 27r f 4 , , , . > . 

hr - /m ^ — jp '=> jp 2 ] w d V I V I' • * • •) sm ijw/r. 

«iidi »;7r ' 

k 


11.4 The Doiihle I'eriodicily of Hie Klli|)lif 

This ean be visiialisetl in peiidiihini iiiotum if i'iil>li'>«t‘d n'V(n«ed 

suddenly at H {Ki^'in'e i) (he end of a swiii,'; as if !»y (be addition of a weij'hl 
to bring (ho centre of gravity above 0 , or by (lie inoveinenl of a weight, us in ilu; 
metronome. Tlie point P liieii osciilales on tlit> art- /»/■;/»', and licats (be ellipiie 
funelion to the comjilemenlary modulus as if in imaginary time, to imaginary 
argument uli ~^/K'l: and it reaelies /" on .lA' produced, wiiere (an .lA'/" 
r- Ian AKD'cn [itl'i, k), or tan Ai.l A' . Ian A.’.l/t>ni (ill', k')', or witli ni' : 
DR' /;/^cn (ill, k'), dr m /l/bcn (1., k'), with DR^DR' • > Dl\\ EP' crossing 
Dli in R', 


cn (iV, h) 
sn (id, k) 
<ln (ill, k) m 


I 

cii (is «')' 

/ sii (ii, k') 

cn (ti, k') 

dll (ti, Ii') 

cn (ii, «') 


■' I In (11 , k') 


I 

sn (A' . . V, «') 


where K' denotes (lie coinplemenlary (t|iiurlei‘) period to comodukts 
It III, m' are any integers, positive or negative, including 0, 


k'. 


sn (/< I- ,\mK -I- m'l'K'} -- so n 

tMi (>i |. /ittiA' ’h m'{K -b 1 AO] - cn 11 

fin (w I- 2 ihA -|. niii'iK') « do u 

11.41, Tlic Addition 'I'iicorem of the .lvlli|)tic Fiiiit'lions. 


sn (k dj ti) « »■ Hnvni iidirH 

I ~ K® sn’ K Hll® V 

cn (ti di If) •*> ‘I** 

r k’ sn’ 11 sn’ j 

cln (v -b li) « ‘f’* **'* w cn u sn ti cn 1; 

I - sn® u V 



IN IRODUCTION TO THE TABLES OF ELLIPTIC FUNCTIONS 
11.42. Coaniplimde Formulas, with » = ± 7v, 


2SI 


cn (/C - ii) = 


K mu 
dn u 
id 


cn {K + u) 


sn u 
(In u 


(In {K n) ^ =:= dn {K d- u) 

In {K - u) - y- — 

^ id tn u 


tn (/C -h 70 - -- - 7 - — 
tn u 


11»43, Legendre's Addition Formula for his E. I. II, 

iMf) - jA(l)ul(j> - ^fdn^u^dUf (J) = ,/(ln s= am 7/. 

Jfi<j) *1- hxj/ — JtjQ" sin 0 sin ^ sin (T, ^ = am (T am (?j 4- 7O 
or, in Jacoiji's noiaLion, 

zn n • ! • y,n v — zn (7/- 4^ v) ~ /c^ sn 7^ sn v sn 4- 7O, 
the secular |)arL cancelling, 

Another form of the Addition Theorem for Legendre's E, I. II, 

. " = - (. - «) 
or, 111 Jacolii’s notation, 

/.ii {v -I- u) -I- zn („ - n) - 2 r.n n == 

1 - fc sn^ u sn^ V 

11.6. 'I'Ik; Fllliptic. IntORi-al of the Third Kind (E. I. Ill) is given by the next 
iiilcgralion with respect to u, and introduces Jacobi’.s Theta Fimclion, G?<, 
(lefined by, 

d log Gn „ 

— — e, /;u « 211 « 

G« r , 

Go " 

Integrating then with respect to «, 

1..K 0 (. + ») - log o („ - „) - . f =«i?!iia • s^» 

Jo I - r sir n .sir v ' 

anil tliis integral is Jacolii’.s standard form of the F.. I. Ill, and is denoted by 
” 2 II (u, n) ; tluis, 

rr r.. .,\ C »» v cn v dn v sii“ « , , i . 0 (!> - «) 

It (.», V) ^ f s (In a 11 zn t) + 4 log r • 

./ I - r sir u sir II " 0 (v -i- n) 

Jacolii’s Eta Function, Hii, is defined by 

and then 


Ht) 

'0j; ” V « sn V, 


rflog Hti cn t) dn ti . , , , , 

““i/r" “ "stTw — •' ™ '>> 
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so that 


on V (In V , 

Jr -- -du , 

f sn V ctUMiiu; . it / \ 

' - - - U 'I' II {t(y V) 

oi- 1 C Sir u sir v sn v 


1 , 0 (tJ * a) 

- ■ loK/w ■ . 

2 M) 0'/ n) 


S'",' 

2 '()(tli-«) 


Tliis gives Lcgciidve’s stiindiini ]■’/. I. Ill, 

/• M iht)^ 

,1 i [■ nm\"<l> A</)’ 

wlicre \vc put n « k“ sn"' v • < -- /«'•* sin''* i/', 

AP r-i - { I • - ' • (i • • n) ^ ■; 

V n/ siii'’^ sn-'v 


the normalising multiplier, M. 

The K, L HI' arises in Ihedynnnnrsitt the gyroscope, l(tp,spli(‘riciil pendulum, 
and in Poinsot’s herjxtlhode. It cun he visualized in the solid aiigl<' of u slant 
cone, or in the perimeter of the reciproeal cone, a sphem conic, or in I lie mag- 
netic iiotenliul o£ the circular liuse. 


11.61. We arrive here at the delinitions of the fumlioiis in llie tallies, Jacohi's 
Oif aiid ir» are uormaliseti hy the divisors ()« and 1 1 A', and with r ooc, 

lIcA 


]){r) denotes , 


.l(r) denotes 


II A' 


wJdlc Ji{r) yl(yo -- r), (,'(/•) >»' /J(()o •• r), anil /<(o) .'l{ijo) />(<>) r-. ( ’( 1 , 0 ) 


=a I, C(o) ►=> H(<)o) 


Vk 


Then in the former defmitions, 

/l(r) /I ( 00 ) 

m ” IKmj 
m Jt{o) 

m c(o) 


si\ II »• v"k* stt f A' 
cii 11 en rK 


, dll cA 

H(r) Dio) 


Then, with u «» eK, v na /AT, r qoc, s >» cjo/, 






V,\\ (l f) K m E (t\(\ ^ m n (A 


zn fK ™ E W 
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llie Jacobian multiplication relations of his theta functions can then be 
rewritten 

D{^' -|- s)D{r — s) = Dh'Dh — tan^ OAhA^s, 

A{r -I- s)>l(r _ s) ^ aWs ~ D^rAh, 
n{r -I- s)B{r - s) = BhB^s - 

Hut unfortunately for the physical applications the number s proves usually 
to be ima/'inary or complex, and Jacobi’s expression is useless; Legendre calls 
this the circular form of the .li. I, III, the logarithmic or hyperbolic form corre- 
siromling to real x. However, tlic complete E. I. Ill between tlic limits o <0 t, 
or o <n <K, 0 <c <r, can always be expressctl by the E. 1. 1 and II, as Legendre 
pointed out. 


11.6. The standard forms are given above to which an elliptic integral must be 
reduced when tlie result is re(iuired in a numerical form taken from the Tables. 
Hut in a practical problem tl>e integral arises in a general algebraical form, and 
tlieory shows that the result can always be made, by a suitairle substitution, to 
depend on three dilTerential element.s, of the I, 11, III kind, 


I 


(h 


II 


is- a) 


A 


HI 


i_ jk 

{s - (t) vs 


where S is a cubic in the variable s which may he written, when resolved into 
three factors, . , , 

.S’ >-1 4\.r - .vi)(s - - j., ) 

in the sequence oc>.fi>,v 3 >,v 5 > — oc, and normalised to a standard form of 
zero degree these dilTerential elements are 

^ Vsi - Xa (lx 

n 

Vsi~xaVB 

III ~£- 

s “ <r Vs 


25 denoting the value of S when s «» cr. 

The relative irositions of s and <r in the intervals of the sequence require > 
lireliminary consideration before introducing the Elliptic Functions and their 
notation, 
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11,7. For Ui(i E, L I and its rcproHcntalioii in a lahular form witli 


/v • • 


•V, - ■ All 


Vj 

t/.Tl, M 


•Vl ,V;| llx 


{O \/ ■ S 


and utilizing the invcrso notation, llu'it in tlu; lirst iiitinval <»f tlio sfi|iiciu'o, 


a >A' >A', 


i/i' v/.S ^ S • S[1 T S '• * .V;i > s • S i 


</Jf| \/*S ' ‘ ' ‘V A'vi ' 


indicating the sul)slit.ulions, 


V ."'"vj */* y y' ‘ ^ (t •')/' ■ 


In tlic next interval .S’ is negative, and the eoinoiluhiH k' is reqiiiird. 


S\ S > .V',) 


fK' e. .»// ■ ... ,|„ ^ 

v-‘ S ’ ’^1 'Vl » s\ s-i > \ 


•'I Vl 


„„ sir V' ' - - nr 'V A ' ' " 

tfsi V ^ ''*1 ' A'U'V Vl » Vl — Vu^V .V| 


- dll' 'v/''’' 


.S’ is positive again in the next interval, and liie inodiilns is k. 


A'a >.v >A-,i 


(i - c)K - r.^!' sir 'vA' 

’V.S ' Vjj - Vt»,Vi V- 


- <n 'V/ ■ 

y S’i 


A I : ‘' ’ 4 'V Sn 

Ay ^ VrAl .V 


dn n/'* 

' V| s 


I 'V-V! - .Vil (Is A - .V;i .. Aa ■ • V /. 

V.V > X-i - A^ V Xi - .«4 V ,, 


,Vj ,v^ 


indicating tlic substitutions, 


Vi - va 


A'V dn’ (i ~ c)K, m sin’ 6 » sn’ eK 

Va Sn ^ 


Sn sin^ r/j *^1- «« rntti 
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S is negative again in the last interval, and the modulus k'. 

Sa>s> — 00 


V - 6 y S 2 ~S V i '2 - A' V - S 3 .A -2 . 

JK' ^ f . sn- = cn->V^ . d,rV^ 

J~«> V- A V A'l - A- V Si - s V J, _ s 


11 . 8 . I' or the notation of the Ji. I. II and the various reductions, take the 
treatinent given in tlic Trans. Am. Math. Soc., 1907, vol. «, p. 450. The Jacobian 
Zeta 1 ' unetion and the hr, Or of the Tables, are defined by the standard integral 


p .Ti - X (lx {'<l‘ A , , , r « 

,k Vxi~'xa VS'^'Jo ^ 


or, 


J ^cr 0* — ,Va do' /y 

vr- s TTi ■ J. -i'’’ ■'■ 


where v.w is Jacobi’s Zeta function, and II, II' the complete E. 1 . 11 to modulus 
Ki idj defined by, 


11 « k) ( 1<I> -=• /;<•»“ (cK) ‘dicK) 

II' « X»A(<^, k’) d(t> = j^'dn^ (,fK')‘d{fK'). 

'rhe function sn « is derived by logarithmic dilTcventiation of Qu, 

d log Ott . , 

zn II •'=' — — , or concisely, 

0 /» exp. Jmii'dUf 


an<l a function zb n in derived similarly from 


ZH n « 


d log Iln 


du 


d log 0?/ d log Bn u 
du du 


^ Zll u + 


cn u (In 11 


Bn u 


and 


For the incomplete K, I. IT. in the regions, 

<Xi >S>Si>S2>S>Sii 


Si - ^ - ^3 

..... — 2 Qi* *?, 


X — 5a So — Sa 


sn® eK 
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- Sa VA 


r s “ Sa dt 
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• tX/v-//) 1 zspA: 

J Vh - 

.V.1 V’S 

J ,v -- 

v ».V 


the iutegnils being w 

at the upper limit, s 

f..t <0 

, nr 111 llin linver Hinil, s ^ » 

wliei'C c ^ 0 

and zrt c7v «> « 




fio also. 






p.».v „ 

• S3 S/Sl - 

(/S 

p ^ .V, ^ « ,V 
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cll p zn t'K 

J.T,« ‘V- 
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VA’ 
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1 i 1 
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Siniiliirly, for Ihc vaviablu o in llio roi^ions 

.Vi>(r>.Va>.s‘ii>(r> •“ 

53 negative, and 
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Sit ^ (/o' ^ 
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“sa - (T \/.vi 

:~‘UaJW '‘'’''''I 
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'sq .••• <r \/ A'l 


si - tr v 

- 53 ii - 1)11' .^ z 


i/A' 




/'" 5 « (l ™y)(/v' in I zH/r 

V Vi Aa V " ' 24 


f±Zj :!^^dcr « ^^(1 -/)(//' ^ K*A") I- ZS//v' 

1 / i'l “ O' V - 1! «/ V.«i - A'ii V “ 23 

(i -/)//' -!■ zs/A" 
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J -- (T 





(T B - CO, where / “ 0 , zs /A3' »> <» . 

Putting (! ® I or / ra I any of these forma will give the cumplelc 15. 1. IT, 


.. ^ j.l .. i.i. ^ j. 
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11.9. .In dealing 1 (radically with an E. I. Ill it is advisable to study it Jir.st 
in the algelnaical form of Wcierstrass, 


j\ 


I VS (Is ^ 

(x - (r)v'.V 

whole .S — 4-.y ~ A’l'.v — .s'2‘,v — .sj, ^ the same function of o', and begin by ex- 
amining the sequence of the quantities .v, a, xi, st, x# 

'.l.'hen in tlie region 

x>xi>.va>(r >X3, 


]nit 


X — X;| 


Si — A3 

sn«j7’ 


O' - X3 -- (xa - Xa) HU® v, K® =« > 


Si — »?3 


.V „ O' (i - K® sn® « sn® v), — ^ - J — =. du, 

Mi It 

VS - V Si - .Y3 {s 2 — Sn) sn v c\\ v dn ii,' nmking 

y (Is /"/v'*^sn?^cn5;dn?;sn^« , rr/ s 

i - O'- “ J 

JUit in Lho iTgion, 


(r>si>s»>s>sny 
Sl-Sli T 
sn^T/ * 2 


s _ .V., == (.v, _ S 3 ) sn® ff, O' - Xa « = (Xi - Xa)3 


niiikitig, 


O' — X •= -■ (r. - K® sn®« sn® v), 

SU®J) 


cn V dn v 


(Ik 


flV^ i/x f snti ,, ,,, . cm 

J O' - X V.S y I” /(®sn®»Hn®!( v < / ■ ^ 

In a dynamical application the sequence is usually 

x>xi>0'>.va>x>x3 


cn iKln iJ 
sn V 


or 


x>,s'i >xa>.v>X3>o', 

making S negative, and the E. I. Ill is then called circular; the parameter 'i 
is then imaginary, and the expression by tlie Theta function is illusory. 

The comidetc E. I. Ill, liowevcr, was shown liy Legendre to be traclabk 
and falls into four classes, lettered (/') 0»'). P- 13II) O'Oi (i'Oi PP> i33) i34 (Eonc- 
tions ellipliques, I). 

Xi>0'>X2 

sn® JK' 
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Xi - Xa 


|2 fh" = - — ^ 
xi - Xa 
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Xi - Xj 
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ELLIPTIC FUNCTION 
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